
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř
Indefinite Integral ƮƬƘŤţ Ɲƺſ

  •.ŠǀƀƨƘƫř ŠƤŤƄưƫř
  •.ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř
  •.ƵŻƺƯŹƹ ƪƯŚƨŤƫř šŚŰƬƐƈƯ
  •.ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř ŶƗřƺƣ
  •.ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř ƅřƺų

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • ŠǀƀƨƗ ŠƤŤƄƯ

Antiderivative
  • ŵŶŰƯ źǀƛ ƪƯŚƨţ

Indefinite Integral
  •Power Rule  ƻƺƤƫř şŶƗŚƣ
  • ŢŝŚŧ ŵŶƘŝ śźƌƫř ŠǀƇŚų

 Constant Multiple
Property

  • ŭźƐƫřƹ ƖưŬƫř ŠǀƇŚų
 Sum and Difference
Property

®ƮƬƘţ ƪƷ
  • ƩŶƘƯ ŽŚǀƣ ŽŶƴƸưƫř ƖǀƐŤƀƿ 

 ¬ƱřżŴƫř ƲƯ ŌŚưƫř śźƀŤƫ źǀƜŤƫř
 ŌŚưƫř ŠǀưƧ ŠƟźƘƯ Ŷƿźƿ ƶƴƨƫƹ
 ƱřżŴƫř řŸƷ ƲƯ śźƀŤţ ƾŤƫř
.ƲƯżƫř ƲƯ şŵŶŰƯ şźŤƟ Ʃǈų

  • ŠƟźƘƯ  ŌŚǀůǃř  ƮƫŚƗ  ƖǀƐŤƀƿ 
 ƖưŤŬƯ  ŶƿřżŤƫ  źǀƜŤƫř  ƩŶƘƯ
 ŠūŚŰŝ  ƶƴƨƫƹ  ƮǀŧřźŬƫř  ƲƯ
 ŶƿřżŤƫř  řŸƷ  ƮŬů  ũŚŤƴŤſǇ
.ƲƯżƫř ƲƯ şŵŶŰƯ şźŤƟ Ʃǈų

 ŠŝŚūǅř Ʋƨưƿ ƪŗŚƀưƫř ƵŸƷ ƲƗ
 ŠƫřŶƫ  ŠǀƀƨƗ  ŠƤŤƄƯ  ŵŚŬƿŔŝ
 ƱřżŴƫř ƲƯ ŌŚưƫř śźƀţ ƪŨưţ
 ƪŨưţ  ŠƫřŶƫ  ŠǀƀƨƗ  ŠƤŤƄƯƹ

.ƮǀŧřźŬƫř ƲƯ ƖưŤŬƯ Ŷƿřżţ

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
:ŠǀƫŚŤƫř ƩƹřŶŬƫř ƪưƧŏ

aŠƤŤƄưƫř
( )F x ='

ŠƫřŶƫř
( )F x =

x 12 -

x 52 +

x 43 +

x 23 -

 bŠƤŤƄưƫř
( )F x ='

ŠƫřŶƫř
( )F x =

x2

x3 2

5
x3

®ŚƸƀƠƳ ŠƤŤƄưƫř ŚƸƫ Ʊƺƨƿ ŦǀŰŝ b  ŌżŬƫř ƾƟ ƻźųŏ ( )F x  ŵŚŬƿœ Ʋƨưƿ ƪƷ  c

 ƭřŶŴŤſŚŝ F ŠƯƺƬƘƯ Šƫřŵ ŠƤŤƄƯ F ' ŚƳŶūƹŏ a  ŌżŬƫř ƾƟ «ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƲƯ
 ÚƮţ ŚƯ žƨƘŝ Ʀƫŷƹ F ' ŚƸŤƤŤƄƯ ŠǀƯƺƬƘưŝ F Šƫřŵ ŚƳŶūƹŏ b  ŌżŬƫř ƾƟ ŚÚƯŏ ¬ơŚƤŤƃǅř ŶƗřƺƣ

.(ŠƬŝŚƤƯ Šƫřŵ) ŠǀƀƨƗ ŠƤŤƄƯ F ŠƫřŶƫř Ƽưƀţƹ a  ŌżŬƫř ƾƟ

Antiderivative  ŠǀƀƨƘƫř ŠƤŤƄưƫř :ƞƿźƘţ
.I ŚƸƫŚŬƯ ƼƬƗ ŠƟźƘưƫř f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ F ŠƫřŶƫř Ƽưƀţ

' ( ) ( )F x f x=  x I6 !  :ƱŚƧ řŷœ

:ƞƿźƘŤƫř řŸƷ Ƽƫœ řÔŵŚƴŤſř
. f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ( )F x x

2

2

=  :Ʊƺƨţ Ʊŏ ƲƨưǀƟ ( )f x x=  ƱŚƧ řŷœ
( ) 2 2

1F x x2 1= -' a k  :Ʊǃ
ŠƫřŶƫř ơŚƤŤƃǇ ƻƺƤƫř şŶƗŚƣ ƭřŶŴŤſŚŝ  ( )x f x= =

Ʊǃ ŚƸƫ ŠǀƀƨƗ ŠƤŤƄƯ ( )F x x
2 4
2

= +  Ʊƺƨţ Ʊŏ Ʋƨưƿ Ś Ôƌƿŏƹ
¬(źƠƈƫř ƽƹŚƀţ ŢŝŚŨƫř ŠƤŤƄƯ) ( ) ( )F x x f x= ='

. ( ) ( )F x x f x= ='  Ʊǃ ŚƸƫ ƻźųŏ ŠǀƀƨƗ ŠƤŤƄƯ Ʊƺƨţ Ʊŏ Ʋƨưƿ ( )F x x
2 50
2

= +  Ʊŏ ŚưƧ

.ŠƴǀƘƯ šřźŤƟ ƼƬƗ ŠƬƈŤƯ Ʃřƹŵ ƖƯ ŚƴŤſřŹŵ ƾƟ ƪƯŚƘŤƴſ :ŠƔůǈƯ
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:ŠƔůǈƯ
ŠƤŤƄƯ  ŵŚŬƿœ  ŜƬØƏ  řŷœ
ŹŚŞŤƗř ƲƨưǀƟ  f  ŠƫřŶƬƫ ŠǀƀƨƗ

.C 0=

:źƧŸţ
.źƠƇ ƾƷ C  ŢŝŚŨƫř ŠƤŤƄƯ

( )f x x3 52= +  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x x5 33= + +  :Ʊŏ ŢŞŧŏ
.ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř ŜŤƧř Ʈŧ

:ƪŰƫř

( )F x x x5 33= + +

( )'F x x3 52= +

( )f x=

f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F `

:ƾƷ ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř
( )F x x x C53= + +  ŢŝŚŧ C Ŧǀů

( )f x x2= -  ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x5 3
1 3= -  :Ʊŏ ŢŞŧŏ  1

.ŚƸƫ ƻźųŏ ŠǀƀƨƗ ŠƤŤƄƯ ŜŤƧř Ʈŧ

( )f x x x2 1
2= +  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( ) 1F x x x

2= -  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

( )F x x x
12= -

( )F x x x2 1
2= +'

( )f x=

f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F `

( )f x x1 2
3= -  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ 1( )F x x

x
2

3

=
+

:Ʊŏ ŢŞŧŏ  2

Indefinite Integral  ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř :ƞƿźƘţ

 ƼƬƗ ŜŤƨƿƹ ¬ F ŠÚǀƀƨƘƫř šŚÚƤŤƄưƫř ƪƧ ŠƗƺưŬƯ ƺƷ x Ƽƫœ ŠŞƀƴƫŚŝ f ŠÚ ƫřŶƬƫ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř
:şŹƺƈƫř

( )f x dx#
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:ŠƔůǈƯ
ŠƤŤƄƯ  ŵŚŬƿœ  ŜƬØƏ  řŷœ
ŹŚŞŤƗř ƲƨưǀƟ  f  ŠƫřŶƬƫ ŠǀƀƨƗ

.C 0=

:źƧŸţ
.źƠƇ ƾƷ C  ŢŝŚŨƫř ŠƤŤƄƯ

( )f x x3 52= +  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x x5 33= + +  :Ʊŏ ŢŞŧŏ
.ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř ŜŤƧř Ʈŧ

:ƪŰƫř

( )F x x x5 33= + +

( )'F x x3 52= +

( )f x=

f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F `

:ƾƷ ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř
( )F x x x C53= + +  ŢŝŚŧ C Ŧǀů

( )f x x2= -  ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x5 3
1 3= -  :Ʊŏ ŢŞŧŏ  1

.ŚƸƫ ƻźųŏ ŠǀƀƨƗ ŠƤŤƄƯ ŜŤƧř Ʈŧ

( )f x x x2 1
2= +  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( ) 1F x x x

2= -  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

( )F x x x
12= -

( )F x x x2 1
2= +'

( )f x=

f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F `

( )f x x1 2
3= -  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ 1( )F x x

x
2

3

=
+

:Ʊŏ ŢŞŧŏ  2

Indefinite Integral  ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř :ƞƿźƘţ

 ƼƬƗ ŜŤƨƿƹ ¬ F ŠÚǀƀƨƘƫř šŚÚƤŤƄưƫř ƪƧ ŠƗƺưŬƯ ƺƷ x Ƽƫœ ŠŞƀƴƫŚŝ f ŠÚ ƫřŶƬƫ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř
:şŹƺƈƫř

( )f x dx#

14

:ŠƔůǈƯ
ŠƤŤƄƯ  ŵŚŬƿœ  ŜƬØƏ  řŷœ
ŹŚŞŤƗř ƲƨưǀƟ  f  ŠƫřŶƬƫ ŠǀƀƨƗ

.C 0=

:źƧŸţ
.źƠƇ ƾƷ C  ŢŝŚŨƫř ŠƤŤƄƯ

( )f x x3 52= +  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x x5 33= + +  :Ʊŏ ŢŞŧŏ
.ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř ŜŤƧř Ʈŧ

:ƪŰƫř

( )F x x x5 33= + +

( )'F x x3 52= +

( )f x=

f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F `

:ƾƷ ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř
( )F x x x C53= + +  ŢŝŚŧ C Ŧǀů

( )f x x2= -  ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x5 3
1 3= -  :Ʊŏ ŢŞŧŏ  1

.ŚƸƫ ƻźųŏ ŠǀƀƨƗ ŠƤŤƄƯ ŜŤƧř Ʈŧ

( )f x x x2 1
2= +  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( ) 1F x x x

2= -  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

( )F x x x
12= -

( )F x x x2 1
2= +'

( )f x=

f ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F `

( )f x x1 2
3= -  :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ 1( )F x x

x
2

3

=
+

:Ʊŏ ŢŞŧŏ  2

Indefinite Integral  ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř :ƞƿźƘţ

 ƼƬƗ ŜŤƨƿƹ ¬ F ŠÚǀƀƨƘƫř šŚÚƤŤƄưƫř ƪƧ ŠƗƺưŬƯ ƺƷ x Ƽƫœ ŠŞƀƴƫŚŝ f ŠÚ ƫřŶƬƫ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř
:şŹƺƈƫř

( )f x dx#

14



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

:ŠƔůǈƯ
ŚƸƬƯŚƨţ ƽźŬƿ ƾŤƫř Šƫř ÚŶƫř

( )f x dx#

źÚǀƜŤƯ x
ƪƯŚƨŤƫř

żƯŹ
ƪƯŚƨŤƫř

.ƪƯŚƨŤƫř źÚǀƜŤƯ x ¬ƪƯŚƨŤƫř ƾƟ ŠƬƯŚƨưƫř ŠÚ ƫřŶƫř ƾƷ f ŠÚ ƫřŶƫř ¬ƪƯŚƨŤƫř ŠƯǈƗ ƲƗ źÚŞƘƿ # żƯźƫř
  : ÚƱŏ ƽŏ

:ŏźƤţƹ
. ( )F x C+  ƺƷ x Ƽƫœ ŠŞƀƴƫŚŝ f ŠÚ ƫřŶƬƫ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř
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+

+#

x C x x C3
2

3
22

3

= + = +

b =x dx x dx x C
5
7

25 5
2 5

7

= +## x dx n
x C1

1
n

n

=
+
+

+#

= =x C x x C7
5

7
55

7
25+ +

c
x
x dx

x
x x x dx

1
1

1

1 12

3 3

3 3 3

+

+
=

+

+ - +

_
_ _

i
i i# # a b a b a ab b2 23 3

+ = + - +^ ^h h
x x dx123 3= - +_ i#

x x dx13
2 1

3= - +_ i# ŭźƐƫřƹ ƖưŬƫř şŶƗŚƣ

5
3

4
3 Cx x x3

5
3
4

= - + +

5
3

4
3 Cx x x x x23 3= - + +

:Ŷūƹŏ  6

a  x x dx#  b x
dx1# c

x
x x dx32

3
-#

17



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 

.C ŢŝŚŨƫř Šưǀƣ ŵŚŬƿœ ƲƯ Śƴƴƨưƿ ƍźƃ źƟƺŤƿ ŚƯŶƴƗ ŠǀƀƨƘƫř šŚƤŤƄưƫř ƲƯ şŶůřƹ ŶƿŶŰţ Ʋƨưƿ

( )F x  ŶūƹŐƟ  ( )F 3 2=   ¬ ( )F x x dx2 3= -^ h#   :ƱŚƧ Ʊœ
:ƪŰƫř

( )F x x dx xdx dx2 3 2 3= - = -^ h# ##
Cx x32= - +

( )F 3 2=  :şŚƐƘưƫř ŠưǀƤƫř ƭŶŴŤƀƳ C ŢŝŚŨƫř Šưǀƣ ŵŚŬƿǅ
C2 3 3 32

= - +^ ^h h  2 Éŝ ( )F 3  ƲƗƹ 3 Éŝ x  ƲƗ ƉĳƺƗ
C2 9 9= - +

C 2= ƶƴƯƹ
( ) x xF x 3 22= - +  :ƱƺƨǀƟ

( )F x  ŶūƹŐƟ  ( )F 1 0- =   ¬  ( ) 5x x dxF 2 += ^ h#   :ƱŚƧ řŷœ  7

 .ƉŹǃř ŮƐſ ƲƗ m140  ƶƗŚƠţŹř ũźŝ ŮƐſ ƲƯ /m s15  ŠǀŗřŶŤŝř ŠƗźƀŝ ƼƬƗǃř Ƽƫœ şźƧ ŢǀƤƫŏ
®ƕŚƠţŹř ƼƬƗŏ Ƽƫœ şźƨƫř ƪƈţ Ɲƺſ t ƲƯŻ ƽŏ ƾƟ  a

m/s( ( ) .a t 9 8 2=  ŠǀƋŹǃř ŠǀŝŷŚŬƫř ŠƬŬƗ ƱŐŝ ŚÔưƬƗ) ®ƉŹǃř Ƽƫœ şźƨƫř ƪƈţ Ɲƺſ t ƲƯŻ ƽŏ ƾƟ  b
:ƪŰƫř

.ƼƬƗǃř Ƽƫœ Ŝūƺưƫř ƵŚŬţǇř ŹŚŤŴƳƹ ŠǀſŏŹ ŠƧźŰƫř ƱŔƟ ƼƬƗǃř Ƽƫœ ŢǀƤƫŏ şźƨƫř Ʊŏ Śưŝ  a
ŠǀƈƣŚƴţ ƾƷ ( )v t  ŠƸŬŤưƫř ŠƗźƀƫřƹ ( )s t  ƾƷ ƉŹǃř ŮƐſ ơƺƟ ŠƟŚƀưƫř ŠǀƳŚŧ t ƲƯżƫř ƾƟ

:řŸƫ ŠŞƫŚſ ŠƬŬƘƫř ƾƫŚŤƫŚŝƹ
( ) .a t dt

dv 9 8= = -

( ) ( ) .v t a t dt dt9 8= = -# # t Ƽƫœ ŠŞƀƴƫŚŝ ƲǀƟźƐƫř ŠƬƯŚƨưŝ
( ) .v t t C9 8= - +

. ( ) C15 9 8 0= - + :řŸƫ ( )v 0 15=  Ʋƨƫƹ
C 15= :ƶƴƯƹ
( ) .v t t9 8 15= - + :Ʊƺƨƿƹ

( )tv 0=  ŚƯŶƴƗ ƕŚƠţŹř ƼƬƗŏ Ƽƫœ şźƨƫř ƪƈţ
. .t t9 8 15 0 9 8

15(- + = =

. st 1 53.

18

9

ÛƱ ĳźưţ
5-1 ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř

Indefinite Integral

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

. ( ) ( )f x x15 3 2 4= +  ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( ) ( )F x x3 2 75= + +  :Ʊŏ ŢŞŧŏ  (1)

:Ŧǀů  f  ŠÚ ƫřŶƬƫ ŠÚǀƀƨƗ ŠÚƤŤƄƯ ƾƷ F Ʊŏ ƲƯ ƢÚƤŰţ ¬(2-3) ƲǀƴƿźưŤƫř ƾƟ

(2) ( )F x x x x 10
3
1 3 2= - + -  (3) ( )F x x1 4= +

 ( )f x x x2 12= - +   ( )f x
x
x
1
2

4

3

=
+

.ƪƯŚƨŤƫř Ŝƀůř ¬(4-14) ƲƿŹŚưŤƫř ƾƟ

(4) x x dx6 35 - +^ h#  (5) x dx3 6 2-^ h#
(6) x dx

3
1

3
2

-#  (7) -x x dx13
3c m#

(8) 
x x
x x dx

3
27

2

4

-

-#  (9) x x dx2 2 3- +^ ^h h#

(10) 
x
x dx
1
1
+

-#  (11) 
x

x x
dx

-#

(12) 
x
x dx5 2+#  (13) x

x
dx1 2

+` j#

(14) x x dx23 34+^ h#
. ( )F x  ŶūƹŐƟ ¬ ( )F 2 3=  ƱŚƧƹ ( )F x x dx3 52= -^ h#  ƱŚƧ řŷœ  (15)

. ( )F x  ŶūƹŐƟ ¬ ( )F 1 0- =  ƱŚƧƹ ( )F x x x dx9 4 52= - +^ h#  ƱŚƧ řŷœ  (16)

:ƺƷ şŶůƹ ƞƫŏ x ƕŚŞƿ ŚƯŶƴƗ ƪųŶƫř ƂƯŚƷ ÚƱŏ ƉźƟř .ƪųŶƫř ƂƯŚƷ  (17)

dx
dr x x3 6 122= - +  (şŶůƹ ƪƨƫ ř ÔŹŚƴƿŵ)  

( )r 0 0=  ƱŚƧ řŷœ ( )r x  ƪųŶƫř Šƫřŵ Ŷūƹŏ  

.ƉŹǃř ŮƐſ ƲƗ m115  ƶƗŚƠţŹř ũźŝ ŮƐſ ƲƯ m/s16  ŠǀŗřŶŤŝř ŠƗźƀŝ ƼƬƗǃř Ƽƫœ şźƧ ŢǀƤƫŏ  (18)

®ƕŚƠţŹř ƼƬƗŏ Ƽƫœ şźƨƫř ƪƈţ Ɲƺſ t ƲƯŻ ƽŏ ƾƟ  (a)  

.( ( ) . m/sa t 9 8 2=  ƉŹǃř ŠǀŝŷŚū ŠƬŬƗ Ʊŏ Ś ÔưƬƗ) ®ƉŹǃř Ƽƫœ şźƨƫř ƪƈţ Ɲƺſ t ƲƯŻ ƽŏ ƾƟ  (b)  



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5-2ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř
Integration by Substitution

ƮƬƘŤţ Ɲƺſ
  •.ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř

Integration by substitution 

:ŠƯƺƬƘƯ
 ơŚƤŤƃǈƫ ŠƬŝŚƣ Šƫřŵ f ŢƳŚƧ řŷœ
 ƪƋŚƠŤƫř ƱŔƟ x źǀƜŤưƫř ŠƫǇŶŝ

:ƺƷ
( )

( )

dx
df

f x

df f x dx

=

=

'

'

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

( )f x x x2 12 4
= +^ h   :ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ ( )F x x5

1 1
52= +^ h  :Ʊŏ ŢŞŧŏ  a

x x dx2 1
42 +^ h#  ŵŚŬƿœ ƾƟ a  ƲƯ ŶƠŤſř  b

® ,x x1 22 +  Ʋǀŝ ŠƣǆƘƫř ŚƯ  c

. ( )'g x  Ŷūƹŏ Ʈŧ ( )g x x 12= +  ƖƋ  d

. d  ƾƟ ŻƺƯźƫř ƭřŶŴŤſŚŝ ƶŬţŚƳƹ b  ƾƟ ƪƯŚƨŤƫř ŜŤƧř  e

®ƒůǆţ řŷŚƯ  f

 ŚƯ Šƫřŵ ƪƯŚƨţ ŵŚŬƿœ ƲƯ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƬƫ ŠǀſŚſǃř ŶƗřƺƤƫř Śƴƴƨưţ ǅ ƱŚǀůǃř ƊƘŝ ƾƟ
.«ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƾƟ ŚƴƔůǅ ŚưƧ

 ƭřŶŴŤſř ƝŶƸŝ u źǀƜŤưƫŚŝ x źǀƜŤưƫř ƩŶŞŤƀƳ .ŶƿŶū źǀƜŤƯ ƖƯ ƪƯŚƘŤƳ ƪƯŚƨŤƫř řŸƷ ŵŚŬƿǈƹ
.ŵŶŰưƫř źǀƛ ƪƯŚƨŤƬƫ ŠǀſŚſǃř ŶƗřƺƤƫř

x x dx2 4 2+#  :ŵŚŬƿǈ ÔǆŨưƟ
:ŜŤƨƳ ƾƫŚŤƫŚŝƹ du x dx2=  :ƼƬƗ ƪƈŰƴƫ ƪƋŚƠƳ Ʈŧ u x4 2= +  ƽŏ u Éŝ ŹƹŸŬưƬƫ żƯźƳ

x x dx x x dx u du2 4 4 22 2+ = + =^ h# # #

u C3
2 2

3

= +

x C3
2 4 2 2

3

= + +^ h
x x C3

2 4 42 2= + + +^ h

Rule of Integration by Substitution  ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř şŶƗŚƣ

:ƱŔƟ  f  ŠƫřŶƬƫ ŠǀƀƨƗ ŠƤŤƄƯ ƾƷ F ŢƳŚƧ řŷœ

( ) ( ) ( )'f g x g x dx F g x C= +^ ^h h#
:ƱŔƟ ( )'du g x dx=  ¬ ( )u g x=  ƱŚƧ řŷœƹ

( ) ( )f u du F u C= +#

20

:Ŷūƹŏ

a x x x dx2 5 2 22 3
+ + +^ ^h h# b x

x dx
1
4
2

5

+a k
#

:ƪŰƫř

a x x x dx2 5 2 22 3
+ + +^ ^h h#

u x x2 52
= + +

du x dx2 2= +^ h ƪƋŚƠŤƫř şŶƗŚƣ

x x x dx u du2 5 2 22 3 3
+ + + =^ ^h h ## ƊƿƺƘŤƫŚŝ

u C4

4

= +

x x C4
2 52 4

=
+ +

+
^ h

u du n
u C1

1
n

n

=
+
+

+#

b x
x dx
1
4
2

5

+a k
#
u x
1
4= +

du x dx
1
2=- ƪƋŚƠŤƫř şŶƗŚƣ

1
4

x
x dx u du2

5

5
+

= -
a k
# #

u C6

6

=- +  ƊƿƺƘŤƫŚŝ

x C6
1 1

4
6

=- + +a k u du n
u C1

1
n

n

=
+
+

+#

:Ŷūƹŏ  1

a x x x x x dx4 3 8 13 2 7 2
+ + + +^ ^h h# b x x x dx5 2 2 523 - + -^ h#

:ƾƫŚŤƫŚƧ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř ƾƟ ƻƺƤƫř şŶƗŚƣ ƮǀưƘţ ƲƯ ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř şŶƗŚƣ Śƴƴƨưţ

( ) ( )
( )

, Q ,'g x g x dx n
g x C n1 1

1
n

n

!=
+

+ - -

+^ ^h h " ,# ŢŝŚŧ C

:Ŷūƹŏ
a  x dx4 5-#  b

x x
dx

2

5
3

+^ h#

21

:Ŷūƹŏ

a x x x dx2 5 2 22 3
+ + +^ ^h h# b x

x dx
1
4
2

5

+a k
#

:ƪŰƫř

a x x x dx2 5 2 22 3
+ + +^ ^h h#

u x x2 52
= + +

du x dx2 2= +^ h ƪƋŚƠŤƫř şŶƗŚƣ

x x x dx u du2 5 2 22 3 3
+ + + =^ ^h h ## ƊƿƺƘŤƫŚŝ

u C4

4

= +

x x C4
2 52 4

=
+ +

+
^ h

u du n
u C1

1
n

n

=
+
+

+#

b x
x dx
1
4
2

5

+a k
#
u x
1
4= +

du x dx
1
2=- ƪƋŚƠŤƫř şŶƗŚƣ

1
4

x
x dx u du2

5

5
+

= -
a k
# #

u C6

6

=- +  ƊƿƺƘŤƫŚŝ

x C6
1 1

4
6

=- + +a k u du n
u C1

1
n

n

=
+
+

+#

:Ŷūƹŏ  1

a x x x x x dx4 3 8 13 2 7 2
+ + + +^ ^h h# b x x x dx5 2 2 523 - + -^ h#

:ƾƫŚŤƫŚƧ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř ƾƟ ƻƺƤƫř şŶƗŚƣ ƮǀưƘţ ƲƯ ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř şŶƗŚƣ Śƴƴƨưţ

( ) ( )
( )

, Q ,'g x g x dx n
g x C n1 1

1
n

n

!=
+

+ - -

+^ ^h h " ,# ŢŝŚŧ C

:Ŷūƹŏ
a  x dx4 5-#  b

x x
dx

2

5
3

+^ h#

21



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

:Ŷūƹŏ

a x x x dx2 5 2 22 3
+ + +^ ^h h# b x

x dx
1
4
2

5

+a k
#

:ƪŰƫř

a x x x dx2 5 2 22 3
+ + +^ ^h h#

u x x2 52
= + +

du x dx2 2= +^ h ƪƋŚƠŤƫř şŶƗŚƣ

x x x dx u du2 5 2 22 3 3
+ + + =^ ^h h ## ƊƿƺƘŤƫŚŝ

u C4

4

= +

x x C4
2 52 4

=
+ +

+
^ h

u du n
u C1

1
n

n

=
+
+

+#

b x
x dx
1
4
2

5

+a k
#
u x
1
4= +

du x dx
1
2=- ƪƋŚƠŤƫř şŶƗŚƣ

1
4

x
x dx u du2

5

5
+

= -
a k
# #

u C6

6

=- +  ƊƿƺƘŤƫŚŝ

x C6
1 1

4
6

=- + +a k u du n
u C1

1
n

n

=
+
+

+#

:Ŷūƹŏ  1

a x x x x x dx4 3 8 13 2 7 2
+ + + +^ ^h h# b x x x dx5 2 2 523 - + -^ h#

:ƾƫŚŤƫŚƧ ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř ƾƟ ƻƺƤƫř şŶƗŚƣ ƮǀưƘţ ƲƯ ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř şŶƗŚƣ Śƴƴƨưţ

( ) ( )
( )

, Q ,'g x g x dx n
g x C n1 1

1
n

n

!=
+

+ - -

+^ ^h h " ,# ŢŝŚŧ C

:Ŷūƹŏ
a  x dx4 5-#  b

x x
dx

2

5
3

+^ h#

21

:ƪŰƫř

a x dx x dx4 5 4 5 2
1

=- -^ h# #
( ) xg x 4 5= -

( )'g x 4=

x dx x dx4 5 4
1
4 4 5 2

1
2
1

` - = -^ ^h h# #

( ) ( )'g x g x dx4
1 2

1

= ^ h#

x C4
1

2
3

4 5 2
3

=
-

+
^ h

x C12
2
4 5 2

3

= - +^ h
x C6

1
4 5 3= - +^ h

b
x x

dx
2

5
3

+^ h#
u x 2= +

du
x
dx du

x
dx

2
1

2(= = ƪƋŚƠŤƫř şŶƗŚƣ

x x
dx u du

2

5 5
23 3=

+^ ^h h# #

u du u du10
103

3
=

-# # ƊƿƺƘŤƫŚŝ

u C5 2
=- +

- u du n
u C1

1
n

n

=
+
+

+#

x
C

2

5
2=

+

-
+^ h

:Ŷūƹŏ  2

a  x dx3 75 +^ h#  b
x

x dx3 5
3

3

2

-^ h#

x x dx1 5+^ h#  :Ŷūƹŏ

:ƪŰƫř

u x x u1 1(= + = -

du dx= ƪƋŚƠŤƫř şŶƗŚƣ

22

:ƪŰƫř

a x dx x dx4 5 4 5 2
1

=- -^ h# #
( ) xg x 4 5= -

( )'g x 4=

x dx x dx4 5 4
1
4 4 5 2

1
2
1

` - = -^ ^h h# #

( ) ( )'g x g x dx4
1 2

1

= ^ h#

x C4
1

2
3

4 5 2
3

=
-

+
^ h

x C12
2
4 5 2

3

= - +^ h
x C6

1
4 5 3= - +^ h

b
x x

dx
2

5
3

+^ h#
u x 2= +

du
x
dx du

x
dx

2
1

2(= = ƪƋŚƠŤƫř şŶƗŚƣ

x x
dx u du

2

5 5
23 3=

+^ ^h h# #

u du u du10
103

3
=

-# # ƊƿƺƘŤƫŚŝ

u C5 2
=- +

- u du n
u C1

1
n

n

=
+
+

+#

x
C

2

5
2=

+

-
+^ h

:Ŷūƹŏ  2

a  x dx3 75 +^ h#  b
x

x dx3 5
3

3

2

-^ h#

x x dx1 5+^ h#  :Ŷūƹŏ

:ƪŰƫř

u x x u1 1(= + = -

du dx= ƪƋŚƠŤƫř şŶƗŚƣ

22



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1x x dx5+^ h# u u du1 5
= -^ h# ƊƿƺƘŤƫŚŝ

u u du6 5
= -^ h#
u u C7 6

7 6

= - +  u du n
u C1

1
n

n

=
+
+

+#
x x C7
1

6
17 6

=
+

-
+

+
^ ^h h

x x dx2 1 3-^ h#  :Ŷūƹŏ  3

x x dx45 2
-#  :Ŷūƹŏ

:ƪŰƫř

u x x u4 42 2
(= - = -

du x dx x dx du2 2
1

(=- =- ƪƋŚƠŤƫř şŶƗŚƣ

x x x d x x x dxx4 4
22 22 4

- = -^ ^ ^ ^h h h h# # x x x5 4 :=

u u du4 2
12

= - -a^ kh# ƊƿƺƘŤƫŚŝ

u u u du2
1

16 8 2
= - - +^ h# a b a bab22 2 2

- = - +^ h
u u u du8 4 2

12
1

2
3

2
5

= - + -a k#

Cu u u

2
3
8

2
5
4

2
1

2
7

2
3 2

5
2
7

+=
-

+ -

Cu u u3
16

5
8

7
12

3
2
5

2
7

+=
-

+ -

x x Cx3
16
4 5

8
4 7

1
42 2 22 2 2

3 5 7

=- - + - - - +^ ^ ^h h h

x x dx35 2
+#  :Ŷūƹŏ  4

23

1x x dx5+^ h# u u du1 5
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ÛƱ ĳźưţ
5-2 ƊƿƺƘŤƫŚŝ ƪƯŚƨŤƫř

Integration by Substitution

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

.ƪƯŚƨŤƫř ŵŚŬƿǅ ŜſŚƴưƫř ƊƿƺƘŤƫř ƭŶŴŤſř ¬(1-12) ƲƿŹŚưŤƫř ƾƟ

(1) x x x dx2 3 3 52- - +^ h#  (2) x dx4 5 8-^ h#
(3) x x x dx2 4 123+ + -^ h#  (4) x x x dx1 3 532 - - +^ h#
(5) x x x x dx2 3 42 23 5

- - +^ ^h h#  (6) 
x

x dx
4

2

33 +
#

(7) 
x

dx
2 33 -

#  (8) x x dx3 2 6+^ h#

(9) 
x

x dx
1 3+

#  (10) x x dx12 -#

(11) x x dx23 2 -#  (12) x x dx135 3 +#

ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-5) ƲƿŹŚưŤƫř ƾƟ

(1) x x dx x C1 18
1 12 10 2 9

- = - +^ ^h h#  a  b

(2) ( )x x x dx x x C1 2 3
8
3 2 32 2 43 3+ + + = + + +^ h#  a  b

(3) 
x
dx x C
3 2

2 3 2
-

= - +#  a  b

(4) x x x dx x x C2 1 2 3 4
18
1 2 3 42 3 5 3 6

- - + = - + +^ ^ ^h h h#  a  b

(5) x x dx x x C2
7
3 2

2
3 23 3

7
3
4

+ = + - + +^ ^h h#  a  b

.ŠŰǀŰƈƫř ŠŝŚūǅř ƼƬƗ Ʃř ÚŶƫř şźŗřŶƫř żƯŹ ƪÚƬƓ ¬(6-12) ƲƿŹŚưŤƫř ƾƟ

(6) x x dx22 7
+ =^ h#

 a  x C16
1 22 8

+ +^ h  b  x C4
1 22 8

+ +^ h
 c  x C12

1 22 6
+ +^ h  d  x C3

1 22 6
+ +^ h



 

 

 
 
 

 :ةيثلثلما لاودلا قاقتشا : ركذت
 

(sin 𝑥)' = 

(cos 𝑥)' = 

 

(tan 𝑥)' = 

(cot 𝑥)' = 

 

(sec 𝑥)' = 

(csc 𝑥)' = 
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Integral of Trigonometric Functions

ƮƬƘŤţ Ɲƺſ
  •.ŠǀŨƬŨưƫř ŠƬƯŚƨưƫř ŶƗřƺƣ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  •Rules  ŶƗřƺƣ
  • ŠǀŨƬŨưƫř ŠƬƯŚƨưƫř ŶƗřƺƣ

 Trigonometric Integral
Rules

:źƧŸţ
cos sindx

d
x x- =^ h

cos sindx
d

k
kx kx- =` j

sin( ) cosdx
d

x = x

sin
cosdx

d
k
kx

kx=` j
tan secdx

d
x2=x

( )cot cscdx
d

x x
2

- =

sec sec tan
dx

d
x x x=

( )csc csc cotdx
d

x x x- =

:ŠƯƺƬƘƯ
  • ƲƯ  ŪŤƴţ  ( )v t  ŠƗźƀƫř  Šƫřŵ 

( )s t  ŠůřŻǅř  Šƫřŵ  ơŚƤŤƃř
. ( ) ( )'v t s t=  :Ʊŏ ƽŏ

  • ƲƯ  ŪŤƴţ  ( )a t  ŠƬŬƘƫř  Šƫřŵ 
( )v t  ŠƗźƀƫř  Šƫřŵ  ơŚƤŤƃř

. ( ) ( )'v t a t=  :Ʊŏ ƽŏ

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
 :ŠƫřŶƫŚŝ ƼƐƘƿ t 0H  ŠƔŰƫ ƽŏ ŶƴƗ ƶƘƣƺƯ Ʊœ Ŧǀů šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ Ʈǀƀū ƥźŰŤƿ

:Ŷūƹŏ . ( ) sins t t=

.t ƾƟ ŠƫřŶƧ ƮǀƀŬƬƫ ŠǀƔŰƬƫř ŠƗźƀƫř  a
.t ƾƟ ŠƫřŶƧ ƮǀƀŬƬƫ ŠƬŬƘƫř  b

 ƖƯ  Ŝƴū  Ƽƫœ  ŚÔŞƴū  ŠǀŨƬŨưƫř  ƩřƹŶƫř  ƊƘŞƫ  ŵŶŰưƫř  źǀƛ  ƪƯŚƨŤƫř  ŶƗřƺƣ  ƲÚǀŞƿ  ƵŚƳŵŏ  ƩƹŶŬƫř
.ŚƸƴƯ ƪƨƫ ŠƤŤƄưƫř ŹŵŚƈƯ

ŵŶŰưƫř źǀƛ ƪƯŚƨŤƫř

1 sin cosx dx x C+-=#

2 sin
cos

kx dx k
kx

C+-=#  
3 cos sinx dx x C+=#  

4 cos
sin

kx dx k
kx

C+=#
5 sec tanx dx x C2 +=#
6 csc cotx dx x C2 +-=#

7 sec tan secx x dx x C+=#
8 csc cot cscx x dx x C+-=#

.ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƴƗ ŚƸŤſřŹŵ Ʈţ ƾŤƫř ƪƯŚƨŤƫř ŶƗřƺƣ ƢǀŞƐţ Ʋƨưƿ

:ŠǀƫŚŤƫř şŵŶŰưƫř źǀƛ šǈƯŚƨŤƫř Ŷūƹŏ
a  sin secx x dx2+^ h#
b  csc cot cscx x x dx+^ h#
c  dx

cos2 x
#
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:ƪŰƫř

a sin secx x dx2
+^ h#

cos tanx x C=- + + ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ

b  csc cot cscx x x dx+^ h#
csc cot cscx x dx x dx2:= +# # ŭźƐƫřƹ ƖưŬƫř şŶƗŚƣ

csc cotx C x C=- + - +1 2

csc cotx=- - x C+ ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ
C C C1 2+ =^ h

c
cos

sec tanx
dx x dx x C2

2
= = +# # ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ 

:ŠǀƫŚŤƫř şŵŶŰưƫř źǀƛ šǈƯŚƨŤƫř Ŷūƹŏ  1

a cos cscx x dx2
+^ h# b  sec tan secx x x dx+^ h#  c  sin x

dx
2#

:Ŷūƹŏ
a cos x dx4#  b  sinx x dx2 3-^ h#  c cscx x dx12 2

-^ h#
:ƪŰƫř

a cos sinx dx x C4 4
1

4= +#

b sin cosx x dx x x C2 3 3
1

32
- = + +^ h#

c cscx x dx12 2
-^ h#

u x 12
= -

du x dx x dx du2 2
1(= =

cscx x dx122
-^ h#

csc cotu du u C2
1

2
12

= =- +# ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ

cot x C2
1

12
=- - +^ h

:Ŷūƹŏ  2

a  sin x dx5#  b cosx x dx22
+^ h# c secx x dx22 2

+^ h#

25
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.ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƴƗ ŚƸŤſřŹŵ Ʈţ ƾŤƫř ƪƯŚƨŤƫř ŶƗřƺƣ ƢǀŞƐţ Ʋƨưƿ

:ŠǀƫŚŤƫř şŵŶŰưƫř źǀƛ šǈƯŚƨŤƫř Ŷūƹŏ
a  sin secx x dx2+^ h#
b  csc cot cscx x x dx+^ h#
c  dx

cos2 x
#
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:ƪŰƫř

a sin secx x dx2
+^ h#

cos tanx x C=- + + ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ

b  csc cot cscx x x dx+^ h#
csc cot cscx x dx x dx2:= +# # ŭźƐƫřƹ ƖưŬƫř şŶƗŚƣ

csc cotx C x C=- + - +1 2

csc cotx=- - x C+ ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ
C C C1 2+ =^ h

c
cos

sec tanx
dx x dx x C2

2
= = +# # ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ 

:ŠǀƫŚŤƫř şŵŶŰưƫř źǀƛ šǈƯŚƨŤƫř Ŷūƹŏ  1

a cos cscx x dx2
+^ h# b  sec tan secx x x dx+^ h#  c  sin x

dx
2#

:Ŷūƹŏ
a cos x dx4#  b  sinx x dx2 3-^ h#  c cscx x dx12 2

-^ h#
:ƪŰƫř

a cos sinx dx x C4 4
1

4= +#

b sin cosx x dx x x C2 3 3
1

32
- = + +^ h#

c cscx x dx12 2
-^ h#

u x 12
= -

du x dx x dx du2 2
1(= =

cscx x dx122
-^ h#

csc cotu du u C2
1

2
12

= =- +# ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ

cot x C2
1

12
=- - +^ h

:Ŷūƹŏ  2

a  sin x dx5#  b cosx x dx22
+^ h# c secx x dx22 2

+^ h#
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:ƪŰƫř
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cos

sec tanx
dx x dx x C2

2
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:ƪŰƫř
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csc cotx C x C=- + - +1 2

csc cotx=- - x C+ ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ
C C C1 2+ =^ h

c
cos

sec tanx
dx x dx x C2

2
= = +# # ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ 

:ŠǀƫŚŤƫř şŵŶŰưƫř źǀƛ šǈƯŚƨŤƫř Ŷūƹŏ  1

a cos cscx x dx2
+^ h# b  sec tan secx x x dx+^ h#  c  sin x

dx
2#

:Ŷūƹŏ
a cos x dx4#  b  sinx x dx2 3-^ h#  c cscx x dx12 2

-^ h#
:ƪŰƫř

a cos sinx dx x C4 4
1

4= +#

b sin cosx x dx x x C2 3 3
1

32
- = + +^ h#

c cscx x dx12 2
-^ h#

u x 12
= -

du x dx x dx du2 2
1(= =

cscx x dx122
-^ h#

csc cotu du u C2
1

2
12

= =- +# ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ ŶƗřƺƣ

cot x C2
1

12
=- - +^ h

:Ŷūƹŏ  2

a  sin x dx5#  b cosx x dx22
+^ h# c secx x dx22 2

+^ h#

25

:Ŷūƹŏ
a cos sint t dt4

:# b sec tanx x dx2
:#

:ƪŰƫř

a cos sint t dt4
:#

cosu t=

sindu t dt=-

cos t sint dt u du4 4
: = -# #

u C5

5

=- +  ƊƿƺƘŤƫřƹ u du n
u C1

1
n

n

=
+
+

+#
cos t C5
1 5

=- +

b sec tanx x dx2
:#

tanu = x
secdu x dx2

=

tan secx x dx u du2
: = ## ƊƿƺƘŤƫŚŝ

u C2
1 2

= +

tan C2
1 2

= +x

:Ŷūƹŏ  3

a sin cosx x dx3
:# b csc cotx dx2

: x#

:Ŷūƹŏ

a sin cosx x dx1 15
:+ +^ ^h h#

b cosx x dx53 4
: +^ h#

c cos sinx x dx1 6
+^ h#

:ƪŰƫř

a sin cosx x dx1 15
:+ +^ ^h h#

sinu x 1= +^ h
26

:Ŷūƹŏ
a cos sint t dt4

:# b sec tanx x dx2
:#

:ƪŰƫř

a cos sint t dt4
:#

cosu t=

sindu t dt=-

cos t sint dt u du4 4
: = -# #

u C5

5

=- +  ƊƿƺƘŤƫřƹ u du n
u C1

1
n

n

=
+
+

+#
cos t C5
1 5

=- +

b sec tanx x dx2
:#

tanu = x
secdu x dx2

=

tan secx x dx u du2
: = ## ƊƿƺƘŤƫŚŝ

u C2
1 2

= +

tan C2
1 2

= +x

:Ŷūƹŏ  3

a sin cosx x dx3
:# b csc cotx dx2

: x#

:Ŷūƹŏ

a sin cosx x dx1 15
:+ +^ ^h h#

b cosx x dx53 4
: +^ h#

c cos sinx x dx1 6
+^ h#

:ƪŰƫř

a sin cosx x dx1 15
:+ +^ ^h h#

sinu x 1= +^ h
26



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

:Ŷūƹŏ
a cos sint t dt4

:# b sec tanx x dx2
:#

:ƪŰƫř

a cos sint t dt4
:#

cosu t=

sindu t dt=-

cos t sint dt u du4 4
: = -# #

u C5

5

=- +  ƊƿƺƘŤƫřƹ u du n
u C1

1
n

n

=
+
+

+#
cos t C5
1 5

=- +

b sec tanx x dx2
:#

tanu = x
secdu x dx2

=

tan secx x dx u du2
: = ## ƊƿƺƘŤƫŚŝ

u C2
1 2

= +

tan C2
1 2

= +x

:Ŷūƹŏ  3

a sin cosx x dx3
:# b csc cotx dx2

: x#

:Ŷūƹŏ

a sin cosx x dx1 15
:+ +^ ^h h#

b cosx x dx53 4
: +^ h#

c cos sinx x dx1 6
+^ h#

:ƪŰƫř

a sin cosx x dx1 15
:+ +^ ^h h#

sinu x 1= +^ h
26

:Ŷūƹŏ
a cos sint t dt4

:# b sec tanx x dx2
:#

:ƪŰƫř

a cos sint t dt4
:#

cosu t=

sindu t dt=-

cos t sint dt u du4 4
: = -# #

u C5

5

=- +  ƊƿƺƘŤƫřƹ u du n
u C1

1
n

n

=
+
+

+#
cos t C5
1 5

=- +

b sec tanx x dx2
:#

tanu = x
secdu x dx2

=

tan secx x dx u du2
: = ## ƊƿƺƘŤƫŚŝ

u C2
1 2

= +

tan C2
1 2

= +x

:Ŷūƹŏ  3

a sin cosx x dx3
:# b csc cotx dx2

: x#

:Ŷūƹŏ

a sin cosx x dx1 15
:+ +^ ^h h#

b cosx x dx53 4
: +^ h#

c cos sinx x dx1 6
+^ h#

:ƪŰƫř

a sin cosx x dx1 15
:+ +^ ^h h#

sinu x 1= +^ h
26

cosdu x dx1= +^ h ƪƋŚƠŤƫř şŶƗŚƣ

sin cosx x dx1 15
:+ +^ ^h h#

u du u C6
15 6

= = +# ƊƿƺƘŤƫŚŝ

x Csin6
1

16
= + +^ h

b cosx x dx53 4
: +^ h#
5u x4 +=

du x dx x dx du4 4
13 3(= = ƪƋŚƠŤƫř şŶƗŚƣ

cos cosx x dx u du5 4
14 3

:+ =^ h# # ƊƿƺƘŤƫŚŝ

sinu C4
1

= +

xsin C4
1

54
= + +^ h

c cos sinx x dx1 6
+^ h#

( ) , ( )'cos sing x x g x x1 += =-

( ) ( )'cos sinx x dx g x g x dx1 6 6
+ =-^ ^h h# # ƪƋŚƠŤƫř şŶƗŚƣ

( )g
C

x
7

7

=- +
^ h

Ccosx1
17

7
=
-

+ +^ h

:Ŷūƹŏ  4

a xcos sin x dx2 3 2 33
:- -^ ^h h#

b sinx x dx12 3
: -^ h#

c (3 sin2 ) cos2x x dx
5

+#

sec tanx x dx4#  :Ŷūƹŏ

:ƪŰƫř

secu x=

sec tandu x x dx=

27

sec tanx x dx4#
sec sec tanx x x dx3

:= #
u du u C4
3

4

= = +#
sec C4= +

x4

csc cotx x dx5#  :Ŷūƹŏ  5

28



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

cosdu x dx1= +^ h ƪƋŚƠŤƫř şŶƗŚƣ

sin cosx x dx1 15
:+ +^ ^h h#

u du u C6
15 6

= = +# ƊƿƺƘŤƫŚŝ

x Csin6
1

16
= + +^ h

b cosx x dx53 4
: +^ h#
5u x4 +=

du x dx x dx du4 4
13 3(= = ƪƋŚƠŤƫř şŶƗŚƣ

cos cosx x dx u du5 4
14 3

:+ =^ h# # ƊƿƺƘŤƫŚŝ

sinu C4
1

= +

xsin C4
1

54
= + +^ h

c cos sinx x dx1 6
+^ h#

( ) , ( )'cos sing x x g x x1 += =-

( ) ( )'cos sinx x dx g x g x dx1 6 6
+ =-^ ^h h# # ƪƋŚƠŤƫř şŶƗŚƣ

( )g
C

x
7

7

=- +
^ h

Ccosx1
17

7
=
-

+ +^ h
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c (3 sin2 ) cos2x x dx
5

+#
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:ƪŰƫř
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1
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b sinx x dx12 3
: -^ h#

c (3 sin2 ) cos2x x dx
5

+#

sec tanx x dx4#  :Ŷūƹŏ

:ƪŰƫř
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ÛƱ ĳźưţ
5-3

ŠǀŨƬŨưƫř ƩřƹŶƫř ƪƯŚƨţ

Integral of Trigonometric Functions

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

.ƪƯŚƨŤƫř Šưǀƣ Ŷūƹŏ ¬(1-14) ƲƿŹŚưŤƫř ƾƟ

(1) ( )sec tan sinx x x dx+#  (2) csc cot secx x x dx2+^ h#
(3) sin

x
x dx1 5 32

-
+c m#  (4) sin cosx x dx4#

(5) cos sinx x dx5#  (6) sinx x dx12 3 +^ h#
(7) 

cos
sin

x dx
x
3#  (8) sec tanx x dx3#

(9) cotcsc x x dx3#  (10) cot cscx x dx2#
(11) tan secx x dx2#  (12) sin cosx x dx1 +#

(13) 
( )sin cotx x

dx
12 +

#  (14) 
( )cos tanx x

dx
12 +

#

ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-5) ƲƿŹŚưŤƫř ƾƟ

(1) sec tanx dx x C2 = +#  a  b

(2) csc cotx dx x C2 = +#  a  b

(3) ( )( ) ,sec tanF x F F x xx 4 1 2�2
(= =- = +' `` j j  a  b

(4) ( ) , ( ) sin cosF F F x xx x( = -( )cos sinx x 1�= + ='^ h  a  b

(5) ( ) ( )( ) ( ) ( ) ,sec tan secF F F x xx x x 0 4 3(= = = +'^ h  a  b

.ŠŰǀŰƈƫř ŠŝŚūǅř ƼƬƗ Ʃř ÚŶƫř şźŗřŶƫř żƯŹ ƪÚƬƓ ¬(6-12) ƲƿŹŚưŤƫř ƾƟ

:ƾƷ ( ) csc cotf x x x8= +  Ŧǀů f ŠƫřŶƬƫ ŠǀƀƨƘƫř ŠƤŤƄưƬƫ ŠƯŚƘƫř şŹƺƈƫř  (6)

 a  ( ) cscx x x CF 8= + +  b  ( ) cotF x x x C8= - +

 c  ( ) cscx x x CF 8= - +  d  ( ) cotx x x CF 8= + +
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.ƪƯŚƨŤƫř Šưǀƣ Ŷūƹŏ ¬(1-14) ƲƿŹŚưŤƫř ƾƟ
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x dx1 5 32

-
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ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř
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5-4
ŠǀưŤƿŹŚƛƺƬƫřƹ Šǀſǃř ƩřƹŶƫř

Exponential and Logarithmic Function

ƮƬƘŤţ Ɲƺſ
  • Šǀſǃř  ƩřƹŶƫř  šŚƤŤƄƯ  Ɲ ÚźƘţ 

.ŠǀưŤƿŹŚƛƺƬƫř ƩřƹŶƫřƹ
  • ƩřƹŶƫřƹ  Šǀſǃř  ƩřƹŶƫř  ƪƯŚƨţ 

.ŠǀưŤƿŹŚƛƺƬƫř
:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř

  • Šǀſŏ Šƫřŵ
Exponential Function

  • ŠǀưŤƿŹŚƛƺƫ Šƫřŵ
Logarithmic Function

:źƧŸţ
ƾƷ ( ) :f x a fx

=  ŠƫřŶƫř
Ŧǀů Šǀſŏ Šƫřŵ

{ }a 1R! -
+

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
( )f x ax=  :Šǀſŏ Šƫřŵ  f ƲƨŤƫ  1

limf h
a 1

0
x

h

h

-

$
( )x a='  :Ʊŏ ƲÚǀŝ ŠƤŤƄưƫř ƞƿźƘţ ƭřŶŴŤſŚŝ

( )f 0'  :Ŷūƹŏ  2
 ( )f x f x= ( )a0' '  :Ʊŏ ƒůǅ 1  , 2  ƲƯ  3

 ƼƬƗ ŶưŤƘƿ Šǀſŏ Šƫřŵ ƽǃ źǀƜŤƫř ƩŶƘƯ Ʊŏ ƲÚǀŞţ 1  ƾƟ ŠƫŵŚƘưƫř ƲƯ  4
.ŠƫřŶƫř ƵŸƸƫ ŽŚſǃř

:ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƾƫŚŤƫř ƩƹŶŬƫř ƪưƧŏ

h h
2 1h -

h
3 1h -

h
e 1h -

0.1
0.01
0.001
0.0001
0.00001

:ƲƯ ƪƨƫ ŠǀŞƿźƤţ Šưǀƣ ŪŤƴŤſř  5
2 3, , elim lim limh h h
1 1 1

0 0 0

h h h

h h h

- - -

" " "

:ƾƬƿ ŚƯ ƪưƧŏ  6
( ) ................f 0 .'  ƱŔƟ a 2=  ŶƴƗ
( ) ................f 0 .'  ƱŔƟ a 3=  ŶƴƗ
( ) ................f 0 .'  ƱŔƟ a e=  ŶƴƗ

( ) , ( ) ,ln ln ln e2 3  :ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ Ŷūƹŏ  7
. 6  ƾƟ ƶǀƬƗ ŢƬƈů ŚƯ ƖƯ ƦţŚŝŚūœ ƱŹŚƣƹ

( )lnlim a
h a1

0

h

h

-
=

$
 :Ʊŏ ŠƔůǆƯ Śƴƴƨưƿ «ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƲƯ
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:źƧŸţ
ln e 1=

mln em =

,m n0 02 2

(1) ( )ln ln lnm n m n: = +

(2) ln ln lnn
m

m n= -

(3) ln lnm k mk
=

(4) e mlnm
=

Derivative of Exponential Functions  Šǀſǃř ƩřƹŶƫř ơŚƤŤƃř

(1) şŶƗŚƣ

lndx
d a a ax x

=

:ƱŔƟ ơŚƤŤƃǈƫ ŠƬŝŚƣ x ƾƟ Šƫřŵ u ŢƳŚƧ řŷœ

lndx
d a a a dx

duu u
=

:ŠǀƫŚŤƫř şŶƗŚƤƫř ƼƬƗ ƪƈŰƳ a e=  ƖƋƺŝƹ (1) şŶƗŚƤƫř ƾƟ

(2) şŶƗŚƣ

dx
d e ex x

=

:ƱŔƟ ơŚƤŤƃǈƫ ŠƬŝŚƣ x ƾƟ Šƫřŵ u ŠƫŚů ƾƟƹ

dx
d e e dx

duuu
=^ h

:ŠǀƫŚŤƫř ƩřƹŶƫř ƲƯ ƪƧ ŠƤŤƄƯ Ŷūƹŏ

a  ( )f x 3x=  b  ( )f x 6 x=  c  ( )f x 10sinx=

:ƪŰƫř

a  ( )f x 3x=

( ) lnf x dx
d
3 3 3x x

= =' ^ h  lndx
d a a ax x

=

b  ( )f x 6 x=

( ) lnf x dx
d

dx
d x6 6 6x x

= =' ^ h lndx
d a a a dx

duu u
=

ln
x2

6 6x

=

c  ( )f x 10sinx=

( ) ln sinf x dx
d

dx
d x10 10 10sin sin

:= =' x x^ h
ln cosx10 10sinx
: :=

:ŠǀƫŚŤƫř ƩřƹŶƫř ƲƯ ƪƧ ŠƤŤƄƯ Ŷūƹŏ  1

a  ( )f x 10x=  b  ( )f x 3
1
x= c  ( )f x 5cos=

x
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ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

. dx
dy  Ŷūƹŏ ¬(1-15) ƲƿŹŚưŤƫř ƾƟ

(1) y 7x=  (2) y 5 x 1= +  (3) y 8tanx=

(4) ey 2 x=  (5) ey x= -  (6) ey 3
x
5=

(7) ey 1x x2= - +  (8) ey x 32= +  (9) y e ccs x=

(10) y ex 54= -  (11) lny x3= ] g (12) lny x
1
2= c m

(13) lny x 2= +] g (14) ln cosy x2= -] g (15) ln lny x= ] g
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.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-6) ƲƿŹŚưŤƫř ƾƟ
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ÛƱ ĳźưţ
5-4
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tanx dx#  :Ŷūƹŏ

:ƪŰƫř

tan cos
sinx dx x
x dx= ##

( ) cosg x x=

( )' sing x x=- ƪƋŚƠŤƫř şŶƗŚƣ

( )
( )'

tanx dx g x dxg x
= -# #  ƊƿƺƘŤƫŚŝ

( )ln g x C=- +
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1
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cotx dx#  :Ŷūƹŏ  6
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5-5ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř
Integration by Parts

ƮƬƘŤţ Ɲƺſ
  •.ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  •By Parts  ŌƽżŬŤƫŚŝ

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

®ŠƤŝŚƀƫř ŵƺƴŞƫř ƾƟ ƶŤưƬƘţ ŚƯ ŚÔƯŶŴŤƀƯ sinx x dx#  :ŵŚŬƿœ Ʀƴƨưƿ ƪƷ  1

( ) sinf x x x=  : f ŠƫřŶƫř ƲƨŤƫ  2
( )f x''  ¬ ( )f x'  :Ŷūƹŏ  a

.ƎƤƟ ( )f x'' ƹ cos x  ŠƫǅŶŝ ( )f x  ŜŤƧř  b

.ƦŤŝŚūœ ƲƯ ƢƤŰţƹ f ŠƫřŶƬƫ F ŠǀƀƨƗ ŠƤŤƄƯ Ŷūƹŏ  c

 ŚƳŶƗŚƀţ ŠƬƿŶŝ ƢŗřźƏ ƲƗ ŦŰŞƳ ƦƫŸƫ šŚŝƺƘƈƫř ƊƘŝ ƶūřƺƳ ƩřƹŶƫř ƊƘŝ ƪƯŚƨţ ŵŚŬƿœ ŶƴƗ
.ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř ƢŗřźƐƫř ƵŸƷ ƻŶůœƹ Ʀƫŷ ƪů ƾƟ

Product Rule in Integral Form  ƪƯŚƨŤƫř şŹƺƇ ƾƟ śźƌƫř ƪƇŚů şŶƗŚƣ

 ŶǀƠţ ƪƋŚƠŤƫř ƾƟ śźƌƫř ƪƇŚů şŶƗŚƣ ƱŔƟ ¬ƪƋŚƠŤƬƫ ƲǀŤƬŝŚƣ x ƾƟ ƲǀŤƫřŵ uƹ v Ʊƺƨţ ŚƯŶƴƗ
:ƾƬƿ Śưŝ

( )dx
d uv u dx

dv v dx
du

= +

: x Ƽƫœ ŠŞƀƴƫŚŝ ƲǀƟźƐƫř ƲƯ ƪƧ ŠƬƯŚƨưŝ

( )dx
d uv dx u dx

dv v dx
du dx= +a k# #

:ŠǀƬƯŚƨŤƫř ŠƫŵŚƘưƫř Ƽƫœ ƪƈƳ ŜǀţźŤƫř şŵŚƗŔŝƹ

u dx
dv dx dx

d uv
dx v dx

du dx= -` ^c `j hm j# # #

uv v dx
du dx= - ` j#

:ŠǀƫŚŤƫř şŶƗŚƤƫř ƼƬƗ ƪƈŰƳ Ǝƀŝǃř ŠǀƬƋŚƠŤƫř şŹƺƈƫŚŝ ŠƫŵŚƘưƫř ƵŸƷ ŠŝŚŤƧ ŶƴƗƹ

Integration by Parts Formula�  ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř şŶƗŚƣ

u� dv� uv= -# # v� du

.� #� v� du  ƺƷ źųō ƪƯŚƨţ ŠƫǅŶŝ #� u� dv ƲƗ şŶƗŚƤƫř ƵŸƷ źÚŞƘţ
 ƪƯŚƨŤƫř śŚƀů ƲƯ ƪƸſŏ ŠƤƿźƐŝ ƾƳŚŨƫř ƪƯŚƨŤƫř śŚƀů Ʋƨưƿ ¬v , u ƲƿźÚǀƜŤưƬƫ ƮŗǈƯ ŹŚǀŤųŚŝ

.şŶƗŚƤƫř ŠÚǀưƷŏ ƾƟ ŜŞƀƫř ƺƷ řŸƷƹ ¬Ʃƹǃř
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5-5ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř
Integration by Parts

ƮƬƘŤţ Ɲƺſ
  •.ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  •By Parts  ŌƽżŬŤƫŚŝ

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
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( ) sinf x x x=  : f ŠƫřŶƫř ƲƨŤƫ  2
( )f x''  ¬ ( )f x'  :Ŷūƹŏ  a

.ƎƤƟ ( )f x'' ƹ cos x  ŠƫǅŶŝ ( )f x  ŜŤƧř  b

.ƦŤŝŚūœ ƲƯ ƢƤŰţƹ f ŠƫřŶƬƫ F ŠǀƀƨƗ ŠƤŤƄƯ Ŷūƹŏ  c

 ŚƳŶƗŚƀţ ŠƬƿŶŝ ƢŗřźƏ ƲƗ ŦŰŞƳ ƦƫŸƫ šŚŝƺƘƈƫř ƊƘŝ ƶūřƺƳ ƩřƹŶƫř ƊƘŝ ƪƯŚƨţ ŵŚŬƿœ ŶƴƗ
.ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř ƢŗřźƐƫř ƵŸƷ ƻŶůœƹ Ʀƫŷ ƪů ƾƟ
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d uv dx u dx

dv v dx
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dv dx dx

d uv
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sinx x dx#  :Ŷūƹŏ

:ƪŰƫř

sinx x dx#
u x=  sindv x dx=

du dx=  cosv x=-

u u dudv v v= - ##
sin cos cosx x dx x x x dx=- - -^ h##

cos sinx x x C=- + +

cosx x dx#  :Ŷūƹŏ  1

:Ŷūƹŏ
a x e dxx# b x e dx3 2 1x+#

:ƪŰƫř

a x e dxx#
u x= dv e dxx

=

du dx= v ex=

u u dudv v v= - ##
x e dx xe e dxx x x

= -# #
x e e C x e C1x x x

= =- ++ -^ h
b x e dx3 2 1x+#

u x3= dv e dx2 1x
=

+

du dx3= v e2
1 2 1x

=
+

u u dudv v v= - ##

2
3

2
3x e dx x e e dx3 2 1 2 1 2 1x x x

= -
+ + +# #

2
3 3 Cx e e4

2 1 2 1x x
= +-

+ +

:ŠƯƺƬƘƯ
 ƭřŶŴŤſř  Śƴƴƨưƿ  şŶƗŚƀưƬƫ

:ƾƫŚŤƫř Ǝưƴƫř
,u dv4 4= =

,du v4 4= =

37
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=
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:źƧŸţ
dx x C= +#

:Ŷūƹŏ  2

a x dxe3 3x
-

-^ h# b  x e dx4 x5-#

1ln x dx+^ h#  :Ŷūƹŏ

:ƪŰƫř

ln x dx1+^ h#
lnu x 1= +^ h dv dx=

du x dx1
1

=
+

 v x=

u u dudv v v= - ##
ln lnx dx x x x

x dx1 1 1+ = + -
+

^ ^h h# #

lnx x x
x dx1 1
1 1

= + -
+
+ -^ h #

lnx x x dx1 1 1
1

= + - -
+

a^ kh #
Cln lnx x x x1 1= + - + + +^ h
Cln lnx x x x1 1= + - + + +^ ^h h x 1 02+  ƒůǇ 

lnx dx#  :Ŷūƹŏ  3

lnx x dx#  :Ŷūƹŏ

:ƪŰƫř

lnx x dx#
lnu x= dv x dx=

du dxx
1

= v x
2

2

=

u u dudv v v= - ##
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:źƧŸţ
dx x C= +#

:Ŷūƹŏ  2

a x dxe3 3x
-

-^ h# b  x e dx4 x5-#

1ln x dx+^ h#  :Ŷūƹŏ

:ƪŰƫř

ln x dx1+^ h#
lnu x 1= +^ h dv dx=

du x dx1
1

=
+

 v x=

u u dudv v v= - ##
ln lnx dx x x x
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^ ^h h# #

lnx x x
x dx1 1
1 1

= + -
+
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+
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Cln lnx x x x1 1= + - + + +^ ^h h x 1 02+  ƒůǇ 

lnx dx#  :Ŷūƹŏ  3

lnx x dx#  :Ŷūƹŏ

:ƪŰƫř

lnx x dx#
lnu x= dv x dx=

du dxx
1

= v x
2

2

=

u u dudv v v= - ##
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ÛƱ ĳźưţ
5-5 ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř

Integration by Parts

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

.ƪƯŚƨŤƫř Ŷūƹŏ ¬(1-14) ƲƿŹŚưŤƫř ƾƟ

(1) ( )cosx x dx3#  (2) ( )sinx x dx5#
(3) x e dx3x-#  (4) x e dx5 x 5- -^ h#
(5) ln x dx4#  (6) ( )ln x dx2 1-#
(7) ( ) ( )lnx x dx2 1 1+ +#  (8) ( )ln

x
x dx2#

(9) ln
x
x dx3#  (10) lnx x dx2 2#

(11) cosx x x dx22 -^ h#  (12) sinx x x dx32 +^ h#
(13) x e dx2 1x+#  (14) x e dx2 3x2 -#

(15) ( )ln x dx2^ h#  (16) sine x dxx2#

(17) sin ln x dx^ h#

ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-5) ƲƿŹŚưŤƫř ƾƟ

(1) ( ) ( )cos sin cosx x dx x x x C2 2
1 2 4

1 2= + +#  a  b

(2) ( ) ( ) ( )� � � � �sin cos sinx dx x C1
2=- + +x x x#  a  b

(3) x e dx x e e C1
36
1

6
6 6 6x x x= - +#  a  b

(4) x e dx x e e Cx x x=- + +- - -#  a  b

(5) sec tan ln secx x dx x x x C2 = - +#  a  b

:źƧŸţ
dx x C= +#

:Ŷūƹŏ  2

a x dxe3 3x
-

-^ h# b  x e dx4 x5-#

1ln x dx+^ h#  :Ŷūƹŏ

:ƪŰƫř

ln x dx1+^ h#
lnu x 1= +^ h dv dx=

du x dx1
1

=
+

 v x=

u u dudv v v= - ##
ln lnx dx x x x

x dx1 1 1+ = + -
+

^ ^h h# #

lnx x x
x dx1 1
1 1

= + -
+
+ -^ h #

lnx x x dx1 1 1
1

= + - -
+

a^ kh #
Cln lnx x x x1 1= + - + + +^ h
Cln lnx x x x1 1= + - + + +^ ^h h x 1 02+  ƒůǇ 

lnx dx#  :Ŷūƹŏ  3

lnx x dx#  :Ŷūƹŏ

:ƪŰƫř

lnx x dx#
lnu x= dv x dx=

du dxx
1

= v x
2

2

=

u u dudv v v= - ##
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:źƧŸţ
dx x C= +#

:Ŷūƹŏ  2

a x dxe3 3x
-

-^ h# b  x e dx4 x5-#

1ln x dx+^ h#  :Ŷūƹŏ

:ƪŰƫř

ln x dx1+^ h#
lnu x 1= +^ h dv dx=

du x dx1
1

=
+

 v x=
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+
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lnx x dx#
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2

2

=

u u dudv v v= - ##
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ln lnx x dx x x x
x dx2

1
2
12

2

:= -# #
lnx x x dx2

1
2
12

= - #
lnx x x C2

1
4
12 2

= - +

lnx x dx1 1+ +^ ^h h#  :Ŷūƹŏ  4

.şźƯ ƲƯ źŨƧŏ ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř śŚƀů Ʋƨưƿ

cosx x dx2#  :Ŷūƹŏ

:ƪŰƫř

cosx x dx2#
u x2= cosdv dx= x

2du x dx= sinv x=

u u dudv v v= - ##
cos sin sinx x dx x x x x dx22 2

= - ## (1)

sinx x dx#  :ŵŚŬƿǅ ŠǀƳŚŧ ş ÚźƯ şŶƗŚƤƫř ƭŶŴŤƀƳ

u x= sindv x dx=

du dx= cosv x=-

sin cos cosx x dx x x x dx=- - -##
cos sinx x x C1=- + + (2)

:ƼƬƗ ƪƈŰƳ (1) , (2) ƲƯ

cos sin cos sinx x dx x x x x x C22 2
1= - - + +^ h#

sin cos sinx x x x x C2 22
= + - + C C2 1= -  Ŧǀů 

sinx x dx2#  :Ŷūƹŏ  5
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x e dx2 x#  :Ŷūƹŏ
:ƪŰƫř

x e dx2 x#
u x2= dv e dxx=

du dxx2= v ex=

u u dudv v v= - ##
x e dx x e x e dx22 2x x x= -# # (1)
x e dxx# :ŵŚŬƿǅ ŠǀƳŚŧ ş ÚźƯ şŶƗŚƤƫř ƭřŶŴŤſŚŝ

u x= dv e dxx=

du dx= v ex=

u u dudv v v= - ##
x e dx x e e dxx x x= -# #

x e e C1x x= - + (2)
:ƼƬƗ ƪƈŰƳ (1) , (2) ƲƯ

x e dx x e x e e C22 2
1

x x x x= - - +^ h#
x e x e e C22 22 x x x= - + - 1 2C C1=-

Cx x e2 22 x= - + +^ h

x e dx2 x 2+#  :Ŷūƹŏ  6

sine x dxx#  :Ŷūƹŏ
:ƪŰƫř

sine x dxx#
u ex= sindv x dx=

du e dxx= cosv x= -

u u dudv v v= - ##
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x e dx2 x#  :Ŷūƹŏ
:ƪŰƫř

x e dx2 x#
u x2= dv e dxx=

du dxx2= v ex=

u u dudv v v= - ##
x e dx x e x e dx22 2x x x= -# # (1)
x e dxx# :ŵŚŬƿǅ ŠǀƳŚŧ ş ÚźƯ şŶƗŚƤƫř ƭřŶŴŤſŚŝ

u x= dv e dxx=

du dx= v ex=

u u dudv v v= - ##
x e dx x e e dxx x x= -# #

x e e C1x x= - + (2)
:ƼƬƗ ƪƈŰƳ (1) , (2) ƲƯ

x e dx x e x e e C22 2
1

x x x x= - - +^ h#
x e x e e C22 22 x x x= - + - 1 2C C1=-

Cx x e2 22 x= - + +^ h

x e dx2 x 2+#  :Ŷūƹŏ  6

sine x dxx#  :Ŷūƹŏ
:ƪŰƫř

sine x dxx#
u ex= sindv x dx=

du e dxx= cosv x= -

u u dudv v v= - ##
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x e dx x e x e e C22 2
1

x x x x= - - +^ h#
x e x e e C22 22 x x x= - + - 1 2C C1=-

Cx x e2 22 x= - + +^ h

x e dx2 x 2+#  :Ŷūƹŏ  6

sine x dxx#  :Ŷūƹŏ
:ƪŰƫř
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u u dudv v v= - ##
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sin cos cose x dx e x e x dxx x x
=- - -# #

cos cose x e x dxx x
=- + # (1)

cose x dxx# :ŵŚŬƿǅ ŠǀƳŚŧ ş ÚźƯ şŶƗŚƤƫř ƭřŶŴŤſŚŝ

u ex= cosdv dx= x
du e dxx
= sinv = x

u u dudv v v= - ##
cos sin sine x dx e x e x dxx x x

= -# # (2)

: (1) ƾƟ  (2) ƉÚƺƘƳ

sin sin sincose dx e e e dxx x x x
=- -+x x xx ##

sin sin cose x dx e x x2 x x
= -^ h#

sin sin cose x dx e x x C2
1x x

= - +^ h#

cose x dxx#  :Ŷūƹŏ  7
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ÛƱ ĳźưţ
5-5 ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř

Integration by Parts

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

.ƪƯŚƨŤƫř Ŷūƹŏ ¬(1-14) ƲƿŹŚưŤƫř ƾƟ

(1) ( )cosx x dx3#  (2) ( )sinx x dx5#
(3) x e dx3x-#  (4) x e dx5 x 5- -^ h#
(5) ln x dx4#  (6) ( )ln x dx2 1-#
(7) ( ) ( )lnx x dx2 1 1+ +#  (8) ( )ln

x
x dx2#

(9) ln
x
x dx3#  (10) lnx x dx2 2#

(11) cosx x x dx22 -^ h#  (12) sinx x x dx32 +^ h#
(13) x e dx2 1x+#  (14) x e dx2 3x2 -#

(15) ( )ln x dx2^ h#  (16) sine x dxx2#

(17) sin ln x dx^ h#

ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-5) ƲƿŹŚưŤƫř ƾƟ

(1) ( ) ( )cos sin cosx x dx x x x C2 2
1 2 4

1 2= + +#  a  b

(2) ( ) ( ) ( )� � � � �sin cos sinx dx x C1
2=- + +x x x#  a  b

(3) x e dx x e e C1
36
1

6
6 6 6x x x= - +#  a  b

(4) x e dx x e e Cx x x=- + +- - -#  a  b

(5) sec tan ln secx x dx x x x C2 = - +#  a  b
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ÛƱ ĳźưţ
5-5 ŌƽżŬŤƫŚŝ ƪƯŚƨŤƫř

Integration by Parts

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

.ƪƯŚƨŤƫř Ŷūƹŏ ¬(1-14) ƲƿŹŚưŤƫř ƾƟ

(1) ( )cosx x dx3#  (2) ( )sinx x dx5#
(3) x e dx3x-#  (4) x e dx5 x 5- -^ h#
(5) ln x dx4#  (6) ( )ln x dx2 1-#
(7) ( ) ( )lnx x dx2 1 1+ +#  (8) ( )ln

x
x dx2#

(9) ln
x
x dx3#  (10) lnx x dx2 2#

(11) cosx x x dx22 -^ h#  (12) sinx x x dx32 +^ h#
(13) x e dx2 1x+#  (14) x e dx2 3x2 -#

(15) ( )ln x dx2^ h#  (16) sine x dxx2#

(17) sin ln x dx^ h#

ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-5) ƲƿŹŚưŤƫř ƾƟ

(1) ( ) ( )cos sin cosx x dx x x x C2 2
1 2 4

1 2= + +#  a  b

(2) ( ) ( ) ( )� � � � �sin cos sinx dx x C1
2=- + +x x x#  a  b

(3) x e dx x e e C1
36
1

6
6 6 6x x x= - +#  a  b

(4) x e dx x e e Cx x x=- + +- - -#  a  b

(5) sec tan ln secx x dx x x x C2 = - +#  a  b



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5-6ŠǀŗżŬƫř Źƺƀƨƫř ƭřŶŴŤſŚŝ ƪƯŚƨŤƫř
Integration Using Partial Fractions

ƮƬƘŤţ Ɲƺſ
  •.ŠǀŗżŬƫřŹƺƀƨƫř ƲƗ ŠƯŶƤƯ
  •.ŠǀƐų ƪƯřƺƗ ŚƸƫ šŚƯŚƤƯ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • Šǀŗżū ŹƺƀƧ

Partial Fractions

  •Expand  ƦǀƨƠţ
  •Linear Factor  ƾƐų ƪƯŚƗ

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

( ) 1
2
2

2
2f x x x x= +

-
-
+

   : f  ŠƫřŶƫř ƲƨŤƫ  a

( ) ( )
( )

f x x
x
h
r

=    :şŹƺƈƫř ƼƬƗ ( )f x  ŜŤƧř
.ƥźŤƄưƫř ƭŚƤưƫř ƺƷ ( )h x  Ŧǀů

( )
( 4)
8 4g x

x x
x x

2

2

=
-

+ -    :g  ŠƫřŶƫř ƲƨŤƫ  b

( 2)( 2)
8 4

2 2x x x
x x

x
A
x
B

x
C2

- +
+ -

= +
-

+
+

   :ŸųŐƳ
.źƠƈƫŚŝ x ƲƗ ƉÚƺƗƹ Ǝ Úƀŝ Ʈŧ x ƾƟ ŠƫŵŚƘưƫř ƾƟźƏ śźƋř  1

.A Šưǀƣ ŪŤƴŤſř
2 Éŝ x ƲƗ ƉÚƺƗƹ Ǝ Úƀŝ Ʈŧ x 2-  ƾƟ ŠƫŵŚƘưƫř ƾƟźƏ śźƋř  2

.B Šưǀƣ ŪŤƴŤſř
2-  Éŝ x ƲƗ ƉÚƺƗƹ Ǝ Úƀŝ Ʈŧ x 2+  ƾƟ ŠƫŵŚƘưƫř ƾƟźƏ śźƋř  3

.C Šưǀƣ ŪŤƴŤſř
® ( )g x ƹ ( )f x  Ʋǀŝ ŠƣǆƘƫř ŚƯ  c

ŠǀƐų ƪƯřƺƗ Ƽƫœ ŚƸƬǀƬŰţ Śƴƴƨưƿ Ŷƣ ŠǀƤǀƤů ŚƸƬƯřƺƗ ŵƹŶů şźǀŨƧ ƽŏ Ʊŏ ƢŞſ ŚƯ ƾƟ ŚƴſŹŵ
 ŚƸƫ žǀƫ) ŠǀƤǀƤů ŹŚƠƇŏ ŚƸƫ žǀƫ (ŠǀƘǀŝźţ) ŠǀƳŚŨƫř ŠūŹŶƫř ƲƯ ƪƯřƺƗƹ (Ƽƫƹǃř ŠūŹŶƫř ƲƯ)

.(ŠǀƤǀƤů ŹƹŸū
 ƪƯŚƨţ ƼƬƗ ŚƴŤſřŹŵ źƈŤƤţ Ɲƺſƹ ŠǀŞƀƳ šŚƿŵƹŶŰƫ ƪƯŚƨţ ŵŚŬƿœ ƾƟ Ʀƫŷ ƭřŶŴŤſř Śƴƴƨưƿ

.ŠÚǀƐų ƪƯřƺƗ Ƽƫœ ŚƸǀƟ ƭŚƤưƫř ƪǀƬŰţ Ʋƨưƿ ƾŤƫř ŠǀŞƀƴƫř šŚƿŵƹŶŰƫř

şŹźƨƯ źǀƛ (Ƽƫƹǃř ŠūŹŶƫř ƲƯ ƪƯřƺƗ) ŠǀƐų ƪƯřƺƗ Ƽƫœ ƶƬǀƬŰţ Ʋƨưƿ ƭŚƤưƫř : ÔǇƹŏ

.şŹźƨƯ źǀƛ ŠǀƐų ƪƯřƺƗ śźƋ ŪţŚƳ ƲƗ şŹŚŞƗ ( )h x  ƭŚƤưƫř

:şŹƺƈƫř ƼƬƗ ( )h x  ƭŚƤưƫř Ŧǀů ( ) ( )
( )f x h x
r x

=  ƲƨŤƫ

( )h x a x b a x b a x b2 2 f= + + +1 1 k k^ ^ ^h h h
.źųŎŝ śƹźƌƯ ŢŝŚŧ ƪƯŚƗ Ŷūƺƿ Ǉƹ şŹźƨƯ ƪƯřƺƗ Ŷūƺƿ Ǉ Ŧǀů

:ƾƫŚŤƫŚƧ Šǀŗżū ŹƺƀƧ şŹƺƇ ƼƬƗ  f  ŠƫřŶƫř Ʊƺƨţ ŠƫŚŰƫř ƵŸƷ ƾƟ

( )
( )
h x
r x

a x b
A

a x b
A

a x b
A

2 2

2

k k

kf=
+

+
+

+ +
+

1

1 1
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( )f x x x
x
2 15
5 1

2=
- -

-
:  f  ŠƫřŶƫř ƲƨŤƫ

:ŶūƹŐƟ

ŠǀŗżŬƫř Źƺƀƨƫř  a

( )f x dx#  b

:ƪŰƫř

a  x x xx2 15 532
- - = + -^ ^h h ƭŚƤưƫř ƪÚƬů

1 AA
=

x x
x

x x2 15
5 1

3 52
- -

-
+
+
-
2

x A x A x5 1 5 32- = - + +1 ^ ^h h Ǝ Úƀŝƹ x x3 5+ -^^ hh  ƾƟ ŠƫŵŚƘưƫř ƾƟźƏ śźƋř

( ) ( )A A5 5 1 5 5 5 3- = - + +21 ^ h 5 Éŝ x  ƲƗ ƉÚƺƗ

A 3` =2

( ) ( ) ( )A A5 3 1 3 5 3 31- - = - - + - +2 ( )3-  Éŝ x  ƲƗ ƉÚƺƗ 

A 2` =1

x x
x

x x2 15
5 1

3
2

5
3

2
- -

-
=

+
+

-
ŚưƸǀŤưǀƤŝ A1 ƹ A2  ƲƗ ƉÚƺƗ

.źƀƿǃř ƝźƐƫř ƖƯ ŠƳŹŚƤưƫŚŝƹ ƥźŤƄƯ ƭŚƤƯ ŵŚŬƿŔƿ Ʋưƿǃř ƝźƐƫř ƽźƀƧ Ɩưū Ʋƨưƿ ƢƤŰŤƬƫ

b  ( )f x dx
x x
x dx
2 15
5 1
2=
- -

-##

x x
dx

3
2

5
3

=
+
+

-
` j#

x
dx

x
dx

3
2

5
3

=
+

+
-

# #  ( ) ( ) ( ) ( )f x f x dx f x dx f x dx+ = +1 12 2^ h# # #

x dx x dx2 3
1

3 5
1

=
+

+
-

# #  ( ) ( )kf x dx k f x dx=# #
ln lnx x C2 3 3 5= + + - + ln( )

( )
( )f x

f x dx Cf x= +
'#

( )f x x x
x
4 3
2 1
2=
- +

-
:  f  ŠƫřŶƫř ƲƨŤƫ  1

:ŶūƹŐƟ

ŠǀŗżŬƫř Źƺƀƨƫř  a

( )f x dx#  b
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( )f x x x
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ÛƱ ĳźưţ
5-4 ŠǀŗżŬƫř Źƺƀƨƫř ƭřŶŴŤſŚŝ ƪƯŚƨŤƫř

Integration Using Partial Fractions

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř
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5-4 ŠǀŗżŬƫř Źƺƀƨƫř ƭřŶŴŤſŚŝ ƪƯŚƨŤƫř

Integration Using Partial Fractions

ŠǀƫŚƤƯ ƲƿŹŚưţ A ŠƗƺưŬưƫř

. ( )f x dx#  Ŷūƹŏ Ʈŧ ƾƬƿ ŚưƯ  f  Šƫřŵ ƪƨƫ ŠÚǀŗżŬƫř Źƺƀƨƫř Ŷūƹŏ ¬(1-4) ƲƿŹŚưŤƫř ƾƟ

(1) ( )f x x x5 3
2

=
- -] ]g g  (2) ( )f x

x x2
1
2=
+

(3) ( )f x
x x
x

12
10

2=
+ -

- +  (4) ( )f x
x x x2

1
3

2
3 2 -

=
+

:Ŷūƹŏ ¬(5-11) ƲƿŹŚưŤƫř ƾƟ

(5) 
x x
x dx

2 5 3
17

2 + -

+#  (6) 
x x x
x dx
6 9
6 25

3 2- +

- +#

(7) 
x x
x x dx

3
3 4 3

3 2

2

-

- +#  (8) 
( )x
x x dx

3
3 22

2-

+ +#

(9) 
x
x x dx

1
2 3

2

2

-

+ +#  (10) 
x x
x dx22

3

+

-#

(11) 
x x

x x x x dx
2 1

2 2 14

2

3 2

- +

- + + -#
( )f x

x x x
x x x x

2 4 8
2 7 32 285

3

4 3

2

2
=

- - +

- - + -  :ŸųŐƴƫ  (12)

. ( )h x  ŠūŹŵ ƲƯ źƜƇŏ ( )xr  ŠūŹŵ Ŧǀů ¬ ( ) ( )
( )q x h x
r x

+  şŹƺƇ ƼƬƗ ( )f x  ŜŤƧř  (a)  

. ( )
( )
h x
r x  ŠǀŞƀƴƫř ŠƿŵƹŶŰƬƫ ŠÚǀŗżŬƫř Źƺƀƨƫř Ŷūƹŏ  (b)  

. ( )f x dx#  Ŷūƹŏ  (c)  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ B ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  şźŗřŶƫř ƪÚƬƓ ¬(1-4) ƲƿŹŚưŤƫř ƾƟ

(1) ln ln
x x

dx x x C
3 7
4 3 7

+ +
= + + + +^ ^h h#  a  b

(2) ln ln
x x
dx x x C
3
6 2 3 22 +
+

-
= - + +#  a  b

a  b  -( )f x
x x1 2 3
3 2

=
+ -

 :ƾƷ Šǀŗżū ŹƺƀƧ şŹƺƇ ƼƬƗ ( )f x
x x
x

2
4

3
11

2=
- -

-  :ŠƫřŶƫř  (3)

a  b  .Šǀŗżū ŹƺƀƧ Šŧǆŧ 
x x
x x

x2
2

3 2

2

- +

- +  :ŠǀŞƀƴƫř ŠƿŵƹŶŰƬƫ  (4)

ÛƱ ĳźưţ
5-6



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5-7ŵŶŰưƫř ƪƯŚƨŤƫř
Definite Integral

ƮƬƘŤţ Ɲƺſ
  •.ŠůŚƀưƫřƹ ŵŶŰưƫř ƪƯŚƨŤƫř
  •.ŵŶŰưƫř ƪƯŚƨŤƫř ƅřƺų
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  •.ŵŶŰưƫř ƪƯŚƨŤƫř ƾƟ ƊƿƺƘŤƫř 

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • ŵŶŰƯ ƪƯŚƨţ

Definite Integral

  • ƊƿƺƘŤƫŚŝ ƪƯŚƨţ
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Properties of the Definite Integral  ŵŶŰưƫř ƪƯŚƨŤƫř ƅřƺų
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ƽƺŤƀưƫř ƾƟ šŚůŚƀưƫř
Areas in the Plane
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:ƾƷ ,a b6 @ şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƿƺŤƀưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A x x x xf d f d
a

c

c

b
+= # #
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ƽƺŤƀưƫř ƾƟ šŚůŚƀưƫř
Areas in the Plane

ƮƬƘŤţ Ɲƺſ
• .šŚǀƴŰƴưƫř Ʋǀŝ ŠůŚƀưƫř
•  Ʋǀŝ şŵŶŰưƫř ŠůŚƀưƫř 

.ŠƘƏŚƤŤƯ šŚǀƴŰƴƯ
• .şźÚǀƜŤƯ ƩřƹŶƫ şŵŶŰưƫř ƮǀƤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
•  Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ 

ƲǀǀƴŰƴƯ
Area Enclosed
between Two Curves  

•  šŚǀƴŰƴƯ Ʋǀŝ şŵŶŰưƫř ŠůŚƀưƫř 
 ŠƘƏŚƤŤƯ

 Area Enclosed by  
Intersecting Curves  

•  ŠƘŝźƯ şŶůƹ
Unit Squared

:źƧŸţ
 ŠƬƈŤƯ Ʃřƹŵ ƖƯ ƪƯŚƘŤƳ ŚƴƳŏ

.ŠƴǀƘƯ šřźŤƟ ƼƬƗ

y
5

1

1-1-2

2

2

3

3

4

x

( )f x x x 2
2

= - -

A2

A1

 ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
( )f x x x 22= - -  :  f   ŠƫřŶƫř  ƼƴŰƴƯ  ŹƹŚŬưƫř  ƪƨƄƫř  ƾƟ

. ,1 36 @ şźŤƠƫř ƾƟ
. ( )f x dx
3

1
#   :Ŷūƹŏ  1

 ƼƴŰƴưŝ şŵŶŰưƫř ,A A21   ƲǀŤƤƐƴưƫř ƲƯ ƪƧ ŠůŚƀƯ Ŝƀůř  2
,x x1 3= =  ƲǀưǀƤŤƀưƫřƹ šŚƴǀƀƫř ŹƺŰƯƹ  f ŠƫřŶƫř

. 1  , 2  ƾƟ ƶǀƬƗ ŢƬƈů ŚƯ Ʋǀŝ ƱŹŚƣ  3

,a b6 @ şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ : ÔǇƹŏ
 ƼƴŰƴưŝ şŵŶŰưƫř A ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ ,a b6 @ ƼƬƗ ŠƬƈŤƯ Šƫřŵ  f  ŢƳŚƧ řŷœ ƶƳŏ ŠƤŝŚƀƫř ŚƴŤſřŹŵ ƲƯ ŚƴưƬƗ

,x a x b= =  ƲǀưǀƤŤƀưƫřƹ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř

( ) [ ]f x 0 x ,a b6H !  :ŢƳŚƧ řŷœ
( )A f x dx

a

b
= #  ƱŔƟ
( ) [ ]f x 0 x ,a b6 !G  :ŢƳŚƧ řŷœ

( )A f x dx
a

b
= - #  ƱŔƟ

y

2

2-2
-2

4

4

6

6

8

x

( )f x x x4 42
-= +

 ( )f x x x4 42= + -  :ŠƫřŶƫř ƱŚǀŝ ƪŝŚƤưƫř ƪƨƄƫř ƲÚǀŞƿ
 šŚƴǀƀƫř ŹƺŰƯƹ ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ

,x x2 5= =  ƲǀưǀƤŤƀưƫřƹ
:ƪŰƫř

:ƪƨƄƫř ƲƯ
( ) ,f x x0 2 5a 6H ! 6 @

4 4( ) ( )A f x dx x x dx
2

5

2

5
2` + -= =# #

x x x3 4 2 3
125 20 50 3

8 8 8
3

2

2

5

= + - = + - - + -: : :D D D
3
35

3
8 9= - =  units square
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1 4x , x-= =   ƲǀưǀƤŤƀưƫřƹ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ (1) ƩŚŨƯ ƾƟ  1
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:ƪŰƫř

ƖƋƺŝ šŚƴǀƀƫř ŹƺŰƯ ƖƯ  f ŠƫřŶƫř ƼƴŰƴƯ ƖƏŚƤţ ƍŚƤƴƫ Šǀƴǀƀƫř šŚǀŧřŶůǅř ŶūƺƳ
( ) 0

3 0

( 3) 0

f x

x x

x x

2

=

- =

- =

x 0=     ƹŏ    x 3=

0 3
[0 , 3] ƾƟ ( ) 0f x H  ƹŏ ( ) 0f x G  ƪƷ ŦŰŞƳ

( ) 0 [0 , 3]f x xa 6G !

( )A f x dx
0

3
= - #  :ŠůŚƀưƫř   `

3x x dx
0

3
2 -= - ^ h#

3
3x x2

3 3
2

0
= - -: D

9 2 ( )27 0= - - -a k: D
2
9

= - -a k
2
9

= units square

.šŚƴǀƀƫř ŹƺŰƯƹ ( )f x x x5 42= + +   :  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  2
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( ) 0f c =  Ŧǀů ( )a , bc!  ¬ ,a b6 @  şźŤƠƫř ƼƬƗ ŠƬƈŤƯ Šƫřŵ  f  ƲƨŤƫ
:ƾƷ ,a b6 @ şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƿƺŤƀưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A x x x xf d f d
a

c

c

b
+= # #

 (a , b) Ƽƫœ ƾưŤƴţ , , , ...c c c1 2 3  :ŵƺūƹ ŶƴƗ ŠŰǀŰƇ şŶƗŚƤƫř ƵŸƷƹ
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3x x dx
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2 -= - ^ h#

3
3x x2

3 3
2
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9 2 ( )27 0= - - -a k: D
2
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= - -a k
2
9

= units square
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( ) 0f c =  Ŧǀů ( )a , bc!  ¬ ,a b6 @  şźŤƠƫř ƼƬƗ ŠƬƈŤƯ Šƫřŵ  f  ƲƨŤƫ
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b  , 2 , 2( ) � �sinf x -= x 8 B
y

x
2
�

- 2
�

 2 , 2
� �

-8 B  şźŤƠƫř ƾƟ ƶƳŏ ƒůǈƳ : f  ŠƫřŶƫř ƼƴŰƴƯ ƮſźƳ

x 0=  ŶƴƗ ( )f x 0=  Ŧǀů ƲǀŤƤƐƴƯ Ƽƫœ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ƮƀƤƴţ

  :ƾƬƿ ŚưƧ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x dx f x dx
0

2 0

2
�

�
= +

-
# #

A sin x dx sin x dx
2

0

0

2= +
- r

r

# #

0cos cosx x
2

2�
�

= - + -- 0
6 6@ @
1 0 0 1 1 1 2-= - - + - = + =^ ^h h  (ŠƘŝźƯ şŶůƹ)

.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  3

a  2 , 1( ) ,f x x x93 -= - 6 @
b  , 0 ,( ) �cosf x = x 6 @

,a b6 @ şźŤƠƫř ƾƟ ƲǀŤƫřŵ ƾǀƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ :ŚÔǀƳŚŧ

ƲǀǀƴŰƴƯ Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ

Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A f x g x dx
a

b
= -6 @#
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b  , 2 , 2( ) � �sinf x -= x 8 B
y

x
2
�

- 2
�

 2 , 2
� �

-8 B  şźŤƠƫř ƾƟ ƶƳŏ ƒůǈƳ : f  ŠƫřŶƫř ƼƴŰƴƯ ƮſźƳ

x 0=  ŶƴƗ ( )f x 0=  Ŧǀů ƲǀŤƤƐƴƯ Ƽƫœ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ƮƀƤƴţ

  :ƾƬƿ ŚưƧ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x dx f x dx
0

2 0

2
�

�
= +

-
# #

A sin x dx sin x dx
2

0

0

2= +
- r

r

# #

0cos cosx x
2

2�
�

= - + -- 0
6 6@ @
1 0 0 1 1 1 2-= - - + - = + =^ ^h h  (ŠƘŝźƯ şŶůƹ)

.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  3

a  2 , 1( ) ,f x x x93 -= - 6 @
b  , 0 ,( ) �cosf x = x 6 @

,a b6 @ şźŤƠƫř ƾƟ ƲǀŤƫřŵ ƾǀƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ :ŚÔǀƳŚŧ

ƲǀǀƴŰƴƯ Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ

Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A f x g x dx
a

b
= -6 @#
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b  , 2 , 2( ) � �sinf x -= x 8 B
y

x
2
�

- 2
�

 2 , 2
� �

-8 B  şźŤƠƫř ƾƟ ƶƳŏ ƒůǈƳ : f  ŠƫřŶƫř ƼƴŰƴƯ ƮſźƳ

x 0=  ŶƴƗ ( )f x 0=  Ŧǀů ƲǀŤƤƐƴƯ Ƽƫœ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ƮƀƤƴţ

  :ƾƬƿ ŚưƧ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x dx f x dx
0

2 0

2
�

�
= +

-
# #

A sin x dx sin x dx
2

0

0

2= +
- r

r

# #

0cos cosx x
2

2�
�

= - + -- 0
6 6@ @
1 0 0 1 1 1 2-= - - + - = + =^ ^h h  (ŠƘŝźƯ şŶůƹ)

.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  3

a  2 , 1( ) ,f x x x93 -= - 6 @
b  , 0 ,( ) �cosf x = x 6 @

,a b6 @ şźŤƠƫř ƾƟ ƲǀŤƫřŵ ƾǀƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ :ŚÔǀƳŚŧ

ƲǀǀƴŰƴƯ Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ

Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A f x g x dx
a

b
= -6 @#
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b  , 0 ,( ) �cosf x = x 6 @
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Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ
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a

b
= -6 @#
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b  , 2 , 2( ) � �sinf x -= x 8 B
y

x
2
�

- 2
�

 2 , 2
� �

-8 B  şźŤƠƫř ƾƟ ƶƳŏ ƒůǈƳ : f  ŠƫřŶƫř ƼƴŰƴƯ ƮſźƳ

x 0=  ŶƴƗ ( )f x 0=  Ŧǀů ƲǀŤƤƐƴƯ Ƽƫœ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ƮƀƤƴţ

  :ƾƬƿ ŚưƧ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x dx f x dx
0

2 0

2
�

�
= +

-
# #

A sin x dx sin x dx
2

0

0

2= +
- r

r

# #

0cos cosx x
2

2�
�

= - + -- 0
6 6@ @
1 0 0 1 1 1 2-= - - + - = + =^ ^h h  (ŠƘŝźƯ şŶůƹ)

.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  3

a  2 , 1( ) ,f x x x93 -= - 6 @
b  , 0 ,( ) �cosf x = x 6 @

,a b6 @ şźŤƠƫř ƾƟ ƲǀŤƫřŵ ƾǀƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ :ŚÔǀƳŚŧ

ƲǀǀƴŰƴƯ Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ

Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A f x g x dx
a

b
= -6 @#

69



 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b  , 2 , 2( ) � �sinf x -= x 8 B
y

x
2
�

- 2
�
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� �

-8 B  şźŤƠƫř ƾƟ ƶƳŏ ƒůǈƳ : f  ŠƫřŶƫř ƼƴŰƴƯ ƮſźƳ

x 0=  ŶƴƗ ( )f x 0=  Ŧǀů ƲǀŤƤƐƴƯ Ƽƫœ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ƮƀƤƴţ

  :ƾƬƿ ŚưƧ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x dx f x dx
0

2 0

2
�

�
= +

-
# #

A sin x dx sin x dx
2

0

0

2= +
- r

r

# #

0cos cosx x
2

2�
�

= - + -- 0
6 6@ @
1 0 0 1 1 1 2-= - - + - = + =^ ^h h  (ŠƘŝźƯ şŶůƹ)

.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  3

a  2 , 1( ) ,f x x x93 -= - 6 @
b  , 0 ,( ) �cosf x = x 6 @

,a b6 @ şźŤƠƫř ƾƟ ƲǀŤƫřŵ ƾǀƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ :ŚÔǀƳŚŧ

ƲǀǀƴŰƴƯ Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ

Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A f x g x dx
a

b
= -6 @#
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.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ

a  , 1 , 2
3( )f x x x43 -= - : D

b  , 2 , 2( ) � �f x sin -= x 8 B

:ƪŰƫř

a  , 1 , 2
3( )f x x x43 -= - : D

ƾŰǀƋƺţ ƪƨƃ

y

1

1-1
-1

-2

-2

-3

2

3

2 x3
2

( ) 0

4 0

( 4) 0

( 2) ( 2) 0

0 , 0 ( 1 , 2
3 )

2 , 2 ( 1 , 2
3 )

2 , 2 ( 1 , 2
3 )

f x

x x

x x

x x x

x

x

x

3

2

g

g

!

=

- =

- =

- + =

= -

= -

= - - -

                     ŦǀŰŝ x Ʈǀƣ ŶūƺƳ

x 0=  ŶƴƗ šŚƴǀƀƫř ŹƺŰƯ ƖƐƤƿ ƼƴŰƴưƫř  `

:ƾƬƿ ŚưƧ A ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

0
( ) ( )A f x dx f x dx2

3

1 0
= +

-
# #

0
x x dx x x dx4 43 32

3

1 0
= - + -

-
^ ^h h# #

0x x x x4 2 4 2
2
3

4
2

1

4
2

0
= - + -

-
: :D D

0 4
7

64
207 0= -

-
+ - -a k:

4
7

64
207

64
112

64
207

= +

= +

64
319

=   (ŠƘŝźƯ şŶůƹ)
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b  , 2 , 2( ) � �sinf x -= x 8 B
y

x
2
�

- 2
�

 2 , 2
� �

-8 B  şźŤƠƫř ƾƟ ƶƳŏ ƒůǈƳ : f  ŠƫřŶƫř ƼƴŰƴƯ ƮſźƳ

x 0=  ŶƴƗ ( )f x 0=  Ŧǀů ƲǀŤƤƐƴƯ Ƽƫœ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ƮƀƤƴţ

  :ƾƬƿ ŚưƧ ŠŝƺƬƐưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x dx f x dx
0

2 0

2
�

�
= +

-
# #

A sin x dx sin x dx
2

0

0

2= +
- r

r

# #

0cos cosx x
2

2�
�

= - + -- 0
6 6@ @
1 0 0 1 1 1 2-= - - + - = + =^ ^h h  (ŠƘŝźƯ şŶůƹ)

.ŠƴǀŞưƫř şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  3

a  2 , 1( ) ,f x x x93 -= - 6 @
b  , 0 ,( ) �cosf x = x 6 @

,a b6 @ şźŤƠƫř ƾƟ ƲǀŤƫřŵ ƾǀƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ :ŚÔǀƳŚŧ

ƲǀǀƴŰƴƯ Ʋǀŝ şŵŶŰƯ ŠƤƐƴƯ ŠůŚƀƯ

Ŧǀů ¬ ,a b6 @ şźŤƠƫř ƼƬƗ ƲǀŤƬƈÚŤƯ ,f g  ƲƯ ƪƧ ŢƳŚƧ řŷœ

( ) ( ) ,f x g x x a b6H ! 6 @
:ƾƷ ,x b x a= =  ƲǀưǀƤŤƀưƫřƹ ,f g  ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱŔƟ

( ) ( )A f x g x dx
a

b
= -6 @#
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,x x0 1= =  ƲǀưǀƤŤƀưƫřƹ ( )g x x3=  : g ŠƫřŶƫř ƼƴŰƴƯƹ ( )f x x 22= +   :  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ

( ) ( ) , ,f x g x x 0 162 ! 6 @ :ƱŐŝ ŚÔưƬƗ

:ƪŰƫř

ƾŰǀƋƺţ ƪƨƃ

y

1

1

-1
-1

A

-2-3 3

3

4

5

2

2

 ( ) ( ) ,f x g x x 0 1a 62 ! 6 @
:ƾƷ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ   `

( ) ( )A f x g x dx
1

0
= -6 @#

x x dx22 3

0

1
= + -^ h#
x x x x3 2 4

33
3

0

1

= + -: D
( )3

1 2 4
3 0= + - -a k

12
19

=  (ŠƘŝźƯ şŶůƹ)

( ) :f x x f32= +  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  4

,x x1 1= - =  ƲǀưǀƤŤƀưƫřƹ ( ) :g x x g12= +  ŠƫřŶƫř ƼƴŰƴƯƹ

( ) ( ) , ,f x g x x 1 162 ! -6 @ :ƱŐŝ ŚÔưƬƗ

,x x0 3= =  ƲǀưǀƤŤƀưƫřƹ ( )g x x1 2= - -  : g ŠƫřŶƫř ƼƴŰƴƯƹ  ( ) ef x x=   :  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ
.ƲǀƘƏŚƤŤƯ źǀƛ  f , g  ƲǀŤƫřŶƬƫ ƲǀǀƴŰƴưƫř ƱŐŝ ŚÔưƬƗ

:ƪŰƫř

1x =  ƲƨŤƫƹ ,0 3^ h şźŤƠƬƫ ƾưŤƴţ ŠƿŹŚǀŤųř Šưǀƣ ŸųŐƳ ƲǀƘƏŚƤŤƯ źǀƛ ƲǀǀƴŰƴưƫř  `
( )f e e1 1= =

( ) )(g 1 1 1 22-= - = -

( ) ( )f x x ,0 3g x62 ! 6 @ :Ʊŏ ƽŏ
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:ƾƷ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƱƺƨŤƟ

( ) ( )A f x g x dx
0

3
-= #

e ex dx x x1 3
2

0

3 3

0

3
x x= + + = + +^ h : D#

( )e e9 3 1113 3= + + - = +^ h  (ŠƘŝźƯ şŶůƹ)

( ) :f x x f12= +  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  5

,x x1 1= - =  ƲǀưǀƤŤƀưƫřƹ ( ) :g x x g32= - -  ŠƫřŶƫř ƼƴŰƴƯƹ

.ƲǀƘƏŚƤŤƯ źǀƛ f , g ƲǀŤƫřŶƬƫ ƲǀǀƴŰƴưƫř ƱŐŝ ŚÔưƬƗ  

.ƖƏŚƤŤƫř ƍŚƤƴƫ Šǀƴǀƀƫř šŚǀŧřŶůǈř ƾƷ ƪƯŚƨŤƫř ŵƹŶů ÚƱŔƟ ¬ŠƘƏŚƤŤƯ šŚǀƴŰƴƯ Ʋǀŝ ŠƤƐƴƯ źƈŰƴţ ŚƯŶƴƗ

ƾŰǀƋƺţ ƪƨƃ

y

x

y x= -
2

y x2 2= -1

-1
-1-2 2

1

1

 ŖƟŚƨưƫř ƖƐƤƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ
y x= -2  ƮǀƤŤƀưƫřƹ  y x2= -1

2

:ƪŰƫř

:ƖƏŚƤŤƫř ƾŤƐƤƴƫ Šǀƴǀƀƫř šŚǀŧřŶůǅř ŵŚŬƿǅ

y y=1 2   ƖƌƳ

x x2 2- = -

2x x 02 =- -

x 1= -  ƹŏ x 2=

,1 2-  :ŚưƷ ƪƯŚƨŤƫř ř ÚŶů `

x 0=  ƲƨŤƫƹ ,1 2-^ h şźŤƠƫř Ƽƫœ ƾưŤƴţ ŠƿŹŚǀŤųř Šưǀƣ ŸųŐƳ
( ) ,y 2 0 02= - =1

y 0=2

,y y x 1 2a 6 !H -21 6 @
A y y dx

2

1
= -

-
21^ h#  :ƾƷ ŠƤƐƴưƫř ŠůŚƀƯ   `

A x x dx2 2
2

1
= - - -

-
] g5 ?#

x x x2 3 2

3 2

1
= - +

-

2: D
2 2 3

2
2
2

2 1 3
1

2
13 2 3 2

#= - + - - -
-

+
-^ ^ ^ ^ ^ ^h h h h h h; ;E E

2
9

=  (ŠƘŝźƯ şŶůƹ)
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,y x y x2 2 52= + = - +21  :ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  6

:ƾƫŚŤƫŚƧ ŠƿŹŚǀŤųǅř ŠưǀƤƫř ƭřŶŴŤſǅ ŠūŚŰƫř Ʊƹŵ ŠƤƬƐưƫř ŠưǀƤƫř ƭřŶŴŤſŚŝ A ŠůŚƀưƫř ŵŚŬƿœ Ʋƨưƿ (6) ƩŚŨƯ ƾƟ
A y y y y dxdx1 2

1

2

2 1
1

2
= - = -

- -
^ ^h h# #

( )xg

( )f x

y

x

8
6

4

2

2
-2

-2

ƾŰǀƋƺţ ƪƨƃ

 ( ) 1 , ( )f x x g x x 92 2= + = - +  :ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ

:ƪŰƫř

( ) ( )f x g x=  ƖƌƳ ƲǀǀƴŰƴưƫř ƖƏŚƤţ ƍŚƤƴƫ Šǀƴǀƀƫř šŚǀŧřŶůǅř ŵŚŬƿǅ

x x1 92 2+ = - +

x2 82 =

x 42 =

x 2!=

:ƾƷ ŠƤƐƴưƫř ŠůŚƀƯƹ x 2=  Ƽƫœ x 2= -  ƲƯ ƪƯŚƨŤƫř Ʊƺƨƿ

( ) ( )A dxf x g x
2

2
= -

-
^ h#

1 9 2 8x x dx x dx2 2

2

2

2
= + + - = -

- -

2 2^ ^h h# #

x x3
2 8

2

3 2

= -
-

: D

3
2 2

8 2 3
2 2

8 2
3 3

= - -
-

- -
^ ^ ^ ^h h h h; ;E E
3
64

=  (ŠƘŝźƯ şŶůƹ)

( ) , ( )f x x g x x2 2 12 2= - + = -  :ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  7
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,y x y x2 2 52= + = - +21  :ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  6

:ƾƫŚŤƫŚƧ ŠƿŹŚǀŤųǅř ŠưǀƤƫř ƭřŶŴŤſǅ ŠūŚŰƫř Ʊƹŵ ŠƤƬƐưƫř ŠưǀƤƫř ƭřŶŴŤſŚŝ A ŠůŚƀưƫř ŵŚŬƿœ Ʋƨưƿ (6) ƩŚŨƯ ƾƟ
A y y y y dxdx1 2

1

2

2 1
1

2
= - = -

- -
^ ^h h# #

( )xg

( )f x

y

x

8
6

4

2

2
-2

-2

ƾŰǀƋƺţ ƪƨƃ

 ( ) 1 , ( )f x x g x x 92 2= + = - +  :ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ

:ƪŰƫř

( ) ( )f x g x=  ƖƌƳ ƲǀǀƴŰƴưƫř ƖƏŚƤţ ƍŚƤƴƫ Šǀƴǀƀƫř šŚǀŧřŶůǅř ŵŚŬƿǅ

x x1 92 2+ = - +

x2 82 =

x 42 =

x 2!=

:ƾƷ ŠƤƐƴưƫř ŠůŚƀƯƹ x 2=  Ƽƫœ x 2= -  ƲƯ ƪƯŚƨŤƫř Ʊƺƨƿ

( ) ( )A dxf x g x
2

2
= -

-
^ h#

1 9 2 8x x dx x dx2 2

2

2

2
= + + - = -

- -

2 2^ ^h h# #

x x3
2 8

2

3 2

= -
-

: D

3
2 2

8 2 3
2 2

8 2
3 3

= - -
-

- -
^ ^ ^ ^h h h h; ;E E
3
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=  (ŠƘŝźƯ şŶůƹ)

( ) , ( )f x x g x x2 2 12 2= - + = -  :ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  7
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:ƾƬƿ ŚưƯ ƪƧ ƾƟ g ŠƫřŶƫř ƼƴŰƴƯƹ  f  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  8

( ) , ( )f x x g x x1 4 13= - = - +

:ƲǀǀƴŰƴưƫŚŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ

( ) , ( )f x x x g x x3 33 2= - = -

-1
-1

1

1 2 x

y

2

3

-2

ƾŰǀƋƺţ ƪƨƃ

 :ƪŰƫř

:ƲǀǀƴŰƴưƫř ƖƏŚƤţ ƍŚƤƴƫ ƾƴǀƀƫř ƾŧřŶůǅř ŵŚŬƿǅ

ƖƌƳ
( ) ( )f x g x=

x x x3 3 23 - = -

03x x x3 23 + - - =

( ) ( )3 3x x x 02 - =+ +

( )( )3x x 012 - =+

( )( ) ( )1x x x 01 3- =+ +

,,x x x1 1 3= = - =-

-3 -1 1

, , ,3 1 1 1- - -6 6@ @   ƲǀţźŤƠƫř ƼƬƗ ƪƯŚƨŤƫř ƱƺƨǀƟ
:A ƲǀǀƴŰƴưƫŚŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ ƾƐƘƿ ƺƷƹ

( ( ) ( ) ) ( ( ) ( ) )A f x x dx f x g x dxg
3

1

1

1
= - + -

-

-

-
# #

3 3 3 3x x x dx x x x dx3 2 3 2

3

1

1

1
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:ƲǀǀƴŰƴưƫŚŝ şŵŶŰưƫř ŠƤƐƴưƫř ŠůŚƀƯ Ŷūƹŏ  9

( ) , g( ) 2f x x x x= =

0 , 9x x= =      ƲǀưǀƤŤƀưƫřƹ
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6-2ŠǀƳřŹƹŶƫř ƭŚƀūǃř ƭƺŬů
Volumes of Revolution Solids

ƮƬƘŤţ Ɲƺſ
• .ƪƯŚƨŤƧ ƮŬŰƫř ƼƬƗ ƝźƘŤƫř
•  ƖƏŚƤưƫř ŠƤƿźƐŝ ƮŬŰƫř ŵŚŬƿœ 

.ŠÚƿźŗřŶƫř ŠÚǀƋźƘƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• Slices  Ůŗřźƃ
• ƮƀŬƯ ƮŬů

Volume of a Solid
• ŠǀƳřŹƹŶƫř  ƭŚƀūǃř

Solids of Revolution

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
 ,1 46 @ şźŤƠƫř ƾƟ ( )f x 1=  :ŠƫřŶƫř ƼƴŰƴƯ ƮſŹř  a  1
( )f x 1=  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠƤƐƴưƫř ƪÚƬƓ  b

,1 46 @ şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ
 Ʃƺů ŠƿƺŤƀưƫř ŠƤƐƴưƫř ƵŸƷ źƿƹŶŤŝ Ʈƣ  c
®ŪţŚƴƫř ƮƀŬưƫř ŚƯ .šŚƴǀƀƫř ŹƺŰƯ

®ƱřŹƹŶƫř ƲƯ ŪţŚƴƫř ƮƀŬưƫř ƮŬů Ŷūƹŏ  d
( )� f x dx2

4

1
^ h#  :ƪƯŚƨŤƫř Šưǀƣ Ŷūƹŏ  e
® d  , e  ƲƯ ƒůǆţ řŷŚƯ  f

.ƩƹŶŬƫř ƪưƧŏƹ ŠǀƫŚŤƫř ƩřƹŶƫř ƲƯ Úƪƨƫ 1  ƲƯ ŠƤŝŚƀƫř šřƺƐŴƫř Ź ÚźƧ  2

ŠƫřŶƫřşźŤƠƫřŠƫřŶƫř ƼƴŰƴƯ
ƮƀŬưƫř Ʈſř
ƱřŹƹŵ ƲƯ ŪţŚƴƫř 
ŠƿƺŤƀưƫř ŠƤƐƴưƫř

ƮŬů 
ƮƀŬưƫř( )f x dx� 2

a

b ^ h#

( )f x x=,0 36 @
y

x

( )f x x4 2= -,2 2-6 @
y

x

y

x

 ƼƴŰƴưŝ şŵŶŰƯ ŠƤƐƴƯ ƱřŹƹŵ ƲƯ ƮƀŬƯ ŪŤƳ řŷœ :ƶƳŏ ŚƴƔůǅ «ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƲƯ
 ŹƺŰƯ Ʃƺů ŠƬƯŚƧ şŹƹŵ a b1  Ŧǀů ,x a x b= =  ƲǀưǀƤŤƀưƫřƹ šŚƴǀƀƫř ŹƺŰƯƹ f Šƫřŵ

:ƽƹŚƀƿ ƮƀŬưƫř řŸƷ ƮŬů ƱŔƟ šŚƴǀƀƫř

( )V f x dx� 2

a

b
= ^ h#
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y

ŠƤƐƴưƫř 
ŠƿƺŤƀưƫř

x1-1

 şŵŶŰưƫřƹ šŚƴǀƀƫř ŹƺŰƯ Ʃƺů ŠƬƯŚƧ şŹƹŵ ŠƿƺŤƀưƫř ŠƤƐƴưƫř ƱřŹƹŵ ƲƯ ŪţŚƴƫř ƮƀŬưƫř ƮŬů Ŷūƹŏ
. ,1 1-6 @ şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ ( )f x x 22= +   :  f  ŠƫřŶƫř ƼƴŰƴưŝ

:ƪŰƫř
:ƺƷ ŪţŚƴƫř ƮƀŬưƫř ƮŬů

ƾŰǀƋƺţ ƪƨƃ

y

x

x dx2� 2 2

1

1
= +

-
^ h#
x x dx4 4� 4 2

1

1
= + +

-
^ h#

x x x
5

4 4
3

�
5 3

1

1

= + +
-

; E
5
1
3
4 4 5

1
3
4 4�= + + - - - -a ak k: D

5
166

= � units cube
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. ,1 56 @ şźŤƠƫř ƾƟ šŚƴǀƀƫř ŹƺŰƯƹ ( )f x x 1= -

( )�V f x dx2
1

1
=

-
^ h#

 şźØƧ ƺƷ (şźŗřŵ ƞƈƳ) ( ) 4f x x2= -  ŠƫřŶƫř ƼƴŰƴƯ ƱřŹƹŵ ƲƯ ŪţŚƴƫř ƮƀŬưƫř Ʊŏ ŚƴƔůǅ «ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƲƯ
.şź Øƨƫř ƮŬů ƱƺƳŚƣ šŚŞŧœ ƾƟ ŠǀƳřŹƹŶƫř ƭŚƀūǃř ƭƺŬů ŵŚŬƿœ şŶƗŚƣ ƭřŶŴŤſř Śƴƴƨưƿƹ .r 2=  ŚƷźƐƣ ƞƈƳ ƩƺƏ

ƾŰǀƋƺţ ƪƨƃ

y

-r r x

 ŠƤƐƴưƫř  ƱřŹƹŵ  ƲƯ  ŪţŚƴƫř  ƮƀŬưƫř  ƮŬů  Ŷūƹŏ  ŵŶŰưƫř  ƪƯŚƨŤƫř  ƭřŶŴŤſŚŝ
 şźŗřŶƫř  ƞƈƴŝ  şŵŶŰưƫřƹ  šŚƴǀƀƫř  ŹƺŰƯ  Ʃƺů  ŠƬƯŚƧ  şŹƹŵ  ŠƿƺŤƀưƫř

y r x2 2= -

:ƪŰƫř
y r x2 2a = -

 r ŚƷźƐƣ ƞƈƳ ƩƺƏƹ ,0 0^ h ƪƇǃř ŠƐƤƳ ŚƷżƧźƯ şźŗřŵ ƞƈƳ ŠƫŵŚƘƯ ƪŨưţ
.şźØƧ ƺƷ šŚƴǀƀƫř ŹƺŰƯ Ʃƺů ŠƬƯŚƧ şŹƹŵ ŠƿƺŤƀưƫř ŠƤƐƴưƫř ƱřŹƹŵ ƲƯ ŪţŚƴƫř ƮƀŬưƫř  `
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:ƪŰƫř
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4 � 3=  units cube
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:ƪŰƫř

 ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰƯ ŠƿƺŤƀưƫř ŠƤƐƴưƫř
:ƖƋƺŝ ƖƏŚƤŤƫř ŶŬƳ
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 4
1x =  ƲƨŤƫƹ ,0 1^ h ƾƟ ŠƿŹŚǀŤųř Šưǀƣ ŸųŐƳ

4
1

16
1 , 4

1
2
1f g= =a ak k
,( ) ( )g x f x x0 0 1` 6H H ! 6 @

( ) ( )V g x f x dx� 2 2

0

1
= -^ ^h h6 @#   :ƱřŹƹŶƫř ƲƗ ŪţŚƴƫř ƮƀŬưƫř ƮŬů  `

( ) ( )V x x dx� 2 2 2

0

1
= -^ h7 A#

V x x dx
0

1
4/= -^ h#

( )x x
2
1 02 5 5
12 5

0

1

/ / - -= - = a k: :D D
10
3 /=  units cube

 ƲǀŤƫřŶƫř  ƾǀƴŰƴƯ  Ʋǀŝ  şŵŶŰưƫřƹ  šŚƴǀƀƫř  ŹƺŰƯ  Ʃƺů  ŠƬƯŚƧ  şŹƹŵ  ŠƿƺŤƀưƫř  ŠƤƐƴưƫř  ƱřŹƹŵ  ƲƯ  ŪţŚƴƫř  ƮƀŬưƫř  ƮŬů  Ŷūƹŏ  3
( )f x x

2 1
2

= +   ,  ( )g x x
2 2= +

ŹƺŰƯ Ʃƺů ŠƬƯŚƧ şŹƹŵ ŠƿƺŤƀưƫř ŠƤƐƴưƫř ƱřŹƹŵ ƲƯ ŪţŚƴƫř ƮƀŬưƫř ƮŬů Ŷūƹŏ
. , �0 4: D şźŤƠƫř ƼƬƗ , y xsin cosy x1 = =2  .ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ şŵŶŰưƫřƹ šŚƴǀƀƫř

:ƪŰƫř

cosy x=2

siny x=1

x

y

 0 , 4
/8 B şźŤƠƫř ƾƟ y1     ,     y2  ƲǀŤƫřŶƫř ƲƯ ƪƧ ƼƴŰƴƯ ƮſźƳ

 .(ƪŝŚƤưƫř) ƪƨƄƫř ƾƟ ŠŰÚƋƺƯ ŠƤƐƴưƫř

x

y 0y y1H H2  :Ʊŏ ƒůǈƳ ƾƳŚǀŞƫř Ʈſźƫř ƲƯ
V y y dx�

0

2 2
�
4

= - 12^ h6#  :ƽƹŚƀƿ ŪţŚƴƫř ƮƀŬưƫř ƮŬů   `

cos sinx x dx� 2

0

4
�

2= -^ h6#
2cos x dx�

0

4
�

= ^ h#  cos sin cosx x x22 2- =

2 2xsin�
0
4
�

= ^ h6 @
2 01�

= -^ hy

x
y

x
3

=

+

1

y x 12
= +2

-1 1

1

2

2
3
4

-2-3

�
2=  (ŠŞƘƨƯ şŶůƹ)

 şŵŶŰưƫřƹ šŚƴǀƀƫř ŹƺŰƯ Ʃƺů ŠƬƯŚƧ şŹƹŵ ŠƤƐƴưƫř ƱřŹƹŵ ƲƯ ŪţŚƴƫř ƮƀŬưƫř ƮŬů Ŷūƹŏ  4
,y x y x3 12= + = +21  :ƲǀŤƫřŶƫř ƾǀƴŰƴưŝ
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, 606 @ şźŤƠƫř ƾƟ ( ) :f x fx
3
1 3 2 2

3

= +^ h  ŠƫřŶƫř ƼƴŰƴƯ ƲƯ ŽƺƤƫř ƩƺƏ Ŷūƹŏ

:ƪŰƫř

( )f x x
3
1 3 2 2

3

= +^ h
( )f x x

3
1 2

2
3 3 2 2

1

# #= +' ^ h ( ) ''u nu unn 1= -

( )f x x3 2 2
1

= +' ^ h
( )L f x dx1 2

0

6
= + ^ h#
L x dx1 3 2

0

6
= + +# ŽƺƤƫř ƩƺƏ şŶƗŚƣ

x dx24
0

6
= +#

x dx24
0

6
2
1

= +^ h#
x dx2 4 2

2
1
0

6
2
1

= +^ h#
x

3
2 4 2

2
1 6

0
2
3

= +^ h; E
16 4

2
1
3
2 2

3
2
3

#= -6 @
L 3
56

=  (ƩƺƏ şŶůƹ)

, 526 @ şźŤƠƫř ƾƟ ( ) :xf x f2 9 3
9

2
3

= +^ h  ŠƫřŶƫř ƼƴŰƴƯ ƲƯ ŽƺƤƫř ƩƺƏ Ŷūƹŏ  2

ƪƯŚƨŤƫř ƭřŶŴŤſŚŝ Šƫřŵ ƼƴŰƴƯ ŠƫŵŚƘƯ ŵŚŬƿœ :ŚÔǀƳŚŧ

( , )A 1 2  ŠƐƤƴƫŚŝ źưƿƹ x x3 142 - +  :ƽƹŚƀƿ ( , )x yP  ŠƐƤƳ ƽŏ ŶƴƗ ƶƬǀƯ ƽŸƫř f  ŠƫřŶƫř ƼƴŰƴƯ ŠƫŵŚƘƯ Ŷūƹŏ

:ƪŰƫř

( )f x x x3 142a = - +'

( )f x x dxx3 4 12` = - +^ h#
( )f x x x Cx3 4

3 2

3 2

= - + +

( )f x x x Cx2 23= - + +
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:ƼƬƗ ƪƈŰƴƟ ŠƤŝŚƀƫř ŠƫŵŚƘưƫř ƾƟ ( , )A 1 2  ŠƐƤƴƫŚŝ ƉÚƺƘƳ C ŢŝŚŨƫř Šưǀƣ ƲǀǀƘŤƫ

( ) ( ) C2 1 2 1 123= - + +

C2 1 2 1= - + +

C 2=

( )f x x xx2 223= - + +  :ƾƷ śƺƬƐưƫř f ƼƴŰƴưƫř ŠƫŵŚƘƯ   `

(2 , 2) ŠƐƤƴƫŚŝ źưƿƹ 3x x2 +  ƽƹŚƀƿ ( , )x yP  ŠƐƤƳ ƽŏ ŶƴƗ ƶƬǀƯ ƽŸƫř f  ŠƫřŶƫř ƼƴŰƴƯ ŠƫŵŚƘƯ Ŷūƹŏ  3

( , )B 1 0   ŠƐƤƴƫŚŝ źưƿƹ x x x4 6 123 2+ - +  :ƽƹŚƀƿ ( , )x yP  ŠƐƤƳ ƽŏ ŶƴƗ ƶƬǀƯ ƽŸƫř  f  ŠƫřŶƫř ƼƴŰƴƯ ŠƫŵŚƘƯ Ŷūƹŏ

:ƪŰƫř
( )f x xx x6 14 23 2a = + - +'

( )f x x x dxx4 6 2 13 2` += - +^ h#
( )f x x x x Cx64

4 3
2
2

4 3 2

= + - + +

( )f x x x x Cx24 23+= - + +

:ƼƬƗ ƪƈŰƴƟ ŠƤŝŚƀƫř ŠƫŵŚƘưƫř ƾƟ ( , )B 1 0  ŠƐƤƴƫŚŝ ƉÚƺƘƳ C ŢŝŚŨƫř Šưǀƣ ƲǀǀƘŤƫ
( ) ( ) ( ) C0 1 2 1 1 14 3 2+= - + +

C0 1 2 11= + - + +

C 3= -

( ) 3f x x x xx24 23+ -= - +    :ƾƷ śƺƬƐưƫř f ƼƴŰƴưƫř ŠƫŵŚƘƯ   `

1, 5)(- -  ŠƐƤƴƫŚŝ źưƿƹ 3x x x8 423 2- + - +  ƽƹŚƀƿ ( , )x yP  ŠƐƤƳ ƽŏ ŶƴƗ ƶƬǀƯ ƽŸƫř  f  ŠƫřŶƫř ƼƴŰƴƯ ŠƫŵŚƘƯ Ŷūƹŏ  4
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5 4x-  ƽƹŚƀƿ ,x y^ h ƶǀƬƗ ŠƐƤƳ ƽŏ ŶƴƗ f ŠƫřŶƫř ƼƴŰƴƯ ƼƬƗ ƽŵƺưƘƫř ƪǀƯ ƱŚƧ řŷœ
,A 5 3-^ h ŠƐƤƴƫŚŝ źưƿ ŚƯŶƴƗ ƼƴŰƴưƫř ŠƫŵŚƘƯ ŶūƹŐƟ

:ƪŰƫř
( ) 0f x !'   Ŧǀů  

( )
1
f x
-

='  ƽŵƺưƘƫř ƪǀƯ  `

5 4
( )

x
f x
1` =
-

- '

( )
5
1f x
x1

` =
-

-'

( ) ( )f x f x dx= '#  :ƾƷ ƼƴŰƴưƫř ŠƫŵŚƘƯ  `

5 4
1
x
dx

-

-
= #

4
1 4 5 4x dx2

1

= --
-^ h#

4
1

2
1

5 4x
C

2
1

=
-

+
^ h> H

( ) 2
1 5 4 4

1f x x C` = - + (1)

( 5) 3f =-  Šưǀƣ ƲǀǀƘŤƫ
(1) ƾƟ ƊƿƺƘŤƫŚŝ

3 2
1 5 4( 5) 4

1 C= - - +

3 2
1 (5) 4

1 C= +

2C( =

( ) 2
1 5 4 2

1f x x` = - +

1x2 -   ƺƷ  ( , )x y   ƶǀƬƗ ŠƐƤƳ ƽŏ ŶƴƗ  f  ŠƫřŶƫř ƼƴŰƴưƫ ƽŵƺưƘƫř ƪǀƯ ƱŚƧ řŷœ  5

,B 1 0^ h  ŠƐƤƴƫŚŝ źưƿ ƶƳŐŝ ŚÔưƬƗ ƼƴŰƴưƫř ŠƫŵŚƘƯ ŶūƹŐƟ
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5 4
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x
f x
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-

- '

( )
5
1f x
x1

` =
-

-'

( ) ( )f x f x dx= '#  :ƾƷ ƼƴŰƴưƫř ŠƫŵŚƘƯ  `

5 4
1
x
dx

-

-
= #

4
1 4 5 4x dx2

1

= --
-^ h#

4
1

2
1

5 4x
C

2
1

=
-

+
^ h> H

( ) 2
1 5 4 4

1f x x C` = - + (1)

( 5) 3f =-  Šưǀƣ ƲǀǀƘŤƫ
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3 2
1 5 4( 5) 4

1 C= - - +

3 2
1 (5) 4

1 C= +

2C( =

( ) 2
1 5 4 2

1f x x` = - +
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.ŠƫřŶƬƫ Šūźů ŠƐƤƳ ( 1 , 15)-  ŠƐƤƴƫř ŢƳŚƧ řŷœ f  ŠƫřŶƫř ŠƫŵŚƘƯ ŶūƹŐƟ  '' ( ) 6 6f x x= -  :ƲƨŤƫ

:ƪŰƫř

( ) ( )f x f x dx'=' '#
6 6x dx= -^ h#

( ) 3 6f x x x C2= - +'

( 1) 0f` - ='  Šūźů ŠƐƤƳ ( 1 , 15) a-

3 1 6( 1) 0C2
- - - + =^ h

C 9= -

( ) 3 6f x x x 92` = - -'

( ) ( )f x f x dx= '#
3 6 9x x dx2= - -^ h#

( ) 3x x x x Cf 923= -- +

:( 1 , 15)-  ŠƐƤƴƫř ƾƟ ƊƿƺƘŤƫŚŝ

15 ( 1) 3( 1) 9( 1) C3 2= - - - - - +

15 5 10C` -= =

( ) 3 9 10f x x x x3 2` = - - +   :ƾƷ ƼƴŰƴưƫř ŠƫŵŚƘƯ  `

( ) 5 2f x x= -''  :ƲƨŤƫ  6

.ŠƫřŶƬƫ Šūźů ŠƐƤƳ 2( , )P 2 -  ŠƐƤƴƫř ŢƳŚƧ řŷœ  f  ŠƫřŶƫř ŠƫŵŚƘƯ ŶūƹŐƟ
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6-4

ƮƬƘŤţ Ɲƺſ
•  ƲƯ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƪů 

.Ƽƫƹǃř ŠŞţźƫř
•  ƲƯ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƪů 

.ŠǀƳŚŨƫř ŠŞţźƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŠǀƬƋŚƠţ ŠƫŵŚƘƯ

Differential Equation

ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř
Differential Equations

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
( ) ey f x 5 42x= = +   :ƾƬƿ ŚưƧR  ƼƬƗ ŠƟźƘƯ f ŠƫřŶƫř ƲƨŤƫ
( )y f x=  ŠƫřŶƬƫ 'y  Ƽƫƹǃř ŠŞţźƫř ƲƯ ƶƤŤƄưƫř Ŷūƹŏ  a

'y y2 8 0- =+   :ŠƫŵŚƘưƫř ƱŚƤƤŰţ , 'y y  Ʊŏ ŢŞŧŏ  b

¬ ( )y g x x 42= = +   :ƾƬƿ ŚưƧ R  ƼƬƗ ŠƟźƘưƫř g ŠƫřŶƫř ŸųŐƴƫ  c

. x źǀƜŤưƫř ƲƗ ŠƬƤŤƀƯ , 'y y  Ʋǀŝ ŠƣǆƗ Ŷūƹŏ

(1) ƞƿźƘţ

.ŚƸţŚƤŤƄƯ ƊƘŝƹ ŠƫƺƸŬƯ ŠÚ ƫřŵ ƼƬƗ ƽƺŤŰţ šǇŵŚƘƯ ƾƷ :ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř

. ( )xf  ƲƯ ÔǇŶŝ y şŵŚƗ ƭŶŴŤƀƳ

(2) ƞƿźƘţ

.ŠƫŵŚƘưƫř ƵŸƷ ƾƟ şŵƺūƺƯ Šƫřŵ ŠƤŤƄưƫ ŠŞţŹ ƼƬƗŏ ƾƷ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ŠŞţŹ

: ÔǆŨưƟ
.Ƽƫƹǃř ŠŞţźƫř ƲƯ ŠǀƬƋŚƠţ šǅŵŚƘƯ ƾƷ 'y y x2 1- = -  ¬ 'y 8=-  ¬ 'y xy=

.ŠǀƳŚŨƫř ŠŞţźƫř ƲƯ ŠǀƬƋŚƠţ šǅŵŚƘƯ ƾƷ '' 'y xy y2 0+ - =  ¬ ''y 8=-

.ŠǀƬƋŚƠţ ŠƫŵŚƘưŝ Ţƀǀƫ ƾƷ y x2 5- =  Ʋƨƫƹ

(3) ƞƿźƘţ

.ŠŞţŹ šŚƤŤƄưƫř ƼƬƗǃ Žŏ źŞƧŏ ƾƷ :ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ŠūŹŵ

: ÔǆŨưƟ
.Ƽƫƹǃř ŠūŹŶƫř ƲƯ ŠǀƬƋŚƠţ ŠƫŵŚƘƯ ƾƷ '' 'y y y 12

+ + =^ h
.ŠǀƳŚŨƫř ŠūŹŶƫř ƲƯ ŠǀƬƋŚƠţ ŠƫŵŚƘƯ ƾƷ 'y y

x42
=^ h

.ŠŨƫŚŨƫř ŠūŹŶƫř ƲƯ ŠǀƬƋŚƠţ ŠƫŵŚƘƯ ƾƷ '' ' e yy x y 0x3 4+ + =^ h
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2
' ey x2 x=  ( ) ' 'e euu u=

2 2
e ex x2 2 0x x- =  ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƾƟ ŚưƸǀŤưǀƤŝ y, 'y  ƉÚƺƗ
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ey x=  ŠƫřŶƫř
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.Ƽƫƹǃř ŠūŹŶƫř ƲƯ ŠǀƬƋŚƠţ šǅŵŚƘƯ ƪů ƾƟ ŶƗŚƀţ ƾŤƫř ŶƗřƺƤƫř ƊƘŝ ƥŚƴƷ
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:ŜƿŹŶţ
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42 =
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'y x3 12= -  :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř
'yy dx= #  'y  ƪƯŚƨƳ y  ŵŚŬƿǅ

( )y x dx3 12= -# ŠƫŚŰƫř ƢÚŞƏ

Cy x x3= - + ŢŝŚŧ C  Ŧǀů

'y x x7 9 12= + -  :ŠƫŵŚƘưƫř ƪů  2

x 1=  ŶƴƗ y 2=  ƢƤŰţ ƾŤƫř ¬ 'y x3 12= -  :ŠƫŵŚƘưƫř ƪů

'y y dx= #  :ƪŰƫř
( )y x dx3 12= -#

x x C3= - +

C2 1 13= - +  2 Éŝ y ƲƗƹ 1 Éŝ x ƲƗ ƉÚƺƗ
C 2=

y x x 23` = - +

x 1=  ŶƴƗ y 5=  ƢƤŰţ ƾŤƫřƹ ¬ 'y x x8 3 43 2= - +  :ŠƫŵŚƘưƫř ƪů  3

 ƮŤƿ ( ) ( )dx
dy g x h y:=  :şŹƺƈƫř ƼƬƗ x , y :ƲƿźǀƜŤưƫř ƽƺŰţ Ƽƫƹǃř ŠūŹŶƫřƹ Ƽƫƹǃř ŠŞţźƫř ƲƯ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƊƘŝ PP

:ŠǀƫŚŤƫř şŹƺƈƫŚŝ šřźǀƜŤưƫř ƪƈƟ ŠƤƿźƐŝ ŚƸƬů
( ) ( )h y dy g x dx1

=

.y ŵŚŬƿœ ƺƷƹ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů Ƽƫœ ÔǇƺƇƹ ƲǀƟźƐƫř ƪƯŚƨƳƹ

:ŠǀƫŚŤƫř ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƪů

a  'y xy2 0- =  b  'y y4=
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( )''y f x=  :şŹƺƈƫř ƼƬƗ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř V

( ) ( )' Cy f x dx F x 1= = +#  :ƲǀţƺƐŴŝ šǇŵŚƘưƫř ƵŸƷ ƪů ƮŤƿ

( ) Cy F x dx1= +^ h#  Ʈŧ

''y x x3 22= -  :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

'y x x dx3 22= -^ h# :ŜŤƨƳ
C'y x x3 2= - + 1 ƪƯŚƧ

1( )Cy x x dx3 2= - +# d'y y x= #

1 24 3
C Cy x x x

4 3

= - + + ƪƯŚƧ

''y x x3 62= - +  :ŠƫŵŚƘưƫř ƪů  7

a 0! ƹ ŠǀƤǀƤů ŵřŶƗŏ a, b, c Ŧǀů '' ' cay by y 0+ + =  :şŹƺƈƫř ƼƬƗ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř VI

'' ' cay by y 0+ + =  :ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƬƫ şżǀưưƫř ŠƫŵŚƘưƫř Ƽưƀţ car br 02 + + =  :ŠƫŵŚƘưƫř

,C C R*1 2!  Ŧǀů ŠǀƫŚŤƫř ŪŗŚŤƴƫř ƪŞƤţ

 1C e C ey r xr x1 2= + 2  :ƺƷ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů ƱŔƟ r r!1 2  ƲǀǀƤǀƤů ƲǀÚƬů şżǀưưƫř ŠƫŵŚƘưƬƫ ƱŚƧ řŷœ a

1C C ey x rx= + 2^ h  :ƺƷ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů ƱŔƟ r r=1 2  (ř ÔŹźƨƯ) ŚĐǀƤǀƤů Đǈů şżǀưưƫř ŠƫŵŚƘưƬƫ ƱŚƧ řŷœ b

:ƺƷ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů ƱŔƟ ,r i r i_ ` _ `= + = -1 2  ƲǀǀƬǀŴţ ƲǀÚƬů şżǀưưƫř ŠƫŵŚƘưƬƫ ƱŚƧ řŷœ  c
e cos siny x xC Cx

2` `= +_
1^ h
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:ƪŰƫř
a  'y xy2 0- =

dx
dy xy2 0- = 'y dx

dy
=

dx
dy xy2=

y
dy x dx2= šřźǀƜŤưƫř ƪƈƟ

y
dy

x dx2=# #   ( )
( )

( )lnf x
df x f x C= +#    ƲǀƟźƐƫř ƪƯŚƧ 

ln y x C2= +

e:y e ex C x C2 2
= =+ ln y y ex x&= =

y e eC x2
:!=

y kex2= e kC! =

b  'y y4=

dx
dy

y4= 'y dx
dy

=

dy dxy 4=  šřźǀƜŤưƫř ƪƈƟ

y
dy

dx4=# #  ƲǀƟźƐƫř ƪƯŚƧ
ln y x C4= +

y e4x C= +

y e e4C x
:!=  e kC! =

y k e4x=

dx
dy

x
y2

=  :ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů  4

.k R*!  Ŧǀů ey k ax=  ƾƷ ŚƸƫƺƬů a 0!  Ŧǀů y ay='  şŹƺƈƫř ƼƬƗ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř PPP

:ƾƫŚŤƫŚƧ Ʀƫŷ ŮǀƋƺţ Ʋƨưƿ
'y ay=

aydx
dy
=

y
dy a dx=

y
dy a dx=# #
y x Caln = +

y e e eax axC C:= =+

y e eaxC
:!=

y keax= k eC!=  ŢŝŚŧ
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x 0=  ŶƴƗ y 2=  ƱŚƧ řŷœ 'y y4=  :ŠƫŵŚƘưƬƫ Đǈů Ŷūƹŏ

:ƪŰƫř

'y y4=  PPP   şŶƗŚƤƫř ƢÚŞƏ

ey k x4` =

k e2 (0)4= şŚƐƘưƫř ƮǀƤƫŚŝ ,x y  ƲƗ ƉÚƺƗ

k2 1#= e 10 =

k 2=

y e2 4x` =

x 0=  ŶƴƗ y 3=  ƱŚƧ řŷœ y y' 2= -  :ŠƫŵŚƘưƬƫ Đǈů Ŷūƹŏ  5

ey k a
bax= -  :ŚƸƫƺƬů Ʊƺƨţ ,a b0 0! !  Ŧǀů y ay b= +'  şŹƺƈƫř ƼƬƗ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř  IV

'y y2 1+ =  :ŠƫŵŚƘưƫř Úƪů  a
x 1= -  ŶƴƗ y 2=  ƢƤŰƿ ƽŸƫř ƪŰƫř Ŷūƹŏ  b

:ƪŰƫř
a  'y y2 1+ =  'y ay b= +  ƪƨƄƫř ƼƬƗ ŠƫŵŚƘưƫř ŜŤƧř

'y y2
1

2
1

= - +

-
k ey 12

1

= +
x IV   şŶƗŚƤƫř ƢÚŞƏ

b  k e 1 22
1

+ = ŚưƸǀŤưǀƤŝ ,x y  ƉÚƺƗ

ek 2
1

=
-

x
- -

1e ey 2
1

2
1

:= +

x-
1ey 2

1
2
1

= +
-

x 0=  ŶƴƗ y 3=  ƢƤŰƿ ƽŸƫř ƪŰƫř Ŷūƹŏ Ʈŧ ¬ 'y y3 2 4- =  ŠƫŵŚƘưƫř ƪů  6
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'y y2
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2
1

= - +

-
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b  k e 1 22
1

+ = ŚưƸǀŤưǀƤŝ ,x y  ƉÚƺƗ

ek 2
1

=
-

x
- -

1e ey 2
1

2
1

:= +

x-
1ey 2

1
2
1

= +
-

x 0=  ŶƴƗ y 3=  ƢƤŰƿ ƽŸƫř ƪŰƫř Ŷūƹŏ Ʈŧ ¬ 'y y3 2 4- =  ŠƫŵŚƘưƫř ƪů  6
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'y x3 12= -  :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř
'yy dx= #  'y  ƪƯŚƨƳ y  ŵŚŬƿǅ

( )y x dx3 12= -# ŠƫŚŰƫř ƢÚŞƏ

Cy x x3= - + ŢŝŚŧ C  Ŧǀů

'y x x7 9 12= + -  :ŠƫŵŚƘưƫř ƪů  2

x 1=  ŶƴƗ y 2=  ƢƤŰţ ƾŤƫř ¬ 'y x3 12= -  :ŠƫŵŚƘưƫř ƪů

'y y dx= #  :ƪŰƫř
( )y x dx3 12= -#

x x C3= - +

C2 1 13= - +  2 Éŝ y ƲƗƹ 1 Éŝ x ƲƗ ƉÚƺƗ
C 2=

y x x 23` = - +

x 1=  ŶƴƗ y 5=  ƢƤŰţ ƾŤƫřƹ ¬ 'y x x8 3 43 2= - +  :ŠƫŵŚƘưƫř ƪů  3

 ƮŤƿ ( ) ( )dx
dy g x h y:=  :şŹƺƈƫř ƼƬƗ x , y :ƲƿźǀƜŤưƫř ƽƺŰţ Ƽƫƹǃř ŠūŹŶƫřƹ Ƽƫƹǃř ŠŞţźƫř ƲƯ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƊƘŝ PP

:ŠǀƫŚŤƫř şŹƺƈƫŚŝ šřźǀƜŤưƫř ƪƈƟ ŠƤƿźƐŝ ŚƸƬů
( ) ( )h y dy g x dx1

=

.y ŵŚŬƿœ ƺƷƹ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů Ƽƫœ ÔǇƺƇƹ ƲǀƟźƐƫř ƪƯŚƨƳƹ

:ŠǀƫŚŤƫř ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƪů

a  'y xy2 0- =  b  'y y4=
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'y x3 12= -  :ŠƫŵŚƘưƫř ƪů
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'yy dx= #  'y  ƪƯŚƨƳ y  ŵŚŬƿǅ

( )y x dx3 12= -# ŠƫŚŰƫř ƢÚŞƏ

Cy x x3= - + ŢŝŚŧ C  Ŧǀů

'y x x7 9 12= + -  :ŠƫŵŚƘưƫř ƪů  2

x 1=  ŶƴƗ y 2=  ƢƤŰţ ƾŤƫř ¬ 'y x3 12= -  :ŠƫŵŚƘưƫř ƪů

'y y dx= #  :ƪŰƫř
( )y x dx3 12= -#

x x C3= - +

C2 1 13= - +  2 Éŝ y ƲƗƹ 1 Éŝ x ƲƗ ƉÚƺƗ
C 2=

y x x 23` = - +

x 1=  ŶƴƗ y 5=  ƢƤŰţ ƾŤƫřƹ ¬ 'y x x8 3 43 2= - +  :ŠƫŵŚƘưƫř ƪů  3

 ƮŤƿ ( ) ( )dx
dy g x h y:=  :şŹƺƈƫř ƼƬƗ x , y :ƲƿźǀƜŤưƫř ƽƺŰţ Ƽƫƹǃř ŠūŹŶƫřƹ Ƽƫƹǃř ŠŞţźƫř ƲƯ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƊƘŝ PP

:ŠǀƫŚŤƫř şŹƺƈƫŚŝ šřźǀƜŤưƫř ƪƈƟ ŠƤƿźƐŝ ŚƸƬů
( ) ( )h y dy g x dx1

=

.y ŵŚŬƿœ ƺƷƹ ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů Ƽƫœ ÔǇƺƇƹ ƲǀƟźƐƫř ƪƯŚƨƳƹ

:ŠǀƫŚŤƫř ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř ƪů

a  'y xy2 0- =  b  'y y4=
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:ƪŰƫř
a  'y xy2 0- =

dx
dy

xy2 0- = 'y dx
dy

=

dx
dy xy2=

y
dy x dx2= šřźǀƜŤưƫř ƪƈƟ

y
dy

x dx2=# #   ( )
( )

( )lnf x
df x

f x C= +#    ƲǀƟźƐƫř ƪƯŚƧ 
ln y x C2= +

e:y e ex C x C2 2
= =+ ln y y ex x&= =

y e eC x2
:!=

y kex2= e kC! =

b  'y y4=

dx
dy

y4= 'y dx
dy

=

dy
dxy 4=  šřźǀƜŤưƫř ƪƈƟ

y
dy

dx4=# #  ƲǀƟźƐƫř ƪƯŚƧ
ln y x C4= +

y e4x C= +

y e e4C x
:!=  e kC! =

y k e4x=

dx
dy

x
y2

=  :ŠǀƬƋŚƠŤƫř ŠƫŵŚƘưƫř ƪů  4

.k R*!  Ŧǀů ey k ax=  ƾƷ ŚƸƫƺƬů a 0!  Ŧǀů y ay='  şŹƺƈƫř ƼƬƗ ŠǀƬƋŚƠŤƫř šǇŵŚƘưƫř PPP

:ƾƫŚŤƫŚƧ Ʀƫŷ ŮǀƋƺţ Ʋƨưƿ
'y ay=

aydx
dy
=

y
dy a dx=

y
dy a dx=# #
y x Caln = +

y e e eax axC C:= =+

y e eaxC
:!=

y keax= k eC!=  ŢŝŚŧ
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M

B
CD

OA

A’B’ O’
D’C’

 !"#$%&' ()*& #$+,
 Ʊœ Ŧǀů ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ƾƟ ƲǀŤƤŝŚƐŤƯ Ʋǀţźŗřŵ C' ¬C ƲƨŤƫ
.OOl  ƞƈŤƴƯ M ŠƐƤƴƫřƹ ,C C' ƾƿƺŤƀƯ ƼƬƗ ƽŵƺưƗ OOl

®ƮƀŬưƫř řŸƷ Ƽưƀƿ řŷŚƯ  a

.ƵŹƺŰƯ ŵ ÚŶů  b

(®şŶƗŚƣ ƲƯ źŨƧŏ Ŷūƺƿ ƪƷ) şŶƗŚƤƫřƹ Žŏźƫř ŵ ÚŶů  c

ƲǀţźŗřŶƫř ƼƬƗ ƲǀŤƐƤƳ Ʋǀŝ ƪƇřƹ ƮǀƤŤƀƯ) Ś ÔưſřŹ ƲÚǀƗ  d

(M ŽŏźƫŚŝ źưƿƹ C' ¬C
®ƮſřŹ ƲƯ źŨƧŏ Ŷūƺƿ ƪƷ

.ŭźƃř

Conic Surface  ƾƏƹźŴưƫř ŮƐƀƫř
.V ŠƐƤƳ ƾƟ ƱŚƘƏŚƤŤƿ ƲƿŶƯŚƘŤƯ źǀƛ ƲǀưǀƤŤƀƯ ƲƯ Ʊ ÚƺƨŤƿ ŚĐǀſŶƴƷ Ôǆƨƃ ƪÚǀŴţ

 ƲƿŸƷ  Ʋǀŝ  ƲǀŤƿƹřżƫř  ƻŶůœ  ƞƈƴƯ  Ʃƺů  ŵŚƘŝǃř  ƾŧǆŧ  ŌŚƌƠƫř  ƾƟ  ƪƨƄƫř  řŸƷ  ŚƳŹŵŏ  řŷœ
 ƞƈƴƯƹ V ŠƐƤƴƫř ŶƴƗ ŚưƷŚſŏŹ ƲǀưŗŚƣ ƲǀƏƹźŴƯ ŮƐſ ƪƨƄƫř řŸƷ ƲƯ ŐƄƴǀſ ¬ƲǀưǀƤŤƀưƫř

Ʈſřźƫř

V

ŹƺŰưƫř

 ƾƏƹźŴƯ ŮƐſ
ƽƺƬƗ ƮŗŚƣ

 ƾƏƹźŴƯ ŮƐſ
ƾƬƠſ ƮŗŚƣ

 .ƪŝŚƤưƫř ƪƨƄƫř ƲÚǀŞƿ ŚưƧ ¬ŹƺŰưƫř ƺƷ ƲǀŤƿƹřżƫř ƻŶůœ
 ƾƏƹźŴưƫř ŮƐƀƫř ƲƯ ř ÔŌżū ƪƨƄƿƹ V ŠƐƤƴƫŚŝ źưƿ ƮǀƤŤƀƯ ƪƧ

.ƮſřŹ Ƽưƀƿ

Conic Sections  ŠǀƏƹźŴưƫř ƕƺƐƤƫř
 Ś ÔƗŚƋƹŏ ŸųŐţ šŚƿƺŤƀưŝ Ś ÔƤŝŚſ ƶǀƬƗ ŚƴƬƈů ƽŸƫř ŮƐƀƫř ƖƐØƣ řŷœ
 ƝƺƀƟ ŹƺŰưƫř Ƽƫœ ƹŏ Ʈſřźƫř Ƽƫœ ŠŞƀƴƫŚŝ ŠƠƬŤŴƯ šŚƷŚŬţřƹ
.ŠǀƏƹźŴƯ Ś ÔƗƺƐƣ Ƽưƀţ ŠƠƬŤŴƯ (šŚǀƴŰƴƯ) ƖƏŚƤƯ ƼƬƗ ƪƈŰƳ

ŖƟŚƨưƫř ƖƐƤƫř - ŠǀƏƹźŴưƫř ƕƺƐƤƫř
Conic Sections - Parabola

7-1

ƮƬƘŤţ Ɲƺſ
• .ŠǀƏƹźŴưƫř ƕƺƐƤƫř
• .ŚƸƇřƺųƹ ŠŘƟŚƨưƫř ƕƺƐƤƫř
•  ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ 

.ŠŘƟŚƨưƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŠǀƏƹźŴưƫř ƕƺƐƤƫř

Conic Sections
• Parabola  ŖƟŚƨƯ ƖƐƣ
• Focus  şŹŒŝ
• Directrix  ƪǀƫŵ
• Tracer  Ʈſřźƫř
• Axis  ŹƺŰưƫř
• ƾƏƹźŴưƫř ŮƐƀƫř

Conic Surface
• ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ

Vertex of Parabola

:şŚǀŰƫŚŝ Ǝŝźƫř

 ƮƿźƧ žƿǁř ƍƹźŴƯ ƶŞƄƿ
.ƍƹźŴưƫř ŭƺƐſ Ŷůŏ
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.ŹƺŰưƫř Ƽƫœ ƹŏ Ʈſřźƫř Ƽƫœ ŠŞƀƴƫŚŝ ƻƺŤƀưƫř ŠǀƘƋƹ ƾƫŚŤƫř ƩƹŶŬƫř ŮƋƺƿƹ

ƪƨƄƫř

ŹƺŰƯ

V

ŹƺŰƯ

V

ŹƺŰƯ

V

 ƖƋƹ
ƻƺŤƀưƫř

Ʈſřźƫ ÖŻřƺƯ ƻƺŤƀưƫř
ƶƿƺŰƿ Ǉƹ

ŹƺŰưƫř ƼƬƗ ŚĐƿŵƺưƗ žǀƫ ƻƺŤƀưƫř
ƮſřŹ ƽǃ ŚÔƿŻřƺƯ žǀƫƹ

ŹƺŰưƬƫ ÖŻřƺƯ ƻƺŤƀưƫř
ƶƿƺŰƿ Ǉƹ

ŪţŚƴƫř ƖƐƤƫřŖƟŚƨƯ ƖƐƣƆƣŚƳ ƖƐƣŶŗřŻ ƖƐƣ

Parabola  ŖƟŚƨưƫř ƖƐƤƫř
:ƾƫŚŤƫř ƞƿźƘŤƫř ƾƟ ƵŚƴƟźƗ ŚƯ ƆŴƬƳ ŠŘƟŚƨưƫř ƕƺƐƤƫř ƲƗ źǀŨƨƫř ŚƴưƬƘţ

x

y
ƪŧŚưŤƫř Ǝų

şŹŒŞƫř Žŏźƫř

ƪǀƫŶƫř

F
M

H

ŖƟŚƨưƫř ƖƐƤƫř :ƞƿźƘţ

 ƲƿŶƘŞƫř ŠƿƹŚƀŤưƫř ƻƺŤƀưƫř ƾƟ ƍŚƤƴƫř ƪƧ ŠƗƺưŬƯ ƺƷ ŖƟŚƨưƫř ƖƐƤƫř
.(ƪǀƫŶƫř) ƼƐƘƯ ŢŝŚŧ ƮǀƤŤƀƯ ƲƗƹ (şŹŒŞƫř) şŚƐƘƯ ŠŤŝŚŧ ŠƐƤƳ ƲƗ

¬ƪǀƫŶƫř ƺƷ ƮǀƤŤƀưƫř ƎŴƫřƹ ¬ŖƟŚƨưƫř ƖƐƤƫř şŹŒŝ ƾƷ şŚƐƘưƫř ŠƐƤƴƫř ¬ƾſŶƴƸƫř ƞƇƺƫř ƾƟ
.(ŹƹŚŬưƫř ƪƨƄƫř Ƽƫœ źƔƳř)

:Ʊŏ ŮǀƋƺţ Ʋƨưƿ
•  .ŖƟŚƨưƫř ƖƐƤƫř ŹƺŰƯ Ƽưƀƿƹ şŹŒŞƫŚŝ ř ÔŹŚƯ ƪǀƫŶƫř ƼƬƗ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ƺƷ ŖƟŚƨưƫř ƖƐƤƫř ƪŧŚưţ Ǝų
•  .ƪǀƫŶƫřƹ şŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫř ƞƈŤƴƯ ƾƟ ŠƐƤƴƫř ƵŸƷƹ ƼƴŰƴưƫř ƖƯ ŹƺŰưƫř ƖƏŚƤţ ŠƐƤƳ ƺƷ ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ

.ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ƞƿźƘţ ƭřŶŴŤſŚŝ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ũŚŤƴŤſř ƲÚǀŞƿ ƾƫŚŤƫř ƾŰǀƋƺŤƫř ƩŚŨưƫř
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x

y
ƪŧŚưŤƫř Ǝų

şŹŒŞƫř Žŏźƫř

ƪǀƫŶƫř

F
M

H

ŖƟŚƨưƫř ƖƐƤƫř :ƞƿźƘţ

 ƲƿŶƘŞƫř ŠƿƹŚƀŤưƫř ƻƺŤƀưƫř ƾƟ ƍŚƤƴƫř ƪƧ ŠƗƺưŬƯ ƺƷ ŖƟŚƨưƫř ƖƐƤƫř
.(ƪǀƫŶƫř) ƼƐƘƯ ŢŝŚŧ ƮǀƤŤƀƯ ƲƗƹ (şŹŒŞƫř) şŚƐƘƯ ŠŤŝŚŧ ŠƐƤƳ ƲƗ

¬ƪǀƫŶƫř ƺƷ ƮǀƤŤƀưƫř ƎŴƫřƹ ¬ŖƟŚƨưƫř ƖƐƤƫř şŹŒŝ ƾƷ şŚƐƘưƫř ŠƐƤƴƫř ¬ƾſŶƴƸƫř ƞƇƺƫř ƾƟ
.(ŹƹŚŬưƫř ƪƨƄƫř Ƽƫœ źƔƳř)

:Ʊŏ ŮǀƋƺţ Ʋƨưƿ
•  .ŖƟŚƨưƫř ƖƐƤƫř ŹƺŰƯ Ƽưƀƿƹ şŹŒŞƫŚŝ ř ÔŹŚƯ ƪǀƫŶƫř ƼƬƗ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ƺƷ ŖƟŚƨưƫř ƖƐƤƫř ƪŧŚưţ Ǝų
•  .ƪǀƫŶƫřƹ şŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫř ƞƈŤƴƯ ƾƟ ŠƐƤƴƫř ƵŸƷƹ ƼƴŰƴưƫř ƖƯ ŹƺŰưƫř ƖƏŚƤţ ŠƐƤƳ ƺƷ ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ

.ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ƞƿźƘţ ƭřŶŴŤſŚŝ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ũŚŤƴŤſř ƲÚǀŞƿ ƾƫŚŤƫř ƾŰǀƋƺŤƫř ƩŚŨưƫř
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(0, 0) ƪƇǃř ŠƐƤƳ ƶſŏŹ ŖƟŚƨƯ ƖƐƣ

y 42 = px x 42 = py ŠƯŚƘƫř şŹƺƈƫř
ŹŚƀǀƫř Ƽƫœ ƹŏ Ʋǀưǀƫř Ƽƫœ ƪƠſŏ Ƽƫœ ƹŏ ƼƬƗŏ Ƽƫœ ŠŰŤƠƫř

,p 0^ h , p0^ h şŹŒŞƫř

x = - p y = - p ƪǀƫŶƫř

x axis-^ h šŚƴǀƀƫř ŹƺŰƯ y axis-^ h šřŵŚƈƫř ŹƺŰƯ źƓŚƴŤƫř ŹƺŰƯ

p

 ƲƯ ŠƟŚƀưƫř
şŹŒŞƫř Ƽƫœ Žŏźƫř

 ƲƯ ŠƟŚƀưƫř
ƪǀƫŶƫř Ƽƫœ Žŏźƫř

p 02 p 01 p 02 p 01 p  şŹŚƃœ

x p= -

( , )p 0

y

x

x p= -0
( , )p 0

y

x

y p= -

( , )p0

y

x

y p= -

( , )p0

y

x ƪƨƄƫř

:ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
 ,F 4 0^ h ƶţŹŒŝƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ  a
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 y 3=  :ƮǀƤŤƀưƫř ƶƬǀƫŵƹ ,F 0 3-^ h ƶţŹŒŝ  b
:ƪŰƫř

,0 0^ h ƪƇǃř ŠƐƤƳ :Žŏźƫř  a
 šŚƴǀƀƫř ŹƺŰƯ ƲƯ Ŝūƺưƫř ŌżŬƫř Ƽƫœ ƾưŤƴţ 4 , 0F^ h :şŹŒŞƫř   a

(ƾſŏŹ ƮǀƤŤƀƯ) x 4= -  :ƪǀƫŶƫř ŠƫŵŚƘƯ ¬ p 4=

y 42 = px   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ   `
y x162 =  :ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

103

(0, 0) ƪƇǃř ŠƐƤƳ ƶſŏŹ ŖƟŚƨƯ ƖƐƣ

y 42 = px x 42 = py ŠƯŚƘƫř şŹƺƈƫř
ŹŚƀǀƫř Ƽƫœ ƹŏ Ʋǀưǀƫř Ƽƫœ ƪƠſŏ Ƽƫœ ƹŏ ƼƬƗŏ Ƽƫœ ŠŰŤƠƫř

,p 0^ h , p0^ h şŹŒŞƫř

x = - p y = - p ƪǀƫŶƫř

x axis-^ h šŚƴǀƀƫř ŹƺŰƯ y axis-^ h šřŵŚƈƫř ŹƺŰƯ źƓŚƴŤƫř ŹƺŰƯ

p

 ƲƯ ŠƟŚƀưƫř
şŹŒŞƫř Ƽƫœ Žŏźƫř

 ƲƯ ŠƟŚƀưƫř
ƪǀƫŶƫř Ƽƫœ Žŏźƫř

p 02 p 01 p 02 p 01 p  şŹŚƃœ

x p= -

( , )p 0

y

x

x p= -0
( , )p 0

y

x

y p= -

( , )p0

y

x

y p= -

( , )p0

y

x ƪƨƄƫř

:ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
 ,F 4 0^ h ƶţŹŒŝƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ  a
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ƪǀ
ƫŶƫ
ř

 y 3=  :ƮǀƤŤƀưƫř ƶƬǀƫŵƹ ,F 0 3-^ h ƶţŹŒŝ  b
:ƪŰƫř

,0 0^ h ƪƇǃř ŠƐƤƳ :Žŏźƫř  a
 šŚƴǀƀƫř ŹƺŰƯ ƲƯ Ŝūƺưƫř ŌżŬƫř Ƽƫœ ƾưŤƴţ 4 , 0F^ h :şŹŒŞƫř   a

(ƾſŏŹ ƮǀƤŤƀƯ) x 4= -  :ƪǀƫŶƫř ŠƫŵŚƘƯ ¬ p 4=

y 42 = px   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ   `
y x162 =  :ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ
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0 ,F p3 3(- = -^ h  :şŹŒŞƫř   a  b

(ƾƤƟŏ ƮǀƤŤƀƯ) y 3=  :ƪǀƫŶƫř ŠƫŵŚƘƯ

-2
-2

2

4

-4 4 6 82

-4

-6

-6-8

y

x

( , )F 0 3-

ƾŰǀƋƺţ ƪƨƃ

ƪǀƫŶƫř

 (0 , 0) ƽŏ ƪǀƫŶƫřƹ F Ʋǀŝ ŠƟŚƀưƫř ƞƈŤƴƯ ƾƟ ƖƐƤƫř ŽŏŹ  `

x 42 = py   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

x y122 = -   :ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

,F 4 0-^ h ƶţŹŒŝƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  a  1

y 2= -  ƮǀƤŤƀưƫř ƶƬǀƫŵƹ ,F 0 2^ h ƶţŹŒŝ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  b

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř řŸƸƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬ ŖƟŚƨƯ ƖƐƤƫ ƪǀƫŶƫř ŠƫŵŚƘƯƹ şŹŒŞƫř Ŷūƹŏ

x y22 = -  :ŠƫŵŚƘưƫř  a

3
1 y x2 =  :ŠƫŵŚƘưƫř  b

:ƪŰƫř

y
2
1

=

-1
-1

-2-3 2 31

-2

-3

y

x

ŖƟŚƨưƫř ƖƐƤƫř ƪƨƃ

F

 :şŹƺƈƫř ƼƬƗ ŖƟŚƨưƫř ƖƐƤƬƫ şŚƐƘưƫř ŠƫŵŚƘưƫř  a  a

x 42 = py

x y22 = -   , y axis-  ƺƷ ƪŧŚưŤƫř ŹƺŰƯ

,p p p4 2 2
1 0(` 1= - = -

, ,F p F0 0 2
1

= -^ ah k  :şŹŒŞƫř  `

y p y 2
1(= - = - -a k :ƪǀƫŶƫř ŠƫŵŚƘƯ

y 2
1

=
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0 ,F p3 3(- = -^ h  :şŹŒŞƫř   a  b

(ƾƤƟŏ ƮǀƤŤƀƯ) y 3=  :ƪǀƫŶƫř ŠƫŵŚƘƯ

-2
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2
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-4 4 6 82

-4

-6

-6-8

y

x

( , )F 0 3-

ƾŰǀƋƺţ ƪƨƃ

ƪǀƫŶƫř

 (0 , 0) ƽŏ ƪǀƫŶƫřƹ F Ʋǀŝ ŠƟŚƀưƫř ƞƈŤƴƯ ƾƟ ƖƐƤƫř ŽŏŹ  `

x 42 = py   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

x y122 = -   :ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

,F 4 0-^ h ƶţŹŒŝƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  a  1

y 2= -  ƮǀƤŤƀưƫř ƶƬǀƫŵƹ ,F 0 2^ h ƶţŹŒŝ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  b

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř řŸƸƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬ ŖƟŚƨƯ ƖƐƤƫ ƪǀƫŶƫř ŠƫŵŚƘƯƹ şŹŒŞƫř Ŷūƹŏ

x y22 = -  :ŠƫŵŚƘưƫř  a

3
1 y x2 =  :ŠƫŵŚƘưƫř  b

:ƪŰƫř

y
2
1

=

-1
-1

-2-3 2 31

-2

-3

y

x

ŖƟŚƨưƫř ƖƐƤƫř ƪƨƃ

F

 :şŹƺƈƫř ƼƬƗ ŖƟŚƨưƫř ƖƐƤƬƫ şŚƐƘưƫř ŠƫŵŚƘưƫř  a  a

x 42 = py

x y22 = -   , y axis-  ƺƷ ƪŧŚưŤƫř ŹƺŰƯ

,p p p4 2 2
1 0(` 1= - = -

, ,F p F0 0 2
1

= -^ ah k  :şŹŒŞƫř  `

y p y 2
1(= - = - -a k :ƪǀƫŶƫř ŠƫŵŚƘƯ

y 2
1

=
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0 ,F p3 3(- = -^ h  :şŹŒŞƫř   a  b

(ƾƤƟŏ ƮǀƤŤƀƯ) y 3=  :ƪǀƫŶƫř ŠƫŵŚƘƯ

-2
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2

4

-4 4 6 82

-4

-6

-6-8

y

x

( , )F 0 3-

ƾŰǀƋƺţ ƪƨƃ

ƪǀƫŶƫř

 (0 , 0) ƽŏ ƪǀƫŶƫřƹ F Ʋǀŝ ŠƟŚƀưƫř ƞƈŤƴƯ ƾƟ ƖƐƤƫř ŽŏŹ  `

x 42 = py   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

x y122 = -   :ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

,F 4 0-^ h ƶţŹŒŝƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  a  1

y 2= -  ƮǀƤŤƀưƫř ƶƬǀƫŵƹ ,F 0 2^ h ƶţŹŒŝ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  b

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř řŸƸƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬ ŖƟŚƨƯ ƖƐƤƫ ƪǀƫŶƫř ŠƫŵŚƘƯƹ şŹŒŞƫř Ŷūƹŏ

x y22 = -  :ŠƫŵŚƘưƫř  a

3
1 y x2 =  :ŠƫŵŚƘưƫř  b

:ƪŰƫř

y
2
1

=

-1
-1

-2-3 2 31

-2

-3

y

x

ŖƟŚƨưƫř ƖƐƤƫř ƪƨƃ

F

 :şŹƺƈƫř ƼƬƗ ŖƟŚƨưƫř ƖƐƤƬƫ şŚƐƘưƫř ŠƫŵŚƘưƫř  a  a

x 42 = py

x y22 = -   , y axis-  ƺƷ ƪŧŚưŤƫř ŹƺŰƯ

,p p p4 2 2
1 0(` 1= - = -

, ,F p F0 0 2
1

= -^ ah k  :şŹŒŞƫř  `

y p y 2
1(= - = - -a k :ƪǀƫŶƫř ŠƫŵŚƘƯ

y 2
1

=
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0 ,F p3 3(- = -^ h  :şŹŒŞƫř   a  b

(ƾƤƟŏ ƮǀƤŤƀƯ) y 3=  :ƪǀƫŶƫř ŠƫŵŚƘƯ
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y

x

( , )F 0 3-

ƾŰǀƋƺţ ƪƨƃ

ƪǀƫŶƫř

 (0 , 0) ƽŏ ƪǀƫŶƫřƹ F Ʋǀŝ ŠƟŚƀưƫř ƞƈŤƴƯ ƾƟ ƖƐƤƫř ŽŏŹ  `

x 42 = py   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

x y122 = -   :ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

,F 4 0-^ h ƶţŹŒŝƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  a  1

y 2= -  ƮǀƤŤƀưƫř ƶƬǀƫŵƹ ,F 0 2^ h ƶţŹŒŝ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  b

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř řŸƸƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬ ŖƟŚƨƯ ƖƐƤƫ ƪǀƫŶƫř ŠƫŵŚƘƯƹ şŹŒŞƫř Ŷūƹŏ

x y22 = -  :ŠƫŵŚƘưƫř  a

3
1 y x2 =  :ŠƫŵŚƘưƫř  b

:ƪŰƫř
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 :şŹƺƈƫř ƼƬƗ ŖƟŚƨưƫř ƖƐƤƬƫ şŚƐƘưƫř ŠƫŵŚƘưƫř  a  a

x 42 = py

x y22 = -   , y axis-  ƺƷ ƪŧŚưŤƫř ŹƺŰƯ

,p p p4 2 2
1 0(` 1= - = -

, ,F p F0 0 2
1

= -^ ah k  :şŹŒŞƫř  `

y p y 2
1(= - = - -a k :ƪǀƫŶƫř ŠƫŵŚƘƯ

y 2
1

=

104



 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

-1
-1

-2

2

2

x

y

1
F

1

ŖƟŚƨưƫř ƖƐƤƫř ƪƨƃ

x
4
3-

=

 y px42 =  :şŹƺƈƫř ƼƬƗ ŖƟŚƨưƫř ƖƐƤƬƫ şŚƐƘưƫř ŠƫŵŚƘưƫř  a  b
y x32 =   ,  x axis-  ƺƷ ƪŧŚưŤƫř ŹƺŰƯ 

p p4 3 4
3(` = =

, ,F p F0 4
3 0=^ ah k :şŹŒŞƫř

x p x 4
3(= - = - :ƪǀƫŶƫř ŠƫŵŚƘƯ

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř řŸƸƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬ŖƟŚƨƯ ƖƐƤƫ ƪǀƫŶƫřƹ şŹŒŞƫř Ŷūƹŏ  2

y
x
4

2
=   :ŠƫŵŚƘưƫř  a

x y5
1 2= -  :ŠƫŵŚƘưƫř  b

.x axis-  ƶƬŧŚưţ Ǝųƹ ,A 1 2^ h ŠƐƤƴƫŚŝ źưƿƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř

ƪƇǃř ŠƐƤƳ ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ
 x axis-  ƶƬŧŚưţ Ǝų  a

y 42 = px  şŹƺƈƫř ƼƬƗ ƶŤƫŵŚƘƯ  `
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y x4 8

92 #=

y x2
92 =

, , ,A B1 4 1 4-^ ^h h ƲǀŤƐƤƴƫŚŝ źưƿƹ ,0 0^ h ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  4

3x = -  ƶƬǀƫŵ ŠƫŵŚƘƯƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř

(ƾſŏŹ ƮǀƤŤƀƯ) 3x = -  :ƾƷ ƪǀƫŶƫř ŠƫŵŚƘƯ  a
ƪŧŚưŤƫř Ǝų ƖƯ ŶƯŚƘŤƯ ƪǀƫŶƫřƹ

(x axis- ) .ƾƤƟŏ ƪŧŚưŤƫř Ǝų  `
ƪƇǃř ŠƐƤƳ ƖƐƤƫř ŽŏŹ  a

y px42 =  şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ  `
x p= -  şŹƺƈƫř ƼƬƗ ƾƷ ƪǀƫŶƫř ŠƫŵŚƘƯ

3x p 3( == -

y px42 =  :ŠƫŵŚƘưƫř
( )3y x42 =

12y x2 =

y 1=  ƶƬǀƫŵ ŠƫŵŚƘƯƹ ƪƇǃř ŠƐƤƳ ƶſŏŹ ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  5
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Applications Using Parabolas  ŠŘƟŚƨưƫř ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ
ŪŤƴƿ  ŖƟŚƨưƫř  ƖƐƤƫř  ƱŔƟ  ¬ƱřŹƹŶƬƫ  ŹƺŰưƧ  ƪŧŚưŤƫř  Ǝų  ƭřŶŴŤſŚŝ  ŵŚƘŝǃř  ƾŧǆŨƫř  ƙřźƠƫř  ƾƟ  ŚÔŘƟŚƨƯ  Ś ÔƘƐƣ  ŚƳŹƹŵ  řŷœ

ŖƟŚƨƯ ƮƀŬưƫ ƾƋźƗ ƖƐƤƯ

Ōƺƌƫř ŠƘƃŏşŹŒŞƫř

 .Paraboloid ŚÔŘƟŚƨƯ Ś ÔŰƐſ 
 ŮƐƀƫř řŸƷ ƲƯ žƨƘƴƿ Ōƺƌƫř ƱŔƟ ¬žƧŚƗ ŖƟŚƨƯ ŮƐſ şŹŒŝ ƾƟ ŚĐǀŗƺƋ ř ÔŹŶƈƯ ŚƴƘƋƹ řŷœ

.ƪŝŚƤưƫř ƪƨƄƫř ƾƟ ŮƋƺƯ ƺƷ ŚưƧ ¬ƪŧŚưŤƫř ŹƺŰưƫ ŠƿŻřƺƯ ŠưǀƤŤƀƯ ƍƺƐų ƾƟ
.şŹŚǀƀƬƫ Šǀƀǀŗźƫř (šŚƟŚƄƨƫř) ŹřƺƳǃř ƪưƘţ ƞǀƧ ƲÚǀŞƿ řŸƷ

 šƺƈƫř šřźŞƨƯ ƊƘŝ ƪŨƯ ¬ƾƀƨƘƫř ƵŚŬţǅř ƾƟ ƢƬƐƴţ ƾŤƫř šřŹŚƃǈř ƼƬƗ ƶƀƠƳ ŏŶŞưƫř ƢŞƐƴƿ
 .ŮǀŰƇ žƨƘƫřƹ

 ƲƯ žƨƘƴţ ŚƸƳŔƟ ƶƬŧŚưţ ƎŴƫ ŠƿŻřƺƯ ŖƟŚƨưƫř ŮƐƀƫř ƺŰƳ Šǀţƺƈƫř ƹŏ Šǀŗƺƌƫř šŚūƺưƫř ƢƬƐƴţ ŚƯŶƴƗ
.şŹŒŞƫř ƾƟ ƖưŬŤţƹ ŮƐƀƫř řŸƷ

.(źĠǀƀƿźƫř) ƾƳƹźŤƨƫǈř ƪŞƤŤƀưƫř ƖƋƺƿ Ŧǀů şŹŒŞƫř ŶƴƗ šƺƈƫř ƹŏ Ōƺƌƫř żǀƧźţ ƺƷ ƝŶƸƫř
.ƭŶƤƫř şźƧ šŚƿŹŚŞƯ ŌŚƴŧŏ ƭŶŴŤƀţ ƾŤƫř ŠŘƟŚƨưƫř šŚƳƺƟƹźƨǀưƫř ƩŚŨưƫř ƪǀŞſ ƼƬƗ

.ŜƘƬưƫř ƪųřŵ ƲƯ šřƺƇǃř ƍŚƤŤƫǇ ŜƘƬƯ ƾŞƳŚū ƼƬƗ ŠŘƟŚƨƯ šŚƳƺƟƹźƨǀƯ ƭŶŴŤƀØţ
¬y x152 =  :ƶŤƫŵŚƘƯ ŖƟŚƨƯ ƖƐƣ źƿƹŶţ ƲƯ ŖƟŚƨƯ ƱƺƟƹźƨǀƯ Ŷƫƺţ Ŷƣ ƱŚƧ řŷœ

.ŖƟŚƨưƫř ƖƐƤƫř řŸƸƫ (ƾƳƹźŤƨƫǅř ƩŚŞƤŤſǇř ŻŚƸū) şŹŒŞƫř ƖƋƺƯ ŵ ÚŶŰƟ
:ƪŰƫř

¬šŚƴǀƀƫř ŹƺŰƯ ƺƷ ƶƬŧŚưţ Ǝųƹ ,0 0^ h ƶſŏŹ Ʊŏ ŹŚŞŤƗŚŝ ŖƟŚƨưƫř ŮƐƀƫř Ƽƫœ ŚƳźƔƳ řŷœ
y 42a = px

y 152 = x

p4 15` =

p 4
15

=

, ,pF F0 04
15

=^ bh l  :ŶƴƗ ƾƷ şŹŒŞƫř
 ,F 04
15b l ŠƐƤƴƫř ŶƴƗ (ƾƳƹźŤƨƫǅř ƩŚŞƤŤſǇř ŻŚƸū) ƪŞƤŤƀưƫř ƖƋƺƿ Ʊŏ ƭżƬǀƟ

.šřŹŚǀƀƫř ƲƯ şŶƿŶƗ šŚǀƗƺƴƫ ŠŘƟŚƨưƫř šŚƟŚƄƨƫř šŚƧźƄƫř ƻŶůœ Ɩƴƈţ  6
 ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř źƿƹŶţ ƲƯ ŶƫƺŤƯ ŖƟŚƨƯ ŮƐſ šŚƟŚƄƨƫř ƵŸƷ Ŷůǃ ƱŚƧ řŷœ

®ƾŗŚŝźƸƨƫř ŭŚŞƈưƫř ƖƋƺƯ Ʊƺƨǀſ ƲƿŐƟ ¬x 122 = y  ƶŤƫŵŚƘƯ
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Applications Using Parabolas  ŠŘƟŚƨưƫř ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ
ŪŤƴƿ  ŖƟŚƨưƫř  ƖƐƤƫř  ƱŔƟ  ¬ƱřŹƹŶƬƫ  ŹƺŰưƧ  ƪŧŚưŤƫř  Ǝų  ƭřŶŴŤſŚŝ  ŵŚƘŝǃř  ƾŧǆŨƫř  ƙřźƠƫř  ƾƟ  ŚÔŘƟŚƨƯ  Ś ÔƘƐƣ  ŚƳŹƹŵ  řŷœ

ŖƟŚƨƯ ƮƀŬưƫ ƾƋźƗ ƖƐƤƯ

Ōƺƌƫř ŠƘƃŏşŹŒŞƫř

 .Paraboloid ŚÔŘƟŚƨƯ Ś ÔŰƐſ 
 ŮƐƀƫř řŸƷ ƲƯ žƨƘƴƿ Ōƺƌƫř ƱŔƟ ¬žƧŚƗ ŖƟŚƨƯ ŮƐſ şŹŒŝ ƾƟ ŚĐǀŗƺƋ ř ÔŹŶƈƯ ŚƴƘƋƹ řŷœ

.ƪŝŚƤưƫř ƪƨƄƫř ƾƟ ŮƋƺƯ ƺƷ ŚưƧ ¬ƪŧŚưŤƫř ŹƺŰưƫ ŠƿŻřƺƯ ŠưǀƤŤƀƯ ƍƺƐų ƾƟ
.şŹŚǀƀƬƫ Šǀƀǀŗźƫř (šŚƟŚƄƨƫř) ŹřƺƳǃř ƪưƘţ ƞǀƧ ƲÚǀŞƿ řŸƷ

 šƺƈƫř šřźŞƨƯ ƊƘŝ ƪŨƯ ¬ƾƀƨƘƫř ƵŚŬţǅř ƾƟ ƢƬƐƴţ ƾŤƫř šřŹŚƃǈř ƼƬƗ ƶƀƠƳ ŏŶŞưƫř ƢŞƐƴƿ
 .ŮǀŰƇ žƨƘƫřƹ

 ƲƯ žƨƘƴţ ŚƸƳŔƟ ƶƬŧŚưţ ƎŴƫ ŠƿŻřƺƯ ŖƟŚƨưƫř ŮƐƀƫř ƺŰƳ Šǀţƺƈƫř ƹŏ Šǀŗƺƌƫř šŚūƺưƫř ƢƬƐƴţ ŚƯŶƴƗ
.şŹŒŞƫř ƾƟ ƖưŬŤţƹ ŮƐƀƫř řŸƷ

.(źĠǀƀƿźƫř) ƾƳƹźŤƨƫǈř ƪŞƤŤƀưƫř ƖƋƺƿ Ŧǀů şŹŒŞƫř ŶƴƗ šƺƈƫř ƹŏ Ōƺƌƫř żǀƧźţ ƺƷ ƝŶƸƫř
.ƭŶƤƫř şźƧ šŚƿŹŚŞƯ ŌŚƴŧŏ ƭŶŴŤƀţ ƾŤƫř ŠŘƟŚƨưƫř šŚƳƺƟƹźƨǀưƫř ƩŚŨưƫř ƪǀŞſ ƼƬƗ

.ŜƘƬưƫř ƪųřŵ ƲƯ šřƺƇǃř ƍŚƤŤƫǇ ŜƘƬƯ ƾŞƳŚū ƼƬƗ ŠŘƟŚƨƯ šŚƳƺƟƹźƨǀƯ ƭŶŴŤƀØţ
¬y x152 =  :ƶŤƫŵŚƘƯ ŖƟŚƨƯ ƖƐƣ źƿƹŶţ ƲƯ ŖƟŚƨƯ ƱƺƟƹźƨǀƯ Ŷƫƺţ Ŷƣ ƱŚƧ řŷœ

.ŖƟŚƨưƫř ƖƐƤƫř řŸƸƫ (ƾƳƹźŤƨƫǅř ƩŚŞƤŤſǇř ŻŚƸū) şŹŒŞƫř ƖƋƺƯ ŵ ÚŶŰƟ
:ƪŰƫř

¬šŚƴǀƀƫř ŹƺŰƯ ƺƷ ƶƬŧŚưţ Ǝųƹ ,0 0^ h ƶſŏŹ Ʊŏ ŹŚŞŤƗŚŝ ŖƟŚƨưƫř ŮƐƀƫř Ƽƫœ ŚƳźƔƳ řŷœ
y 42a = px

y 152 = x

p4 15` =

p 4
15

=

, ,pF F0 04
15

=^ bh l  :ŶƴƗ ƾƷ şŹŒŞƫř
 ,F 04
15b l ŠƐƤƴƫř ŶƴƗ (ƾƳƹźŤƨƫǅř ƩŚŞƤŤſǇř ŻŚƸū) ƪŞƤŤƀưƫř ƖƋƺƿ Ʊŏ ƭżƬǀƟ

.šřŹŚǀƀƫř ƲƯ şŶƿŶƗ šŚǀƗƺƴƫ ŠŘƟŚƨưƫř šŚƟŚƄƨƫř šŚƧźƄƫř ƻŶůœ Ɩƴƈţ  6
 ƽŸƫř ŖƟŚƨưƫř ƖƐƤƫř źƿƹŶţ ƲƯ ŶƫƺŤƯ ŖƟŚƨƯ ŮƐſ šŚƟŚƄƨƫř ƵŸƷ Ŷůǃ ƱŚƧ řŷœ

®ƾŗŚŝźƸƨƫř ŭŚŞƈưƫř ƖƋƺƯ Ʊƺƨǀſ ƲƿŐƟ ¬x 122 = y  ƶŤƫŵŚƘƯ
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 ƪƨƃ ƼƬƗ ŮǀŝŚƈưƫř Ŷůŏ ƱŚƧ řŷœ .šřŹŚǀƀƬƫ ŠǀƯŚƯŏ ŮǀŝŚƈƯ šŚƧźƄƫř ƻŶůœ Ɩƴƈţ
®ŭŚŞƈưƫř ŠŞưƫ ƖƋƹ ŜŬƿ ƲƿŐƟ ¬ y x122 =  ƶŤƫŵŚƘƯ ŖƟŚƨƯ ƖƐƣ źƿƹŶţ ƲƯ ŶƫƺŤƯ ŖƟŚƨƯ ŮƐſ

:ƪŰƫř

x axis-  ƶƬŧŚưţ ŹƺŰƯƹ ,0 0^ h ƶſŏŹ Ʊŏ ŹŚŞŤƗŚŝ ŖƟŚƨưƫř ŮƐƀƫř Ƽƫœ ŚƳźƔƳ řŷœ
y 42 = px   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ
y 122a = x

p p4 12 3(= =

, ,pF F0 03^ ^h h  :şŹŒŞƫř

.ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ ƲƯ (ŽŚǀƣ šřŶůƹ) 3 ŶƘŝ ƼƬƗ ŠŞưƬƫř ƖƋƺţ

®ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ ƲƗ (ŽŚǀƣ šřŶůƹ) 4 ŶƘŞţ ŠŞưƬƫř ŢƳŚƧ řŷœ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ŚƯ ¬(7) ƩŚŨƯ ƾƟ  7

m180

m
3
3

m10

A

ŠƯ
ŚƗ
ŵ ŠƯ
ŚƗ
ŵ

B

 şŹƺƇ ƼƬƗ ƺƷ ƾƳŶƘưƫř ƦƬƀƫř .źƀū ƽŵƺưƗ ƾſŏŹ Ʋǀŝ ÖƩŶŤƯ ƾƳŶƘƯ ƦƬſ ƪƈƿ
 ŚưƸƴƯ ƪƧ ƕŚƠţŹř ƚƬŞƿƹ m180  ŠƟŚƀƯ ŚưƸƌƘŝ ƲƗ ƱřŵƺưƘƫř ŶƘŞƿ .ŖƟŚƨƯ ƖƐƣ
 ƢƿźƐƫř ƼƬƗ ŢƘƋƹ ¬ m3  ƭŚƘƫř ƢƿźƐƫř ƲƗ ƦƬƀƬƫ ƕŚƠţŹř źƜƇŏ ƚƬŞƿ ¬ m33
.ƲƿŵƺưƘƫř ƲƯ ƽŏ ƲƗ m10  ŶƘŞţ ƾŤƫř ŠƯŚƗŶƫř ƩƺƏ Ŷūƹŏ .ƾƫŶŤưƫř ƦƬƀƬƫ šŚƯŚƗŵ

,0 0^ h  ƺƷ ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ ŹŚŞŤƗŚŝ  :ƪŰƫř
x y42 = p  şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

,x y2
180 90 33 3 30= = = - =B B   :ƾƷ B ŠƐƤƴƫř šŚǀŧřŶůœ

( )90 4 302 #= p  :ƼƬƗ ƪƈŰƳ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ƾƟ ƊƿƺƘŤƫŚŝ

.4 30
90 67 5
2

#
= =p

.x y4 67 52 #=   :ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ
x 2702 = y

10 090 8- =  :ŠƯŚƗŶƬƫ ƾƴǀƀƫř ƾŧřŶůǅř
(80) 2702 = y  :ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ƾƟ ƊƿƺƘŤƫŚŝ

.23 7.y

m.7 26.723 3+ =  :Ƽƫřƺů ŠƯŚƗŶƫř ƩƺƏ ƚƬŞƿ

.ƲƿŵƺưƘƫř ƲƯ ƽŏ ƲƗ m10  ŶƘŞţ ƾŤƫř ŠƯŚƗŶƫř ƩƺƏ ŶūƹŐƟ ¬ m36  ŵƺưƗ ƪƧ ƕŚƠţŹřƹ m220  ƲƿŵƺưƘƫř Ʋǀŝ ŶƘŞƫř ƱŚƧ řŷœ ¬(8) ƩŚŨƯ ƾƟ  8
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 ƪƨƃ ƼƬƗ ŮǀŝŚƈưƫř Ŷůŏ ƱŚƧ řŷœ .šřŹŚǀƀƬƫ ŠǀƯŚƯŏ ŮǀŝŚƈƯ šŚƧźƄƫř ƻŶůœ Ɩƴƈţ
®ŭŚŞƈưƫř ŠŞưƫ ƖƋƹ ŜŬƿ ƲƿŐƟ ¬ y x122 =  ƶŤƫŵŚƘƯ ŖƟŚƨƯ ƖƐƣ źƿƹŶţ ƲƯ ŶƫƺŤƯ ŖƟŚƨƯ ŮƐſ

:ƪŰƫř

x axis-  ƶƬŧŚưţ ŹƺŰƯƹ ,0 0^ h ƶſŏŹ Ʊŏ ŹŚŞŤƗŚŝ ŖƟŚƨưƫř ŮƐƀƫř Ƽƫœ ŚƳźƔƳ řŷœ
y 42 = px   şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ
y 122a = x

p p4 12 3(= =

, ,pF F0 03^ ^h h  :şŹŒŞƫř

.ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ ƲƯ (ŽŚǀƣ šřŶůƹ) 3 ŶƘŝ ƼƬƗ ŠŞưƬƫř ƖƋƺţ

®ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ ƲƗ (ŽŚǀƣ šřŶůƹ) 4 ŶƘŞţ ŠŞưƬƫř ŢƳŚƧ řŷœ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ŚƯ ¬(7) ƩŚŨƯ ƾƟ  7

m180

m
33

m10

A

ŠƯŚ
Ɨŵ ŠƯŚ
Ɨŵ

B

 şŹƺƇ ƼƬƗ ƺƷ ƾƳŶƘưƫř ƦƬƀƫř .źƀū ƽŵƺưƗ ƾſŏŹ Ʋǀŝ ÖƩŶŤƯ ƾƳŶƘƯ ƦƬſ ƪƈƿ
 ŚưƸƴƯ ƪƧ ƕŚƠţŹř ƚƬŞƿƹ m180  ŠƟŚƀƯ ŚưƸƌƘŝ ƲƗ ƱřŵƺưƘƫř ŶƘŞƿ .ŖƟŚƨƯ ƖƐƣ
 ƢƿźƐƫř ƼƬƗ ŢƘƋƹ ¬ m3  ƭŚƘƫř ƢƿźƐƫř ƲƗ ƦƬƀƬƫ ƕŚƠţŹř źƜƇŏ ƚƬŞƿ ¬ m33
.ƲƿŵƺưƘƫř ƲƯ ƽŏ ƲƗ m10  ŶƘŞţ ƾŤƫř ŠƯŚƗŶƫř ƩƺƏ Ŷūƹŏ .ƾƫŶŤưƫř ƦƬƀƬƫ šŚƯŚƗŵ

,0 0^ h  ƺƷ ŖƟŚƨưƫř ƖƐƤƫř ŽŏŹ ŹŚŞŤƗŚŝ  :ƪŰƫř
x y42 = p  şŹƺƈƫř ƼƬƗ ƾƷ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ

,x y2
180 90 33 3 30= = = - =B B   :ƾƷ B ŠƐƤƴƫř šŚǀŧřŶůœ

( )90 4 302 #= p  :ƼƬƗ ƪƈŰƳ ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ƾƟ ƊƿƺƘŤƫŚŝ

.4 30
90 67 5
2

#
= =p

.x y4 67 52 #=   :ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ
x 2702 = y

10 090 8- =  :ŠƯŚƗŶƬƫ ƾƴǀƀƫř ƾŧřŶůǅř
(80) 2702 = y  :ŖƟŚƨưƫř ƖƐƤƫř ŠƫŵŚƘƯ ƾƟ ƊƿƺƘŤƫŚŝ

.23 7.y

m.7 26.723 3+ =  :Ƽƫřƺů ŠƯŚƗŶƫř ƩƺƏ ƚƬŞƿ

.ƲƿŵƺưƘƫř ƲƯ ƽŏ ƲƗ m10  ŶƘŞţ ƾŤƫř ŠƯŚƗŶƫř ƩƺƏ ŶūƹŐƟ ¬ m36  ŵƺưƗ ƪƧ ƕŚƠţŹřƹ m220  ƲƿŵƺưƘƫř Ʋǀŝ ŶƘŞƫř ƱŚƧ řŷœ ¬(8) ƩŚŨƯ ƾƟ  8
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 ƪƨƃ ƼƬƗ ŮǀŝŚƈưƫř Ŷůŏ ƱŚƧ řŷœ .šřŹŚǀƀƬƫ ŠǀƯŚƯŏ ŮǀŝŚƈƯ šŚƧźƄƫř ƻŶůœ Ɩƴƈţ
®ŭŚŞƈưƫř ŠŞưƫ ƖƋƹ ŜŬƿ ƲƿŐƟ ¬ y x122 =  ƶŤƫŵŚƘƯ ŖƟŚƨƯ ƖƐƣ źƿƹŶţ ƲƯ ŶƫƺŤƯ ŖƟŚƨƯ ŮƐſ

:ƪŰƫř

x axis-  ƶƬŧŚưţ ŹƺŰƯƹ ,0 0^ h ƶſŏŹ Ʊŏ ŹŚŞŤƗŚŝ ŖƟŚƨưƫř ŮƐƀƫř Ƽƫœ ŚƳźƔƳ řŷœ
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y 122a = x
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7-2

ƮƬƘŤţ Ɲƺſ
• .ŚƸƇřƺųƹ ŠƈƣŚƴƫř ƕƺƐƤƫř
•  ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ 

.ŠƈƣŚƴƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• Ellipse  ƆƣŚƳ ƖƐƣ
• Two Foci  ƲǀţŹŒŝ
• źƜƇǃř ŹƺŰưƫř

Minor Axis
• źŞƧǃř ŹƺŰưƫř

Major Axis
• Center  żƧźưƫř ŠƐƤƳ
• Vertices  ŽƹőŹ

:ŠƯƺƬƘƯ
 ŚţŹŒŝ ŢƤŞƐƳř řŷœ ƶƳŏ ƒůǇ

 ¬ŚưƸƌƘŝ ƼƬƗ ƆƣŚƴƫř ƖƐƤƫř
 şźŗřŵ Ʊƺƨƿ ŪţŚƴƫř ƪƨƄƫř ƱŔƟ

 ƩƺƏ ƞƈƳ ƺƷ ŚƷźƐƣ ƞƈƳ
.ƎǀŴƫř

!"#$%&' ()*& #$+,

x

y

  ƖƏŚƤŤƫř ƍŚƤƳ šŚǀŧřŶůœ Ŷūƹŏ  a  1
 ƼƴŰƴưƬƫ šřŵŚƈƫř ŹƺŰƯƹ šŚƴǀƀƫř ŹƺŰƯ ƖƯ

x y
16 16 1
2 2

+ =  :ƶŤƫŵŚƘƯ Ŧǀů
 şŚƐƘưƫř ŠƫŵŚƘưƫř ƢƤŰţ ƻźųŏ ƍŚƤƳ ƖŝŹŏ ƲÚǀƗ  b

.ƵǆƗŏ
®ƶǀƬƗ ƪƈŰţ Ʊŏ ƖƣƺŤţ ƽŸƫř ƼƴŰƴưƫř ƪƨƃ ŚƯ

®ƶǀƬƗ ŢƬƈů ƽŸƫř ƪƨƄƬƫ żƧźưƫř ŠƐƤƳ šŚǀŧřŶůœ ŚƯ  c

x

y ƖƏŚƤŤƫř ƍŚƤƳ šŚǀŧřŶůœ Ŷūƹŏ  a  2
 ƼƴŰƴưƬƫ šřŵŚƈƫř ŹƺŰƯƹ šŚƴǀƀƫř ŹƺŰƯ ƖƯ
 ƍŚƤƴƫř ƵŸƷ ƲÚǀƗ 

x y
16 9 1
2 2

+ =  :ƶŤƫŵŚƘƯ ƽŸƫř
.ŹƹŚŰưƫř ƼƬƗ

.şŚƐƘưƫř ŠƫŵŚƘưƫř ƢƤŰţ ƻźųŏ ƍŚƤƳ ƖŝŹŏ ƲÚǀƗ  b

.ƲǀƬƨƄƫř Ʋǀŝ ƱŹŚƣ Ʈŧ ŚĐǀŞƿźƤţ Ôǆƨƃ ƮſŹřƹ

ƆƣŚƴƫř ƖƐƤƫř :ƞƿźƘţ

 ƲƗ  ŚƸƴƯ  ŠƐƤƳ  ƪƧ  ƽŶƘŝ  ƕƺưŬƯ  Ʊƺƨƿ  ƾŤƫř  ƻƺŤƀưƫř  ƾƟ  ƍŚƤƴƫř  ƪƧ  ŠƗƺưŬƯ  ƺƷ  ƆƣŚƴƫř  ƖƐƤƫř
.ŚÔŤŝŚŧ ƻƺŤƀưƫř ƾƟ ƲǀŤŤŝŚŧ ƲǀŤƐƤƳ

 ƞƈŤƴƯ  ŠƐƤƳƼưƀţƹ  ¬ƲǀţŹŒŝ  ƱŚŤŤŝŚŨƫř  ƱŚŤƐƤƴƫř  Ƽưƀţ
 Ů ÚƋƺƿ .ƆƣŚƴƫř ƖƐƤƫř żƧźƯ ŚưƸƴǀŝ ŠƬƇřƺƫř ŠưǀƤŤƀưƫř ŠƘƐƤƫř
 ƱřŸƬƫř ƱřŶƘŞƫřƹ ¬ ,F F21  ƵŚţŹŒŝ Ś ÔƈƣŚƳ Ś ÔƘƐƣ ƪŝŚƤưƫř ƪƨƄƫř

. ,d d21  ŚưƷ ŢŝŚŧ ŚưƸƗƺưŬƯ
 ƶƫƺƏ  Ś ÔƐǀų  ƪǀŴţ  ¬ŚĐǀƬưƗ  ƆƣŚƴƫř  ƖƐƤƫř  ƞƿźƘţ  ŮǀƋƺŤƫ

 ƥźŰŤƿƹ ¬ŠǀƳŚŨƫř şŹŒŞƫř ŶƴƗ ŢŞŨƯ źųǁř ƶƟźƏƹ ƲǀţŹŒŞƫř ƻŶůœ ŶƴƗ ŢŞŨƯ ƶǀƟźƏ Ŷůŏ ¬ŢŝŚŧ
 ƩƺƏ Ʊœƹ .ƆƣŚƳ ƖƐƣ ƺƷ ƮƬƤƫř ƶưſźƿ ƽŸƫř ƼƴŰƴưƫř ƱŔƟ ¬ŵƹŶƄƯ ƺƷƹ ƎǀŴƫř ƼƬƗ ƮƬƣ

.(a) ƪƨƄƫř Ƽƫœ źƔƳř ,d d21  ƲƿŶƘŞƫř ƕƺưŬƯ ƺƷ ƎǀŴƫř

ƆƣŚƴƫř ƖƐƤƫř
Ellipse

(a) ƪƨƃ

F1 F2

d
2d

1
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.ŚÔŤŝŚŧ ƻƺŤƀưƫř ƾƟ ƲǀŤŤŝŚŧ ƲǀŤƐƤƳ

 ƞƈŤƴƯ  ŠƐƤƳƼưƀţƹ  ¬ƲǀţŹŒŝ  ƱŚŤŤŝŚŨƫř  ƱŚŤƐƤƴƫř  Ƽưƀţ
 Ů ÚƋƺƿ .ƆƣŚƴƫř ƖƐƤƫř żƧźƯ ŚưƸƴǀŝ ŠƬƇřƺƫř ŠưǀƤŤƀưƫř ŠƘƐƤƫř
 ƱřŸƬƫř ƱřŶƘŞƫřƹ ¬ ,F F21  ƵŚţŹŒŝ Ś ÔƈƣŚƳ Ś ÔƘƐƣ ƪŝŚƤưƫř ƪƨƄƫř

. ,d d21  ŚưƷ ŢŝŚŧ ŚưƸƗƺưŬƯ
 ƶƫƺƏ  Ś ÔƐǀų  ƪǀŴţ  ¬ŚĐǀƬưƗ  ƆƣŚƴƫř  ƖƐƤƫř  ƞƿźƘţ  ŮǀƋƺŤƫ

 ƥźŰŤƿƹ ¬ŠǀƳŚŨƫř şŹŒŞƫř ŶƴƗ ŢŞŨƯ źųǁř ƶƟźƏƹ ƲǀţŹŒŞƫř ƻŶůœ ŶƴƗ ŢŞŨƯ ƶǀƟźƏ Ŷůŏ ¬ŢŝŚŧ
 ƩƺƏ Ʊœƹ .ƆƣŚƳ ƖƐƣ ƺƷ ƮƬƤƫř ƶưſźƿ ƽŸƫř ƼƴŰƴưƫř ƱŔƟ ¬ŵƹŶƄƯ ƺƷƹ ƎǀŴƫř ƼƬƗ ƮƬƣ

.(a) ƪƨƄƫř Ƽƫœ źƔƳř ,d d21  ƲƿŶƘŞƫř ƕƺưŬƯ ƺƷ ƎǀŴƫř

ƆƣŚƴƫř ƖƐƤƫř
Ellipse

(a) ƪƨƃ

F1 F2

d
2d
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7-2

ƮƬƘŤţ Ɲƺſ
• .ŚƸƇřƺųƹ ŠƈƣŚƴƫř ƕƺƐƤƫř
•  ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ 

.ŠƈƣŚƴƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• Ellipse  ƆƣŚƳ ƖƐƣ
• Two Foci  ƲǀţŹŒŝ
• źƜƇǃř ŹƺŰưƫř

Minor Axis
• źŞƧǃř ŹƺŰưƫř

Major Axis
• Center  żƧźưƫř ŠƐƤƳ
• Vertices  ŽƹőŹ

:ŠƯƺƬƘƯ
 ŚţŹŒŝ ŢƤŞƐƳř řŷœ ƶƳŏ ƒůǇ

 ¬ŚưƸƌƘŝ ƼƬƗ ƆƣŚƴƫř ƖƐƤƫř
 şźŗřŵ Ʊƺƨƿ ŪţŚƴƫř ƪƨƄƫř ƱŔƟ

 ƩƺƏ ƞƈƳ ƺƷ ŚƷźƐƣ ƞƈƳ
.ƎǀŴƫř

!"#$%&' ()*& #$+,

x

y

  ƖƏŚƤŤƫř ƍŚƤƳ šŚǀŧřŶůœ Ŷūƹŏ  a  1
 ƼƴŰƴưƬƫ šřŵŚƈƫř ŹƺŰƯƹ šŚƴǀƀƫř ŹƺŰƯ ƖƯ

x y
16 16 1
2 2

+ =  :ƶŤƫŵŚƘƯ Ŧǀů
 şŚƐƘưƫř ŠƫŵŚƘưƫř ƢƤŰţ ƻźųŏ ƍŚƤƳ ƖŝŹŏ ƲÚǀƗ  b

.ƵǆƗŏ
®ƶǀƬƗ ƪƈŰţ Ʊŏ ƖƣƺŤţ ƽŸƫř ƼƴŰƴưƫř ƪƨƃ ŚƯ

®ƶǀƬƗ ŢƬƈů ƽŸƫř ƪƨƄƬƫ żƧźưƫř ŠƐƤƳ šŚǀŧřŶůœ ŚƯ  c

x

y ƖƏŚƤŤƫř ƍŚƤƳ šŚǀŧřŶůœ Ŷūƹŏ  a  2
 ƼƴŰƴưƬƫ šřŵŚƈƫř ŹƺŰƯƹ šŚƴǀƀƫř ŹƺŰƯ ƖƯ
 ƍŚƤƴƫř ƵŸƷ ƲÚǀƗ 

x y
16 9 1
2 2

+ =  :ƶŤƫŵŚƘƯ ƽŸƫř
.ŹƹŚŰưƫř ƼƬƗ

.şŚƐƘưƫř ŠƫŵŚƘưƫř ƢƤŰţ ƻźųŏ ƍŚƤƳ ƖŝŹŏ ƲÚǀƗ  b

.ƲǀƬƨƄƫř Ʋǀŝ ƱŹŚƣ Ʈŧ ŚĐǀŞƿźƤţ Ôǆƨƃ ƮſŹřƹ

ƆƣŚƴƫř ƖƐƤƫř :ƞƿźƘţ

 ƲƗ  ŚƸƴƯ  ŠƐƤƳ  ƪƧ  ƽŶƘŝ  ƕƺưŬƯ  Ʊƺƨƿ  ƾŤƫř  ƻƺŤƀưƫř  ƾƟ  ƍŚƤƴƫř  ƪƧ  ŠƗƺưŬƯ  ƺƷ  ƆƣŚƴƫř  ƖƐƤƫř
.ŚÔŤŝŚŧ ƻƺŤƀưƫř ƾƟ ƲǀŤŤŝŚŧ ƲǀŤƐƤƳ

 ƞƈŤƴƯ  ŠƐƤƳƼưƀţƹ  ¬ƲǀţŹŒŝ  ƱŚŤŤŝŚŨƫř  ƱŚŤƐƤƴƫř  Ƽưƀţ
 Ů ÚƋƺƿ .ƆƣŚƴƫř ƖƐƤƫř żƧźƯ ŚưƸƴǀŝ ŠƬƇřƺƫř ŠưǀƤŤƀưƫř ŠƘƐƤƫř
 ƱřŸƬƫř ƱřŶƘŞƫřƹ ¬ ,F F21  ƵŚţŹŒŝ Ś ÔƈƣŚƳ Ś ÔƘƐƣ ƪŝŚƤưƫř ƪƨƄƫř

. ,d d21  ŚưƷ ŢŝŚŧ ŚưƸƗƺưŬƯ
 ƶƫƺƏ  Ś ÔƐǀų  ƪǀŴţ  ¬ŚĐǀƬưƗ  ƆƣŚƴƫř  ƖƐƤƫř  ƞƿźƘţ  ŮǀƋƺŤƫ

 ƥźŰŤƿƹ ¬ŠǀƳŚŨƫř şŹŒŞƫř ŶƴƗ ŢŞŨƯ źųǁř ƶƟźƏƹ ƲǀţŹŒŞƫř ƻŶůœ ŶƴƗ ŢŞŨƯ ƶǀƟźƏ Ŷůŏ ¬ŢŝŚŧ
 ƩƺƏ Ʊœƹ .ƆƣŚƳ ƖƐƣ ƺƷ ƮƬƤƫř ƶưſźƿ ƽŸƫř ƼƴŰƴưƫř ƱŔƟ ¬ŵƹŶƄƯ ƺƷƹ ƎǀŴƫř ƼƬƗ ƮƬƣ

.(a) ƪƨƄƫř Ƽƫœ źƔƳř ,d d21  ƲƿŶƘŞƫř ƕƺưŬƯ ƺƷ ƎǀŴƫř

ƆƣŚƴƫř ƖƐƤƫř
Ellipse

(a) ƪƨƃ
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 ƖƐƤƬƫ źŞƧǃř ŹƺŰưƫř Ƽưƀţ ƖƐƤƫř ƼƬƗ ŚƷŚƟźƏƹ ƲǀţŹŒŞƫŚŝ şŹŚưƫř 1V V2  ŠưǀƤŤƀưƫř ŠƘƐƤƫř (b) ƪƨƄƬƫ ƪŨưưƫř ƖƐƤƫř ƾƟƹ
 ƖƤƿƹ ¬źŞƧǃř ŹƺŰưƫř ƼƬƗ ŠƿŵƺưƘƫřƹ żƧźưƫŚŝ şŹŚưƫř Q Q1 2 ŠưǀƤŤƀưƫř ŠƘƐƤƫřƹ .ƆƣŚƴƫř ƖƐƤƫř ƾſŏŹ ŚƷŚƟźƏ Ƽưƀƿƹ (ƾƀǀŗźƫř)
 ŚưƸƘƏŚƤţ ŠƐƤƳƹ ¬ƆƣŚƴƫř ƖƐƤƫř ƪŧŚưţ ŚƐų ŚưƷ ƱřŹƺŰưƫř ƱřŸƷ .(ƽƺƳŚŨƫř) ƆƣŚƴƫř ƖƐƤƬƫ źƜƇǃř ŹƺŰưƫř Ƽưƀţ ƖƐƤƫř ƼƬƗ ŚƷŚƟźƏ

F2F1

a a
b

c cO

Q2

Q1

a b c2 2 2= +

(b) ƪƨƃ

źƜƇǃř ŹƺŰưƫř

źŞƧǃř ŹƺŰưƫř

V2V1

 .ƆƣŚƴƫř ƖƐƤƫř żƧźƯ Ƽưƀţ
 ƩƺƏ Ʊƺƨƿ ¬V1 Ʋƨǀƫƹ ƆƣŚƴƫř ƖƐƤƫř ƾſŏŹ Ŷůŏ ƼƬƗ ƮƬƤƫř Ʊƺƨƿ ŚƯŶƴƗ (b) ƪƨƄƫř ƾƟ
 ŮŞƈƿ ƎǀŴƫř ƩƺƏ ƱŔƟ 1V F1  ƲƯ ÔǅŶŝ F V2 2  ŚƴƘƋƹ řŷœƹ V F V F+1 1 1 2  ƺƷ ƎǀŴƫř

.źŞƧǃř ŹƺŰưƫř ƩƺƏ ƺƷƹ 2 1V F V F+2 2

 źƜƇǃř ŹƺŰưƫř ƩƺƏƹ a2  źŞƧǃř ŹƺŰưƫř ƩƺƏ ŹŚŞŤƗř ƼƬƗ ƢƠţř ¬ƆƣŚƴƫř ƖƐƤƫř ŠſřŹŵ ƾƟƹ
. c2  ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ b2

 ŚưƸƗƺưŬƯƹ ƩƺƐƫř ƾƟ ƱŚƿƹŚƀŤƯ Q F1 1 ¬Q F1 2 Ŧǀů (b) ƪƨƄƫř ƲƯ ŚƸūŚŤƴŤſř Ʋƨưƿ , ,ba c ƮǀƤƫř Ʋǀŝ ŠǀſŚſŏ ŠƣǆƗ ƥŚƴƷƹ
.c ƽƹŚƀţ OF

1
 ¬b ƽƹŚƀŤƟ OQ1 ŚƯŏ ¬ a2  ƺƷ

.Ʊǆǀƫŵ ƆƣŚƴƫř ƖƐƤƬƫƹ .c ba2 2 2= -  ƹŏ a b c2 2 2 `= +

 :ŦǀŰŝ ŠƧźŰŤƯ ( , )M x y  ŠƐƤƴƫřƹ ( , )F c 0
2

 ¬ ( , )F c 0-
1

 šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƱŚŤŤŝŚŧ ƱŚŤƐƤƳ ƾŧřŶůǅř ƻƺŤƀưƫř ƾƟ ŸųŐƴƫ
MF MF a2+ =1 2  (1)

( , )M x y

( , )F c 0-
1

( , )F c 0
2

x

y  a c2  ƱŚŤŝŚŧ ,a c0 0^ ^

;y yMF x c MF x c2 2 2 2= =+ ++ -1 2^ ^h h
2 2 2 2y yMF MF x cx c x cx c2 2 2 2 2 2- = + + - + - -+21

4MF MF cx2 2- =1 2  (2)
( )( ) 4MF MF MF MF cx- + =1 2 1 2  a b a b a b2 2 +=- -^ ^h h
( )( ) 4MF MF cxa2- =1 2  ƲƯ

aMF MF cx2
- =1 2  (3)

(1) , (3) ƲƯ
MF MF a2+ =1 2

2
aMF MF cx

- =1 2

,MF a a
cx MF a a

cx
= + = -1 2  :ŪŤƴŤƀƳ
2

yMF x c 2 2= ++1 ^ h  Ʈŧ 2MF cxa a
2

= +1 ` j   ŸųŐƴƫ

x y ccx c a cx a
x2 22 2 2 2
2

2 2

+ + + = + +  :ƼƬƗ ƪƈŰƴƟ

x c x y ca a2
2

2 2
2 2 2- -+ =

x y ca
a c a2

2

2 2
2 2 2-

-+ =
^ h

&
x ya
b b2

2 2
2 2+ =  :a c b2 2 2- =  ƖƌƳ

.ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ ƾƷƹ   a
x

b
y

12

2

2

2

+ =  :ƼƬƗ ƪƈŰƳ b2  ƼƬƗ ŠưƀƤƫŚŝ
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:ƾƫŚŤƫŚƧ ,0 0^ h ƪƇǃř ŠƐƤƳ ƵżƧźƯ ƽŸƫř ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ

0a b2 2 0a b2 2

ŠƫŵŚƘưƫř
x y
b a 12

2

2

2

+ = a
x y

b 12

2

2

2

+ =

M

x

y

F2

F1

y c
a2

=

y c
a2

= -

A2

B1 B2

A1

d1 d2

M

F2F1

A1 A2

B2

x c
a2

= - x c
a2

=

B1

x

y

ƖƐƤƫř ƱŚǀŝ

šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ źŞƧǃř ŹƺŰưƫř

, , ,A a A a0 02-1 ^ ^h h , , ,A a A a0 02-1 ^ ^h h  ŚƟźƏ ƱŚſŏźƫř
źŞƧǃř ŹƺŰưƫř

a2
 ŹƺŰưƫř ƩƺƏ
źŞƧǃř

, 0 ,,B b B b 02-1 ^ ^h h , , ,B b B b0 02-1 ^ ^h h  ŹƺŰưƫř ŚƟźƏ
źƜƇǃř

b2
 ŹƺŰưƫř ƩƺƏ
źƜƇǃř

,, ,F c F c0 01 2-^ ^h h ,, ,F c F c0 01 2-^ ^h h ƱŚţŹŒŞƫř

a b c2 2 2+= ŠǀſŚſǃř ŠƣǈƘƫř

,c
a

c
ay y

2 2

= - = ,x x a
c
a

c
2 2

= - = ƲǀƬǀƫŶƫř ŚŤƫŵŚƘƯ

ƵżƧźƯƹ ƶƿŹƺŰƯ ƲƯ ƪƧ Ʃƺů źƓŚƴŤƯ ƆƣŚƴƫř ƖƐƤƫř źƓŚƴŤƫř
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:ŶūƹŐƟ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ x y
16 10 1
2 2

+ =  :ŢƳŚƧ řŷœ

.źƜƇǃř ŹƺŰưƫř ƾƟźƏƹ ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b

.ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d

:ƪŰƫř

a
x

b
y

12

2

2

2

+ =  :ƾƷ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ  a

:Ʊŏ ŶŬƳ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ ƲƯƹ

a a16 42 (= =

b b10 102 (= =

šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ źŞƧǃř ŹƺŰưƫřƹ

, , ,A A4 0 4 021 -^ ^h h  :ŚưƷ ƆƣŚƴƫř ƖƐƤƫř ŚſŏŹ

, , ,B B0 10 0 1021 -^ ^h h  :ŚưƷ źƜƇǃř ŹƺŰưƫř ŚƟźƏ

c a b2 2 2= - b

c 16 102 = -

6=

6c =  ƶƴƯƹ

, , ,F F6 0 6 021 -^ ^h h  :ƼƬƗ ƪƈŰƴƟ

 :ŶŬƳ ƶƴƯƹ ,x c
a

x c
a2 2

= - =   :ƲǀƬǀƫŶƫř ŠƫŵŚƘƯ  c

x1-1
-1
-2
-3

-2-3-4-5

1
2
3

2 3 4 5

y

A
1

B
2

B
1

F
1

F
2 A2

d
1

d
2

x
6
16

3
8 6

=
-

=
-

x
6
16

3
8 6

= =

8 2:a a2 2 4#= =  ƺƷ źŞƧǃř ŹƺŰưƫř ƩƺƏ  d

2:b b2 2 10=      ƺƷ źƜƇǃř ŹƺŰưƫř ƩƺƏ

:ŶūƹŐƟ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ x y
4 9 1
2 2

+ =  :ŢƳŚƧ řŷœ  1

.źƜƇǃř ŹƺŰưƫř ƾƟźƏƹ ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b

.ƖƐƤƫř ƾƬǀƫŵ ŠƫŵŚƘƯ  c

.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d
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:ŶūƹŐƟ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ x y
16 10 1
2 2

+ =  :ŢƳŚƧ řŷœ

.źƜƇǃř ŹƺŰưƫř ƾƟźƏƹ ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b

.ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d

:ƪŰƫř

a
x

b
y

12

2

2

2

+ =  :ƾƷ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ  a

:Ʊŏ ŶŬƳ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ ƲƯƹ

a a16 42 (= =

b b10 102 (= =

šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ źŞƧǃř ŹƺŰưƫřƹ

, , ,A A4 0 4 021 -^ ^h h  :ŚưƷ ƆƣŚƴƫř ƖƐƤƫř ŚſŏŹ

, , ,B B0 10 0 1021 -^ ^h h  :ŚưƷ źƜƇǃř ŹƺŰưƫř ŚƟźƏ

c a b2 2 2= - b

c 16 102 = -

6=

6c =  ƶƴƯƹ

, , ,F F6 0 6 021 -^ ^h h  :ƼƬƗ ƪƈŰƴƟ

 :ŶŬƳ ƶƴƯƹ ,x c
a

x c
a2 2

= - =   :ƲǀƬǀƫŶƫř ŠƫŵŚƘƯ  c

x1-1
-1
-2
-3

-2-3-4-5

1
2
3

2 3 4 5

y

A
1

B
2

B
1

F
1

F
2 A2

d
1

d
2

x
6
16

3
8 6

=
-
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.ƖƐƤƫř řŸƸƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹř Ʈŧ ¬4 źƜƇǃř ƵŹƺŰƯ ƩƺƏƹ , , ,F F0 3 0 31 2-^ ^h h :ƵŚţŹŒŝ ƽŸƫř ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř
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x y
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+ =  şŹƺƈƫř ƼƬƗ ŠƫŵŚƘưƫř ƱƺƨŤƟ šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƱŚţŹŒŞƫř ƖƤţ

-6
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3
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( , )F 0 32

( , )F 0 31 -

 4 =  źƜƇǃř ŹƺŰưƫř ƩƺƏ   ¬c 3=  Ʊƺƨţƹ
b b2 4 2(` = =

, 0 , 0,2 2-^ ^h h źƜƇǃř ŹƺŰưƫř ŚƟźƏ   `
4b2` =

ac b2 2 2= -

a9 42= -

a 132 =

x y
4 13 1
2 2

+ =  :ƾƷ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ   `

ŚĐǀŞƿźƤţ  Ôǈƨƃ  ƮſŹřƹ  ¬6  źŞƧǃř  ƵŹƺŰƯ  ƩƺƏƹ  , , ,F F2 0 2 0-1 2^ ^h h  :ƵŚţŹŒŝ  ƽŸƫř  ƆƣŚƴƫř  ƖƐƤƫř  ŠƫŵŚƘƯ  Ŷūƹŏ  2
.ƖƐƤƫř řŸƸƫ

x y25 16 400 02 2+ - =  :ƶŤƫŵŚƘƯ ƽŸƫř ƆƣŚƴƫř ƖƐƤƬƫ źŞƧǃř ŹƺŰưƫř ƩƺƏƹ Ʋǀſŏźƫřƹ ƲǀţŹŒŞƫř Ŷūƹŏ

:ƪŰƫř
x y25 16 400 02 2+ - =

x y25 16 4002 2+ =

x y
400
25

400
16

400
4002 2

+ = 400 ƼƬƗ ŠƫŵŚƘưƫř ƾƟźƏ Šưƀƣ

x y
16 25 1
2 2

+ = ƆƣŚƴƫř ƖƐƤƬƫ ŠƯŚƘƫř şŹƺƈƫř

b b16 42 (= =

a a25 52 (= =

c a b2 2 2a = -

c 25 162` = -

c c9 32 (= =

, , ,F F0 3 0 32-1 ^ ^h h  :šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƱŚţŹŒŞƫř
, , ,B B0 5 0 52-1 ^ ^h h  :šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƱŚſŏźƫř

a2 2 5 10#= =  :ƱƺƨǀƟ a2  ƺƷ źŞƧǃř ŹƺŰưƫř ƩƺƏ

x y4 162 2+ =  :ƶŤƫŵŚƘƯ ƽŸƫř ƆƣŚƴƫř ƖƐƤƬƫ źŞƧǃř ŹƺŰưƫř ƩƺƏƹ Ʋǀſŏźƫřƹ ƲǀţŹŒŞƫř Ŷūƹŏ  3
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.8 cm  ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ 1 cm2  źŞƧǃř ƵŹƺŰƯ ƩƺƏ ƱŚƧ řŷœ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ Ŷūƹŏ

:ƪŰƫř

 cm12  ƺƷ źŞƧǃř ŹƺŰưƫř ƩƺƏ  a

2a a 612(` = =

 8 cm  ƺƷ ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫř  a

2 8 4c c(` = =

a b c2 2 2= +  :Ʋƨƫƹ

6 4 36 16 20a cb 22 22 2= = - = - =-

=
a b
x y

12

2

2

2

+  :ƾƷ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ

36 20
x y

1
2 2

+ =  :ŠƫŵŚƘưƫř ƼƬƗ ƪƈŰƳ ƊƿƺƘŤƫŚŝ

. cm10  ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ cm16  źŞƧǃř ƵŹƺŰƯ ƱŚƧ řŷœ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ Ŷūƹŏ  4

. ,A 2 1^ h ŠƐƤƴƫŚŝ źưƿƹ ,F 2 0^ h ƶǀţŹŒŝ ƻŶůœ ƽŸƫř ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř

šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƖƤţ ( , )F 2 0  şŹŒŞƫř   a

:ƾƷ ƪƇǃř ŠƐƤƳ ƵżƧźƯ ƽŸƫř ƆƣŚƴƫř ƖƐƤƬƫ ŠƫŵŚƘƯ   `

a
x

b
y

12

2

2

2

+ =  ,  c 2=

c a b2 2 2= -

( ) a b2 2 2 2-=

a b 42 2= + (1)

,A 2 1^ h ŠƐƤƴƫŚŝ źưƿ ƆƣŚƴƫř ƖƐƤƫř   a
4 4
a a b

b
b

a1 1 12 2 2 2

2 2

(`
+

+ = =

b a a b4 2 2 2 2+ = (2)

  b b b b4 4 42 2 2 2+ + = +^ h :ŶŬƳ (2) ƾƟ (1) ƊƿƺƘŤƫŚŝ
b b 4 04 2- - = :ŠƫŵŚƘưƫř ƼƬƗ ƪƈŰƳ ƶƴƯƹ

b 2
1 172 =
+
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.8 cm  ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ 1 cm2  źŞƧǃř ƵŹƺŰƯ ƩƺƏ ƱŚƧ řŷœ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ Ŷūƹŏ

:ƪŰƫř

 cm12  ƺƷ źŞƧǃř ŹƺŰưƫř ƩƺƏ  a

2a a 612(` = =

 8 cm  ƺƷ ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫř  a

2 8 4c c(` = =

a b c2 2 2= +  :Ʋƨƫƹ

6 4 36 16 20a cb 22 22 2= = - = - =-

=
a b
x y

12

2

2

2

+  :ƾƷ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ

36 20
x y

1
2 2

+ =  :ŠƫŵŚƘưƫř ƼƬƗ ƪƈŰƳ ƊƿƺƘŤƫŚŝ

. cm10  ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ cm16  źŞƧǃř ƵŹƺŰƯ ƱŚƧ řŷœ ƆƣŚƳ ƖƐƣ ŠƫŵŚƘƯ Ŷūƹŏ  4

. ,A 2 1^ h ŠƐƤƴƫŚŝ źưƿƹ ,F 2 0^ h ƶǀţŹŒŝ ƻŶůœ ƽŸƫř ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř
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a
x

b
y

12

2

2

2

+ =  ,  c 2=

c a b2 2 2= -

( ) a b2 2 2 2-=

a b 42 2= + (1)

,A 2 1^ h ŠƐƤƴƫŚŝ źưƿ ƆƣŚƴƫř ƖƐƤƫř   a
4 4
a a b

b
b

a1 1 12 2 2 2

2 2

(`
+

+ = =

b a a b4 2 2 2 2+ = (2)

  b b b b4 4 42 2 2 2+ + = +^ h :ŶŬƳ (2) ƾƟ (1) ƊƿƺƘŤƫŚŝ
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b 2
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a 2
9 172 =
+ :ŶŬƳ (1) ƾƟ b2  ƲƗ ƊƿƺƘŤƫŚŝ

1
x y

2
9 17

2
1 17

2 2

+ =
+ +

:ƾƷ ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯƹ

1
x y

9 17
2

1 17
22 2

+ =
+ +

.ź ÚƀƟ ®ƻźųŏ ŠƤƿźƐŝ (5) ƩŚŨƯ ƪů Ʀƴƨưƿ ƪƷ  a   5

. ,A 2 2 6^ h ŠƐƤƴƫŚŝ źưƿƹ cm10  ƶƫƺƏ ƾƤƟŏ źƜƇǃř ƵŹƺŰƯ ƽŸƫř ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  b

Applications Using Ellipses  ŠƈƣŚƴƫř ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ
.ƆƣŚƳ ƖƐƣ ƮƀŬưƫ Ś ÔŰƐſ ŪŤƴØƿ ƆƣŚƴƫř ƖƐƤƫř ƱŔƟ ¬źŞƧǃř ƵŹƺŰƯ Ʃƺů ŵŚƘŝǃř ƾŧǆŧ ƙřźƟ ƾƟ Ś ÔƈƣŚƳ Ś ÔƘƐƣ Ź ÚƹŶƳ ŚƯŶƴƗ

.ƻźųǃř şŹŒŞƫř Ʃǆų źưƿƹ ŮƐƀƫř ŶƴƗ žƨƘƴǀſ ƲǀţŹŒŞƫř ƻŶůœ ƲƯ ŦƘŞƴưƫř šƺƈƫř ƹŏ ŌƺƌƫŚƟ
ŠǀƯŶƇ šŚūƺƯ
ŵŵźŤƫř ŠƤŗŚƟ

 ŠǀƬƧ şƺƈů
Ɗƿźưƫř

 řŷœ ¬ŏŶŞưƫř řŸƸŝ ƪưƘţ žưƸƬƫ ƉźƗ šǅŚƇ ƼƬƗ ƭƺƬƘƫř ƞůŚŤƯ ƽƺŤŰţ ƦƫŸƧ
 şŹŒŞƫř ƾƟ ƞƤƿ ƽŸƫř ƆŴƄƬƫ ƲƨưǀƟ ¬ƲǀţŹŒŞƫř ƻŶůœ ƾƟ ƞƤƿ ƆŴƃ žưƷ

 ¬ƾŞƏ ƢǀŞƐţ ƥŚƴƷ .ƵźƸƓ ƶƫ źƿŶƿ ťŶŰŤưƫř ƱŚƧ řŷœ ƼŤů ¬ŠƫƺƸƀŝ ƶƘưƀƿ Ʊŏ ƻźųǃř
 ŠǀƯŶƇ šŚūƺưŝ šřƺƈŰƫř  ŢǀŤƠţ ŻŚƸū ŦƘŞƿ .ƼƬƨƫř šřƺƈů ũǆƗ ƾƟ ¬Ś Ôƌƿŏ

 ŠǀƬƧ šřƺƈů źŞƗ ŠǀƯŶƈƫř šŚūƺưƫř źưţƹ ƲǀţŹŒŞƫř ƻŶůœ ƲƯ (UHF) ŵŵźŤƫř ŠƤŗŚƟ
.ŚƸŤŤƠţƹ ŠǀƳŚŨƫř şŹŒŞƫř ƾƟ Ɗƿźưƫř

 ŹƺŰƯƹ ¬ ( , ) , ( , )A A6 0 6 0-1 2  ƱŚŤǀƟźƐƫř ƵŚŤƐƤƳ źŞƧŏ ŹƺŰƯ ¬šřƺƈŰƫř ŢǀŤƠţ ŻŚƸŬƫ ƆƣŚƴƫř ŮƐƀƫř Ŷƫƺƿ ƽŸƫř ƆƣŚƴƫř ƖƐƤƬƫ
.ƲǀţŹŒŞƫř šŚǀŧřŶůœ Ŷūƹŏ ¬ , .B 0 2 5-1 ^ h ƲǀŤǀƟźƐƫř ƶǀŤƐƤƳ ƻŶůœ źƜƇǃř

:ƪŰƫř

 ( , )0 0  ƵżƧźƯƹ , .a b6 2 5= =  :Ʊŏ ŶŬƳ şŚƐƘưƫř šŚƯƺƬƘưƫř ƲƯ

c a b2 2 2= -

c a b2 2= -

.6 2 52 2= -

.5 454.

. , , . ,F F5 45 0 5 45 01 - 2^ ^h h ƱŚŤƐƤƴƫř ŜƿźƤŤƫŚŝ ŚưƷ ƱŚţŹŒŞƫř
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x y
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2 2
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+ +
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x y
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1 17
22 2

+ =
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. ,A 2 2 6^ h ŠƐƤƴƫŚŝ źưƿƹ cm10  ƶƫƺƏ ƾƤƟŏ źƜƇǃř ƵŹƺŰƯ ƽŸƫř ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  b

Applications Using Ellipses  ŠƈƣŚƴƫř ƕƺƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ
.ƆƣŚƳ ƖƐƣ ƮƀŬưƫ Ś ÔŰƐſ ŪŤƴØƿ ƆƣŚƴƫř ƖƐƤƫř ƱŔƟ ¬źŞƧǃř ƵŹƺŰƯ Ʃƺů ŵŚƘŝǃř ƾŧǆŧ ƙřźƟ ƾƟ Ś ÔƈƣŚƳ Ś ÔƘƐƣ Ź ÚƹŶƳ ŚƯŶƴƗ

.ƻźųǃř şŹŒŞƫř Ʃǆų źưƿƹ ŮƐƀƫř ŶƴƗ žƨƘƴǀſ ƲǀţŹŒŞƫř ƻŶůœ ƲƯ ŦƘŞƴưƫř šƺƈƫř ƹŏ ŌƺƌƫŚƟ
ŠǀƯŶƇ šŚūƺƯ
ŵŵźŤƫř ŠƤŗŚƟ

 ŠǀƬƧ şƺƈů
Ɗƿźưƫř

 řŷœ ¬ŏŶŞưƫř řŸƸŝ ƪưƘţ žưƸƬƫ ƉźƗ šǅŚƇ ƼƬƗ ƭƺƬƘƫř ƞůŚŤƯ ƽƺŤŰţ ƦƫŸƧ
 şŹŒŞƫř ƾƟ ƞƤƿ ƽŸƫř ƆŴƄƬƫ ƲƨưǀƟ ¬ƲǀţŹŒŞƫř ƻŶůœ ƾƟ ƞƤƿ ƆŴƃ žưƷ

 ¬ƾŞƏ ƢǀŞƐţ ƥŚƴƷ .ƵźƸƓ ƶƫ źƿŶƿ ťŶŰŤưƫř ƱŚƧ řŷœ ƼŤů ¬ŠƫƺƸƀŝ ƶƘưƀƿ Ʊŏ ƻźųǃř
 ŠǀƯŶƇ šŚūƺưŝ šřƺƈŰƫř  ŢǀŤƠţ ŻŚƸū ŦƘŞƿ .ƼƬƨƫř šřƺƈů ũǆƗ ƾƟ ¬Ś Ôƌƿŏ

 ŠǀƬƧ šřƺƈů źŞƗ ŠǀƯŶƈƫř šŚūƺưƫř źưţƹ ƲǀţŹŒŞƫř ƻŶůœ ƲƯ (UHF) ŵŵźŤƫř ŠƤŗŚƟ
.ŚƸŤŤƠţƹ ŠǀƳŚŨƫř şŹŒŞƫř ƾƟ Ɗƿźưƫř

 ŹƺŰƯƹ ¬ ( , ) , ( , )A A6 0 6 0-1 2  ƱŚŤǀƟźƐƫř ƵŚŤƐƤƳ źŞƧŏ ŹƺŰƯ ¬šřƺƈŰƫř ŢǀŤƠţ ŻŚƸŬƫ ƆƣŚƴƫř ŮƐƀƫř Ŷƫƺƿ ƽŸƫř ƆƣŚƴƫř ƖƐƤƬƫ
.ƲǀţŹŒŞƫř šŚǀŧřŶůœ Ŷūƹŏ ¬ , .B 0 2 5-1 ^ h ƲǀŤǀƟźƐƫř ƶǀŤƐƤƳ ƻŶůœ źƜƇǃř

:ƪŰƫř
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źŞƧǃř ƵŹƺŰƯ ƾƟźƏ ŚŤƐƤƳ ƆƣŚƳ ƖƐƣ ƱřŹƹŵ ƲƯ ¬šřƺƈŰƫř ŢǀŤƠţ şżƸūŏ Ŷůǃ ƆƣŚƴƫř ƮƀŬưƫř ŶƫƺŤƿ  6

.ƲǀţŹŒŞƫř šŚǀŧřŶůœ ŶūƹŐƟ ­ , .B 0 3 51 ^ h źƜƇǃř ƵŹƺŰƯ ƾƟźƏ ƾŤƐƤƳ ƻŶůœ ŢƳŚƧ řŷœ . , , ,A A8 0 8 01 - 2^ ^h h

 Ʋƨưƿ şŹŒŝ ƲƯ ƢƬƐƴƿ ƽŸƫř šƺƈƫř ƱŔƟ ƪƨƄƫř ŠƿƹŚƌǀŞƫř šǇŚƈƫř ƾƟ žưƸƫř ŠƘŝŚŤưƫ
 ƻźŞƨƫř šǇŚƈƫř ƻŶůœ Ʊŏ ƉřźŤƟř ƼƬƗ .ŠǀƳŚŨƫř şŹŒŞƫř ƾƟ ƭŚţ ƪƨƄŝ ƶǀƫœ ƕŚưŤſǇř

. m46 ƹ m98  ŚƸƿŹƺŰƯ ƾƫƺƏ ƽƹŚƌǀŝ ƪƨƃ ƼƬƗ ŠǀƴŞƯ
 ƶƗŚưſ ƲƯ ƲƨưŤǀƫ ƆŴƃ ƖƣƺƯ Ʊƺƨƿ Ʊŏ ŜŬƿ šƺƈƫř ŹŶƈƯ ƲƯ ŠƟŚƀƯ ƽŏ ƼƬƗ

®ŮƋřƹ ƪƨƄŝ

:ƪŰƫř

ƲǀţŹŒŞƫř ƻŶůœ ŶƴƗ šƺƈƫř ŹŶƈƯ   a

ŭƺƋƺŝ šƺƈƫř Ɩưƀƿ ƼŤů ƻźųǃř şŹŒŞƫř ŶƴƗ ƆŴƄƫř ƞƤƿ Ʊŏ ŜŬƿ   `
98m  ƶƫƺƏ źŞƧŏ ŹƺŰƯ ƶƫ Ś ÔƈƣŚƳ ŚÔƘƐƣ ƪŨưƿ ŠƫŚƈƬƫ ƽƹŚƌǀŞƫř ƪƨƄƫř
a2 98` =

a 49=

b2 46` =   46m  źƜƇǃř ŹƺŰưƫř ƩƺƏƹ
b 23=

c a b2 2 2= -

( ) ( )c 49 232 2 2= -  :ŠƫŵŚƘưƫř ƲƯ
c 18722 =

.c 43 267.

.c2 86 5. :ƾƷ ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ
86. m5  Ƽƫřƺů ƽŏ

.šƺƈƫř ŹŶƈƯ ƲƯ ŚÔŞƿźƤţ 86. m5  ŶƘŝ ƼƬƗ ƆŴƄƫř ƖƣƺƯ Ʊƺƨƿ Ʊŏ ŜŬƿ

. 6m3  ¬ m78  ŚƸƿŹƺŰƯ ƾƫƺƏ ƪƨƄƫř ŠƿƹŚƌǀŝ ŠƫŚƈƫř Ʊŏ ƉřźŤƟř ƼƬƗ  7
®ŮƋřƹ ƪƨƄŝ ƢƬƐƴưƫř šƺƈƫř ƕŚưſ ƲƯ ƲƨưŤǀƫ ƆŴƃ ƖƣƺƯ Ʊƺƨƿ Ʊŏ ŜŬƿ šƺƈƫř ŹŶƈƯ ƲƯ ŠƟŚƀƯ ƽŏ ƼƬƗ
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. m46 ƹ m98  ŚƸƿŹƺŰƯ ƾƫƺƏ ƽƹŚƌǀŝ ƪƨƃ ƼƬƗ ŠǀƴŞƯ
 ƶƗŚưſ ƲƯ ƲƨưŤǀƫ ƆŴƃ ƖƣƺƯ Ʊƺƨƿ Ʊŏ ŜŬƿ šƺƈƫř ŹŶƈƯ ƲƯ ŠƟŚƀƯ ƽŏ ƼƬƗ

®ŮƋřƹ ƪƨƄŝ

:ƪŰƫř

ƲǀţŹŒŞƫř ƻŶůœ ŶƴƗ šƺƈƫř ŹŶƈƯ   a

ŭƺƋƺŝ šƺƈƫř Ɩưƀƿ ƼŤů ƻźųǃř şŹŒŞƫř ŶƴƗ ƆŴƄƫř ƞƤƿ Ʊŏ ŜŬƿ   `
98m  ƶƫƺƏ źŞƧŏ ŹƺŰƯ ƶƫ Ś ÔƈƣŚƳ ŚÔƘƐƣ ƪŨưƿ ŠƫŚƈƬƫ ƽƹŚƌǀŞƫř ƪƨƄƫř
a2 98` =

a 49=

b2 46` =   46m  źƜƇǃř ŹƺŰưƫř ƩƺƏƹ
b 23=

c a b2 2 2= -

( ) ( )c 49 232 2 2= -  :ŠƫŵŚƘưƫř ƲƯ
c 18722 =

.c 43 267.

.c2 86 5. :ƾƷ ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ
86. m5  Ƽƫřƺů ƽŏ

.šƺƈƫř ŹŶƈƯ ƲƯ ŚÔŞƿźƤţ 86. m5  ŶƘŝ ƼƬƗ ƆŴƄƫř ƖƣƺƯ Ʊƺƨƿ Ʊŏ ŜŬƿ
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®ŮƋřƹ ƪƨƄŝ ƢƬƐƴưƫř šƺƈƫř ƕŚưſ ƲƯ ƲƨưŤǀƫ ƆŴƃ ƖƣƺƯ Ʊƺƨƿ Ʊŏ ŜŬƿ šƺƈƫř ŹŶƈƯ ƲƯ ŠƟŚƀƯ ƽŏ ƼƬƗ
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xF2 F1

P1

 :ŠƫŵŚƘưƫř ƱŚǀŝ ƪŨưƿ ŹƹŚŬưƫř ƪƨƄƫř
x y9 16 1442 2- =

a
x

b
y

12

2

2

2

- =  :şŹƺƈƫř ƼƬƗ ŠƫŵŚƘưƫř ŜŤƧř  a

 .ŠƤŝŚƀƫř ŠƫŵŚƘưƫř ƢƤŰţ ,P 5 4
9

1 a k ŠƐƤƴƫř Ʊŏ ƲƯ ƢƤŰţ  b

( , ) , ( , )F F5 0 5 0-1 2  ƲǀŤƐƤƴƫř ƲƯ ƪƧ ƲƗ P1 ŠƐƤƴƫř ŶƘŝ Ŷūƹŏ  c

P F P F-1 1 1 2  :Ŷūƹŏ  d

, , ( , )P P5 044
9

-2 3` j  :ƱŚŤƐƤƴƫř ƖƯ b  , c  šřƺƐŴƫř ŹźƧ  e

®ƒůǆţ řŷŚƯ  f

Ŷŗřżƫř ƖƐƤƫř :ƞƿźƘţ

 ƪƧ ƽŶƘŝ Ʋǀŝ ơźƠƬƫ ŠƤƬƐưƫř ŠưǀƤƫř Ʊƺƨţ ƾŤƫř ƽƺŤƀưƫř ƾƟ ƍŚƤƴƫř ƪƧ ŠƗƺưŬƯ ƺƷ Ŷŗřżƫř ƖƐƤƫř
.ŚÔŤŝŚŧ ƽƺŤƀưƫř ƾƟ ƲǀŤŤŝŚŧ ƲǀŤƐƤƳ ƲƗ ŚƸƴƯ ŠƐƤƳ

 ƽŏ řŶƘŝƹ ¬şŹŒŝ Ƽưƀţ ,F F1 2  ƲǀŤŤŝŚŨƫř ƲǀŤƐƤƴƫř ƲƯ ƪƧƹ ¬ř ÔŶŗřŻ Ś ÔƘƐƣ (a) ƪƨƄƫř ŮƋƺƿ
 ƲǀƬƈƠƴƯ ƲǀǀƴŰƴƯ ƲƯ Ŷŗřżƫř ƖƐƤƫř ƱƺƨŤƿ .(ŢŝŚŧ ŚưƸƴǀŝ ơźƠƫř Ŧǀů) ,d d1 2 ŚưƸƴƗ ŠƐƤƳ
 ƖƐƤƿ ƲǀţŹŒŞƫŚŝ ŹŚưƫř ƮǀƤŤƀưƫř .ƖƐƤƬƫ ƲǀƬŗŚƯ ƲǀŝŹŚƤƯ ƲǀƐų ,L L1 2 ƱŚƐŴƫř Ƽưƀƿƹ (ƲǀƗźƟ)
 ƖƏŚƤƫř ŹƺŰưƫŚŝ Ʋǀſŏźƫř Ʋǀŝ ŠƬƇřƺƫř ŠưǀƤŤƀưƫř ŠƘƐƤƫř Ƽưƀţƹ ¬Ʋǀſŏźƫř ƾŤƐƤƳ ƾƟ ƖƐƤƫř ƾƗźƟ

.Ŷŗřżƫř ƖƐƤƫř żƧźƯ ƖƏŚƤƫř ŹƺŰưƫř ƞƈŤƴƯ ŠƐƤƳ Ƽưƀţ ŚưƧ ¬(ƾſŚſǃř)

x

y

d1

( , )F c 02( , )F c 0-1

( , )P x y

d2

ƪŗŚƯ śŹŚƤƯ Ǝų

ƪŗŚƯ śŹŚƤƯ Ǝų

ŽŏŹ
şŹŒŝ şŹŒŝ

żƧźưƫř
ŽŏŹ

L1L2

 (a) ƪƨƃ

Ŷŗřżƫř ƖƐƤƫř
Hyperbola

ƮƬƘŤţ Ɲƺſ
• .Ŷŗřżƫř ƖƐƤƫř
• .Ŷŗřżƫř ƖƐƤƫř ƅřƺų

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• Hyperbola  ŶŗřŻ ƖƐƣ
• ŠŝŹŚƤƯ ƍƺƐų

Asymptotes
• Vertices  ŽƹőŹ

:ŠƯƺƬƘƯ
ƪŗŚưƫř śŹŚƤưƫř ƎŴƫř

M

H
c

d

y

x

 ƼƴŰƴưƬƫ ƪŗŚƯ śŹŚƤƯ Ǝų ƺƷ d
 0MH$  ŠƟŚƀưƫř  řŷœ  c
 Ƽƫœ  M  ŠƐƤƴƫř  ŶƘŤŞţ  ŚƯŶƴƗ

.c ƼƴŰƴưƫř ƼƬƗ ŠƿŚƸƳ ǈƫř

:ŚǀūƺƫƺƴƨŤƫŚŝ Ǝŝźƫř
 ŠǀƏƹźŴưƫř ƕƺƐƤƫř ƱŚǀŝ Ʈſźƫ

:ŠǀƳŚǀŞƫř ŠŞſŚŰƫř Šƫǁř ƼƬƗ
 ƼƬƗ źƤƳŏ Menu ŠưŗŚƤƫř ƲƯ

.ŠŰƠƈƫř źƸƔŤƟ Conics
Select Equation  
X A Y K K2
= - +^ h  

X AY BY C2
= + +  

Y A X H K2
= - +^ h  

Y AX BX C2
= + +  

X H Y H R2 2 2
- + - =^ ^h h

0AX AY BX CY D2 2
+ + + + =

1
A

X H
B

Y H
2

2

2

2

=
-

+
-^ ^h h

1
A

X H
B

Y H
2

2

2

2

=
-

-
-^ ^h h

1
B

Y H
A

X H
2

2

2

2

=
-

-
-^ ^h h

 ŠŰƠƇ źƸƔŤƟ .ŠƫŵŚƘưƫř źŤųř
 .ŢŝřƺŨƫřƹ šǈƯŚƘưƫř ƲưƌŤţ
 źƸƔǀƟ =  ƼƬƗ źƤƳŏ Ʈŧ ƉÚƺƗ

 ƾƏƹźŴưƫř ƖƐƤƬƫ ƾƳŚǀŞƫř Ʈſźƫř
.ŠƃŚƄƫř ƼƬƗ
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+
-^ ^h h

1
A

X H
B

Y H
2

2

2

2

=
-

-
-^ ^h h

1
B

Y H
A

X H
2

2

2

2

=
-

-
-^ ^h h

 ŠŰƠƇ źƸƔŤƟ .ŠƫŵŚƘưƫř źŤųř
 .ŢŝřƺŨƫřƹ šǈƯŚƘưƫř ƲưƌŤţ
 źƸƔǀƟ =  ƼƬƗ źƤƳŏ Ʈŧ ƉÚƺƗ

 ƾƏƹźŴưƫř ƖƐƤƬƫ ƾƳŚǀŞƫř Ʈſźƫř
.ŠƃŚƄƫř ƼƬƗ
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:ƾƫŚŤƫŚƧ ƪƇǃř ŠƐƤƳ ƵżƧźƯ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ

ba
y x 12

2

2

2

- = a
x

b
y

12

2

2

2

- = ŠƫŵŚƘưƫř

y
b
a x

=

y
b ax

-

=

y

x

F2

A1

A2

F1

B1 B2

y
a
b x

=

y
a bx

-

=

y

xA2A1F1 F2

B1

B2

ƖƐƤƫř ƱŚǀŝ

, , ,A a A a0 02-1 ^ ^h h , , ,A a A a0 02-1 ^ ^h h  ŹƺŰưƫř ŚƟźƏ
ƱŚſŏźƫř ƖƏŚƤƫř

šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ  ƖƏŚƤƫř ŹƺŰưƫř
(ƾſŚſǃř)

2a  ŹƺŰưƫř ƩƺƏ
ƖƏŚƤƫř

, 0 ,,B b B b 02-1 ^ ^h h , , ,B b B b0 02-1 ^ ^h h  ŹƺŰưƫř ŚƟźƏ
ƢƟřźưƫř

2b  ŹƺŰưƫř ƩƺƏ
ƢƟřźưƫř

, , ,F c F c0 0-1 2^ ^h h , , ,F c F c0 0-1 2^ ^h h ƱŚţŹŒŞƫř

c a b2 2 2= + ŠǀſŚſǃř ŠƣǈƘƫř

y xb
a

!= xy a
b

!=
 ƲǀƐŴƫř ŠƫŵŚƘƯ
ƲǀŝŹŚƤưƫř

y c
a2

!= x c
a2

!= ƲǀƬǀƫŶƫř ŠƫŵŚƘƯ

ƵżƧźƯƹ ƶƿŹƺŰƯ Ʃƺů źƓŚƴŤƯ ƖƐƤƫř źƓŚƴŤƫř
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:Ŷūƹŏ ¬ŶŗřŻ ƖƐƣ ŠƫŵŚƘƯ x y9 16 1442 2- =  :ƲƨŤƫ
.Ŷŗřżƫř ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b
.ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

.ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d

.ƖƐƤƬƫ ŚĐǀƐǀƐŴţ Ôǈƨƃ ƮſŹř Ʈŧ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƲƯ ƪƧ ŠƫŵŚƘƯ  e

:ƪŰƫř

x y9 16 1442 2- =  ŠƫŵŚƘưƫř  a
x y
144
9

144
16

144
1442 2

- =  144 ƼƬƗ ŠƫŵŚƘưƫř ƾƟźƏ Ʈƀƣř

x y
16 9 1
2 2

- =

a
x

b
y

12

2

2

2

- =  :şŹƺƈƫř ƼƬƗ ŠƫŵŚƘưƫřƹ  

:ƾƫŚŤƫŚŝƹ šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƖƏŚƤƫř ŹƺŰưƫř
a a16 42 (= =

b b9 32 (= =

, , ,A A4 0 4 02-1 ^ ^h h  :ŚưƷ Ŷŗřżƫř ƖƐƤƫř ŚſŏŹ

c a b2 2 2= +  :ŠƫŵŚƘưƫř ŜŤƨƳ ƲǀţŹŒŞƫř ŵŚŬƿǅ  b

c 16 9 252 = + =  :ƊƿƺƘŤƫŚŝ
c 5=

, , ,F F5 0 5 02-1 ^ ^h h :ƱŚţŹŒŞƫř

x c
a2

= , x c
a2

-=  :Ŷŗřżƫř ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

5
16x = , 5

16x -=

a2 2 4 8#= =  :ƖƏŚƤƫř ŹƺŰưƫř ƩƺƏ  d

b2 2 3 6#= =  :ƢƟřźưƫř ŹƺŰưƫř ƩƺƏ

4 5 x

y
3

3

1

1-1

-2

-2

-3

-3
-1

-4-5

2

2

y

x4
3

=
-

F1 F2A1 A2

y

x
4
3
=

 y a
b x!=  :ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƲƯ ƪƧ ŠƫŵŚƘƯ  e

y x4
3

!=
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 šřŵŚƈƫř ŹƺŰưƫ ƲǀƿŻřƺƯ ƲǀưǀƤŤƀƯ ŚưƸƴƯ ƮſźƳƹ (ƖƐƤƫř ŽŏŹ) ƾſŚſǃř ŹƺŰưƫř ƾƟźƏ ƲÚǀƘƳ Ŷŗřżƫř ƖƐƤƫř řŸƷ ƎƐŴƯ Ʈſźƫ
.šŚƴǀƀƫř ŹƺŰưƫ ƲǀƿŻřƺƯ ƲǀưǀƤŤƀƯ ŚưƸƴƯ ƮſźƳƹ ƢƟřźưƫř ŹƺŰưƫř ƾƟźƏ ƲÚǀƘƳƹ

 ƪǀƐŤƀưƫř ƽźƐƣ ƼƬƗ ƱŚƤŞƐƴƿ Ŷŗřżƫř ƖƐƤƬƫ ƱŚŝŹŚƤưƫř ƱŚƐŴƫřƹ ƪǀƐŤƀƯ ŽƹőŹ ƪƨƄţ ƍŚƤƳ ƖŝŹŏ ƾƟ šŚưǀƤŤƀưƫř ƵŸƷ ƖƏŚƤŤţ
.ƖƐƤƫř ƱŚǀŝ ƮſŹ ƪưƨƳƹ

:Ŷūƹŏ ¬ŶŗřŻ ƖƐƣ ŠƫŵŚƘƯ y x9 25 2252 2- =  :ƲƨŤƫ  1
.Ŷŗřżƫř ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b
.ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

.ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d
.ƖƐƤƬƫ ŚĐǀƐǀƐŴţ Ôǈƨƃ ƮſŹř Ʈŧ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƲƯ ƪƧ ŠƫŵŚƘƯ  e

, , ,2 2A A0 0- 21 ^ ^h h ƵŚſŏŹƹ , , ,3 3F F0 02-1 ^ ^h h ƵŚţŹŒŝ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹřƹ ƲǀŝŹŚƤưƫř ƶǀƐų ƲƯ ÚƪƧ ŠƫŵŚƘƯ Ŷūƹŏ Ʈŧ

:ƪŰƫř
.šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƲǀţŹŒŞƫř  a

a
y

b
x 12

2

2

2
- =  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

3c =   `   , 3F 02 ^ h ƲǀţŹŒŞƫř ƻŶůœ  a
2a =   `   , 2A 02 ^ h Ʋǀſŏźƫř Ŷůŏ  a

3 2

c a b

b

2 2 2

2 2 2

= +

= +
:Ʋƨƫƹ

x

y

3
4

3 4
1

1-1-1-2

-2

-3-4

-3
-4

2

2
A1

A2

B2 B1

F2

F1

b c a2 2 2= -

9 4= -

5=

-
2

4 5
y x 1
2

=  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ

5
2 5

5
2

y x y x y x
b
a
& &! ! != = =  :ŚưƷ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ŚŤƫŵŚƘƯ

,a b! !^ h :ŠŞţźưƫř ũřƹŻǃř ƾƷ ƶſƹőŹ ƪǀƐŤƀƯ Ʈſźŝ ŏŶŞƳ ¬Ŷŗřżƫř ƖƐƤƫř ƎƐŴƯ Ʈſźƫ
.ƖƐƤƫř ƱŚǀŝ ƮſŹ ƪưƨƳƹ ƪǀƐŤƀưƫř ƽźƐƣ ƼƬƗ ƱŚƤŞƐƴƿ ŚưƸƳŏ ƼƬƗ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƮſźƳ Ʈŧ ¬ ,5 2! !^ h

 ƲƯ ÚƪƧ ŠƫŵŚƘƯ Ŷūƹŏ Ʈŧ ¬ 1 ( , ) , ( , )A A2 0 2 0- 2  ƵŚſŏŹƹ ( , ) , ( , )F F4 0 4 0-1 2  ƵŚţŹŒŝ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  2
.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹřƹ ¬ƲǀŝŹŚƤưƫř ƶǀƐų
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 šřŵŚƈƫř ŹƺŰưƫ ƲǀƿŻřƺƯ ƲǀưǀƤŤƀƯ ŚưƸƴƯ ƮſźƳƹ (ƖƐƤƫř ŽŏŹ) ƾſŚſǃř ŹƺŰưƫř ƾƟźƏ ƲÚǀƘƳ Ŷŗřżƫř ƖƐƤƫř řŸƷ ƎƐŴƯ Ʈſźƫ
.šŚƴǀƀƫř ŹƺŰưƫ ƲǀƿŻřƺƯ ƲǀưǀƤŤƀƯ ŚưƸƴƯ ƮſźƳƹ ƢƟřźưƫř ŹƺŰưƫř ƾƟźƏ ƲÚǀƘƳƹ

 ƪǀƐŤƀưƫř ƽźƐƣ ƼƬƗ ƱŚƤŞƐƴƿ Ŷŗřżƫř ƖƐƤƬƫ ƱŚŝŹŚƤưƫř ƱŚƐŴƫřƹ ƪǀƐŤƀƯ ŽƹőŹ ƪƨƄţ ƍŚƤƳ ƖŝŹŏ ƾƟ šŚưǀƤŤƀưƫř ƵŸƷ ƖƏŚƤŤţ
.ƖƐƤƫř ƱŚǀŝ ƮſŹ ƪưƨƳƹ

:Ŷūƹŏ ¬ŶŗřŻ ƖƐƣ ŠƫŵŚƘƯ y x9 25 2252 2- =  :ƲƨŤƫ  1
.Ŷŗřżƫř ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b
.ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

.ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d
.ƖƐƤƬƫ ŚĐǀƐǀƐŴţ Ôǈƨƃ ƮſŹř Ʈŧ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƲƯ ƪƧ ŠƫŵŚƘƯ  e

, , ,2 2A A0 0- 21 ^ ^h h ƵŚſŏŹƹ , , ,3 3F F0 02-1 ^ ^h h ƵŚţŹŒŝ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹřƹ ƲǀŝŹŚƤưƫř ƶǀƐų ƲƯ ÚƪƧ ŠƫŵŚƘƯ Ŷūƹŏ Ʈŧ

:ƪŰƫř
.šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƲǀţŹŒŞƫř  a

a
y

b
x 12

2

2

2
- =  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

3c =   `   , 3F 02 ^ h ƲǀţŹŒŞƫř ƻŶůœ  a
2a =   `   , 2A 02 ^ h Ʋǀſŏźƫř Ŷůŏ  a

3 2

c a b

b

2 2 2

2 2 2

= +

= +
:Ʋƨƫƹ

x

y

3
4

3 4
1

1-1-1-2

-2

-3-4

-3
-4

2

2
A1

A2

B2 B1

F2

F1

b c a2 2 2= -

9 4= -

5=

-
2

4 5
y x 1
2

=  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ

5
2 5

5
2

y x y x y x
b
a
& &! ! != = =  :ŚưƷ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ŚŤƫŵŚƘƯ

,a b! !^ h :ŠŞţźưƫř ũřƹŻǃř ƾƷ ƶſƹőŹ ƪǀƐŤƀƯ Ʈſźŝ ŏŶŞƳ ¬Ŷŗřżƫř ƖƐƤƫř ƎƐŴƯ Ʈſźƫ
.ƖƐƤƫř ƱŚǀŝ ƮſŹ ƪưƨƳƹ ƪǀƐŤƀưƫř ƽźƐƣ ƼƬƗ ƱŚƤŞƐƴƿ ŚưƸƳŏ ƼƬƗ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƮſźƳ Ʈŧ ¬ ,5 2! !^ h

 ƲƯ ÚƪƧ ŠƫŵŚƘƯ Ŷūƹŏ Ʈŧ ¬ 1 ( , ) , ( , )A A2 0 2 0- 2  ƵŚſŏŹƹ ( , ) , ( , )F F4 0 4 0-1 2  ƵŚţŹŒŝ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  2
.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹřƹ ¬ƲǀŝŹŚƤưƫř ƶǀƐų
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 šřŵŚƈƫř ŹƺŰưƫ ƲǀƿŻřƺƯ ƲǀưǀƤŤƀƯ ŚưƸƴƯ ƮſźƳƹ (ƖƐƤƫř ŽŏŹ) ƾſŚſǃř ŹƺŰưƫř ƾƟźƏ ƲÚǀƘƳ Ŷŗřżƫř ƖƐƤƫř řŸƷ ƎƐŴƯ Ʈſźƫ
.šŚƴǀƀƫř ŹƺŰưƫ ƲǀƿŻřƺƯ ƲǀưǀƤŤƀƯ ŚưƸƴƯ ƮſźƳƹ ƢƟřźưƫř ŹƺŰưƫř ƾƟźƏ ƲÚǀƘƳƹ

 ƪǀƐŤƀưƫř ƽźƐƣ ƼƬƗ ƱŚƤŞƐƴƿ Ŷŗřżƫř ƖƐƤƬƫ ƱŚŝŹŚƤưƫř ƱŚƐŴƫřƹ ƪǀƐŤƀƯ ŽƹőŹ ƪƨƄţ ƍŚƤƳ ƖŝŹŏ ƾƟ šŚưǀƤŤƀưƫř ƵŸƷ ƖƏŚƤŤţ
.ƖƐƤƫř ƱŚǀŝ ƮſŹ ƪưƨƳƹ

:Ŷūƹŏ ¬ŶŗřŻ ƖƐƣ ŠƫŵŚƘƯ y x9 25 2252 2- =  :ƲƨŤƫ  1
.Ŷŗřżƫř ƖƐƤƫř ƾſŏŹ  a

.ƲǀţŹŒŞƫř  b
.ƖƐƤƫř ƾƬǀƫŵ ƾŤƫŵŚƘƯ  c

.ƲƿŹƺŰưƫř ƲƯ ƪƧ ƩƺƏ  d
.ƖƐƤƬƫ ŚĐǀƐǀƐŴţ Ôǈƨƃ ƮſŹř Ʈŧ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƲƯ ƪƧ ŠƫŵŚƘƯ  e

, , ,2 2A A0 0- 21 ^ ^h h ƵŚſŏŹƹ , , ,3 3F F0 02-1 ^ ^h h ƵŚţŹŒŝ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹřƹ ƲǀŝŹŚƤưƫř ƶǀƐų ƲƯ ÚƪƧ ŠƫŵŚƘƯ Ŷūƹŏ Ʈŧ

:ƪŰƫř
.šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƲǀţŹŒŞƫř  a

a
y

b
x 12

2

2

2
- =  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ  `

3c =   `   , 3F 02 ^ h ƲǀţŹŒŞƫř ƻŶůœ  a
2a =   `   , 2A 02 ^ h Ʋǀſŏźƫř Ŷůŏ  a

3 2

c a b

b

2 2 2

2 2 2

= +

= +
:Ʋƨƫƹ

x

y

3
4

3 4
1

1-1-1-2

-2

-3-4

-3
-4

2

2
A1

A2

B2 B1

F2

F1

b c a2 2 2= -

9 4= -

5=

-
2

4 5
y x 1
2

=  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ

5
2 5

5
2

y x y x y x
b
a
& &! ! != = =  :ŚưƷ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ŚŤƫŵŚƘƯ

,a b! !^ h :ŠŞţźưƫř ũřƹŻǃř ƾƷ ƶſƹőŹ ƪǀƐŤƀƯ Ʈſźŝ ŏŶŞƳ ¬Ŷŗřżƫř ƖƐƤƫř ƎƐŴƯ Ʈſźƫ
.ƖƐƤƫř ƱŚǀŝ ƮſŹ ƪưƨƳƹ ƪǀƐŤƀưƫř ƽźƐƣ ƼƬƗ ƱŚƤŞƐƴƿ ŚưƸƳŏ ƼƬƗ ƲǀŝŹŚƤưƫř ƲǀƐŴƫř ƮſźƳ Ʈŧ ¬ ,5 2! !^ h

 ƲƯ ÚƪƧ ŠƫŵŚƘƯ Ŷūƹŏ Ʈŧ ¬ 1 ( , ) , ( , )A A2 0 2 0- 2  ƵŚſŏŹƹ ( , ) , ( , )F F4 0 4 0-1 2  ƵŚţŹŒŝ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  2
.ƖƐƤƬƫ ŚĐǀŞƿźƤţ Ôǈƨƃ ƮſŹřƹ ¬ƲǀŝŹŚƤưƫř ƶǀƐų
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.ƻźųŏ ơźƐŝ Ŷŗřżƫř ƖƐƤƫř ƎƐŴƯ ƮſŹ Ʀƴƨưƿ :ŠƔůǈƯ

y x5
3

=  :ƾƷ ƲǀŝŹŚƤưƫř ƶǀƐų Ŷůŏ ŠƫŵŚƘƯƹ ,F 0 34^ h ƶǀţŹŒŝ ƻŶůœƹ ,0 0^ h ƵżƧźƯ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř

,F 0 34^ h ƲǀţŹƺŞƫř ƻŶůœ   a
-2

2

a
y

b
x 1

2

2 =  :ƶŤƫŵŚƘƯƹ šřŵŚƈƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ ƖƏŚƤƫř ŹƺŰưƫř   `

c a b2 2 2a = +

a b34 2 2` = +  (1)
y x5
3

=  ƼƐƘưƫř ƲƯ Ŧǀů a
by x=  :śŹŚƤưƫř ŠƫŵŚƘƯ

b
a

5
3` =

ba 5
3` =

b b34 5
3 2

2= +a k   :(1)  ŠƫŵŚƘưƫř ƾƟ ƊƿƺƘŤƫŚŝ

9b b34 25

2
2= +

850 9b b252 2= +

b 34
8502 =

b b 5252 (= =

a b
5
3

=  :ƭŶŴŤƀƳ a Šưǀƣ ŵŚŬƿǅ

3a 5
5
3 #

==

2 2y x
9 25 1- =  :ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯƹ

y x5
4

=  ƲǀŝŹŚƤưƫř ŠǀƐų Ŷůŏ ŠƫŵŚƘƯƹ ,F 41 0^ h ƶǀţŹŒŝ ƻŶůœ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  3

. ,5 2-^ h ŠƐƤƴƫŚŝ źưƿƹ ,4 0-^ h ƶǀſŏŹ Ŷůŏƹ ,0 0^ h ƵżƧźƯ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ
:ƪŰƫř

,4 0-^ h Ŷŗřżƫř ƖƐƤƫř ƾſŏŹ Ŷůŏ   a
šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ ƖƏŚƤƫř ŹƺŰưƫř   `
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a b
5
3
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3a 5
5
3 #

==
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:ƪŰƫř

,4 0-^ h Ŷŗřżƫř ƖƐƤƫř ƾſŏŹ Ŷůŏ   a
šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ ƖƏŚƤƫř ŹƺŰưƫř   `
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2

2

2

2

a
x

b
y

1- = :ƾƷ ƖƐƤƫř ŠƫŵŚƘƯƹ

:ƱƺƨǀƟ a 4=  :šŚǀƐƘưƫř ƲƯ
2

2

2x
b
y

116 - =

,5 2-^ h ŠƐƤƴƫŚŝ Ŷŗřżƫř ƖƐƤƫř źưƿ
2 2b b16

25 4 1 16
25 41(` - = - =   ƊƿƺƘŤƫŚŝ

2
9

b16
4

=

2b 9
64

=

16
9
64 1x y2 2

- =  :Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ

16 64
9

1x y2 2

- =

,3 2
5

- -a k ŠƐƤƴƫŚŝ źưƿƹ ,0 4
5a k ƶǀſŏŹ Ŷůŏ ƽŸƫř Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ Ŷūƹŏ  4

Ŷŗřżƫř ƖƐƤƫř ƭřŶŴŤſŚŝ šŚƤǀŞƐţ
 ŚÔŞƿźƣ ř ÔŹŚƀƯ ƖŞŤƿ ƶƴƯ ƪƤŧŏ źųō Ʈƀū ŠǀŝŷŚū ƩŚŬƯ ƲưƋ ƥźŰŤƿ ƽŸƫř ƽƹŚưƀƫř ƭźŬƫř Ʊœ ƩƺƤţ ŠƿźƔƳ ƲƗ ŌŚưƬƘƫř ťŶŰŤƿ
 ŜƧřƺƨƫř ƾţŹŒŝ ƻŶůœ ƾƷ žưƄƫř Ʀƫŷ ƼƬƗ ƩŚŨƯ ¬ƪƤŧǃř ƮƀŬƫř ƾƷ ƶǀţŹŒŝ ƻŶůœ Ŧǀů ƾƏƹźŴƯ ƖƐƣ ƪƨƃ ƲƯ ř ĐŶū
 ŶƘŝ ƥźŤŤƫ Šǀŗżū ŠƤƬů ŚƸƘƯ Ʊ Úƺƨƿƹ žưƄƫř ƲƯ śźŤƤţ ŚƸƳŔƟ ŚĐƿźƔƳ žưƄƬƫ ŠŞƀƴƫŚŝ šŚŞƳŸưƫř ŠƧźů ŚƯŏ .ŚƸƫƺů ŹƹŶţ ƾŤƫř

.Ŷŗřżƫř ƖƐƤƫř ƕƹźƟ Ŷůŏ ƶŞƄƿ ř ÔŹŚƀƯ ƖŞŤŤƫ Ɩſřƺƫř ŌŚƌƠƫř ƾƟ ŶƘŤŞţƹ ƾƀưƄƫř ƭŚƔƴƫř Ʀƫŷ

ŠǀţŚǀů šŚƤǀŞƐţ
.ŶŗřŻ ƖƐƣ Ƽƫœ ŠŞƧźưƫř ŹŚƀƯ ŜƧƺƨƫř řŸƷ ŠǀŝŷŚū źÚǀƜØţ ¬ŜƧřƺƨƫř Ŷůŏ ƲƯ ŠǀŗŚƌƟ ŠŞƧźƯ śřźŤƣř ŶƴƗ
kma 332 965=  ¬ . kmc 492 788 2=  ƱŚƧ řŷœ ƪůŻ ŜƧƺƧ śźƣ ŠǀŗŚƌƟ ŠŞƧźƯ ŹŚƀƯ ũŸưƴţ ŠƫŵŚƘƯ Ŷūƹŏ

:ƪŰƫř
.ƾƤƟŏ ƖƏŚƤƫř ŹƺŰưƫř Ʊŏƹ ƪƇǃř ŠƐƤƳ ƺƷ Ŷŗřżƫř ƖƐƤƫř żƧźƯ Ʊŏ ƉźƠƳ

1
a
x

b
y

2

2

2

2

=-   :şŹƺƈƫř ƼƬƗ ŠƫŵŚƘưƫř Ʊƺƨţ
c a b2 2 2= +  Ŷŗřżƫř ƖƐƤƬƫ ŠǀſŚſǃř ŠƣǈƘƫř
b c a2 2 2= -   b2  ƾƟ ƪů

.b 492 788 2 332 9562 2 2
= -^ ^h h   ƉÚƺƗ

 .b 1 320 102 11#.  ŠŞſŚů Šƫō ƭŶŴŤſř

=-
. .

x y
1 109 10 1 320 10

111

2

11

2

# #

- =
. .

x y
1 109 10 1 320 10

111

2

11

2

# #
 :ŠƫŵŚƘưƫŚŝ ƪůŻ Ʃƺů ŠǀŗŚƌƟ ŠƴǀƠſ ŹŚƀƯ ũŸưƴţ Ʊŏ Ʋƨưƿ
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4 498542 800 kmc =  ¬ 35988342 kma =  :ƱŚƧ řŷœ ƱƺŤŞƳ Ʃƺů ŠǀŗŚƌƟ ŠƴǀƠſ ŹŚƀƯ ũŸưƴţ ŠƫŵŚƘƯ Ŷūƹŏ  5

 Ŷůŏ ƶŞƄƿ ƼƴŰƴƯ Ƽƫœ ƮǀƤŤƀƯ Ǝų ƲƯ ŠŞƧźưƫř ŹŚƀƯ źǀƜţ ŜƧƺƨƫř řŸƷ ŠǀŝŷŚū ƱŔƟ ¬ŜƧřƺƨƫř Ŷůŏ ƲƯ śźŤƤţƹ ŠǀŗŚƌƟ ŠŞƧźƯ ƢƬƐƴţ ŚƯŶƴƗ
 Ŷŗřżƫř ƖƐƤƫř żƧźƯ ƾƷ ƪƇǃř ŠƐƤƳ Ʊŏ ŚƴƋźŤƟř řŷœ şźƷżƫř ŜƧƺƧ Ʃƺů ŠǀŗŚƌƟ ŠŞƧźƯ ŹŚƀƯ ƪŨưţ ŶŗřŻ ƖƐƣ ŠƫŵŚƘƯ Ŷūƹŏ .Ŷŗřżƫř ƖƐƤƫř ƾƗźƟ
 km108 208 000  ƾƷ ƲǀţŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫřƹ km1882 820  ƖƏŚƤƫř ŹƺŰưƫř ƞƈƳ ƩƺƏ Ʊŏ ŚÔưƬƗ ƾƤƟŏ ƖƋƹ ƾƟ ƖƏŚƤƫř ŹƺŰưƫřƹ

:ƪŰƫř
ƾƤƟŏ ƺƷ ƖƏŚƤƫř ŹƺŰưƫř   a

a
x

b
y

12

2

2

2

- = :şŹƺƈƫř ƼƬƗ ƾƷ Ŷŗřżƫř ƖƐƤƫř ŠƫŵŚƘƯ   `
:šŚǀƐƘưƫř ƲƯ

a 1 0882 82=

c2 108 0208 00=

c 054104 00=

c a b2 2 2= +  :Ŷŗřżƫř ƖƐƤƬƫ ŠǀſŚſǃř ŠƫŵŚƘưƫř ƲƯ

.b 0 2 9 1054104 000 1882 822 2 2 15#= - =^ ^h h
=-

. .
x y

1
3 5 10 2 9 10

2 2

1 12 5# #
:ŠƫŵŚƘưƫřƹ

kma 38 942 360=  ¬ 778547200 kmc =  :Ʊŏ Ś ÔưƬƗ ƽźŤƄưƫř ŜƧƺƧ Ʃƺů ŠǀŗŚƌƟ ŠŞƧźƯ ŹŚƀưƫ ŶŗřŻ ƖƐƣ ŠƫŵŚƘƯ Ŷūƹŏ  6
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7-4

ƮƬƘŤţ Ɲƺſ
• .ƽżƧźưƫř ƝǈŤųǇř
• .ƪǀƫŶƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ƽżƧźƯ ƝǈŤųř

Eccentricity
• Directrix  ƪǀƫŵ

:ŠƔůǈƯ
.ƪǀƫŶƫř ƼƬƗ ƖƤţ Ǉ şŹŒŞƫř

:ŠƯƺƬƘƯ
 ƭŶŴŤƀţ ŠŞƀƳ ƺƷ e ƝźŰƫř

 ŠǀƏƹźŴưƫř ƕƺƐƤƫř ƾƟ
 ŠƣǈƗ ƶƫ žǀƫƹ e 02

 ƮŤƿŹŚƛƺƬƫř ƾƟ e ƝźŰƫŚŝ
ln e 1=  Ŧǀů ƾƘǀŞƐƫř

!"#$%&' ()*& #$+,
řŷœ ŠŰƋƺưƫř ƕƺƐƤƫř ƲƯ ƖƐƣ ƪƧ ƾƟ  1

ƾưŤƴţ ŠƐƤƳƹ şŹŒŞƫř Ʋǀŝ ŠƟŚƀưƫř ƪŨưţ MF ŢƳŚƧ

ƾưŤƴţ ŠƐƤƳƹ ƪǀƫŶƫř Ʋǀŝ ŶƘŞƫř ƪŨưţ MH ¬ƖƐƤƬƫ

.ƖƐƤƬƫ

.(ŠǀſŶƴƸƫř šřƹŵǃř Ś ÔƯŶŴŤƀƯ) MH
MF  ŶūƹŐƟ

 šŸųŏ ŠǀƳŚǀŞƫř šǆǀŨưŤƫř ƾƟ M ŠƐƤƴƫř Ʊŏ ƉźƠŝ  2
.ƖƐƤƫř ƼƴŰƴƯ ƼƬƗ źųō Ś ÔƘƋƺƯ

MH
MF  Ŷūƹŏ

®ƒůǆţ řŷŚƯ 1  , 2  ƲƯ  3

ŖƟŚƨƯ ƖƐƣ
y

x

H

F
,x yM^ h

ƆƣŚƳ ƖƐƣ

x

y

,x yM^ h H

F

ŶŗřŻ ƖƐƣ

x

y

( , )M x y

H

F

.(Ŷŗřżƫř - ƆƣŚƴƫř - ŖƟŚƨưƫř) ŠǀƏƹźŴưƫř ƕƺƐƤƫř ƞƿźƘţ ƲƯ ŠƤŝŚƀƫř ŵƺƴŞƫř ƾƟ Śƴƨưţ
 šŚǀƴŰƴƯ ŚƸƳŏ ƼƬƗ ŠǀƏƹźŴưƫř ƕƺƐƤƫř ƼƬƗ ƝźƘŤƬƫ şŶƿŶū ŠƇźƟ ƽżƧźưƫř ƝǆŤųǅř źƟƺƿ

.şŶůƺƯ ŠƬŗŚƗ ƪƨƄţ ŠƐŝřźŤƯ

:ƞƿźƘţ
 ŚƸƴƯ  ƪƧ  ŶƘŝ  ŠŞƀƳ  Ʊƺƨţ  Ŧǀů  ƾŧřŶůǅř  ƻƺŤƀưƫř  ƾƟ  ƍŚƤƴƫř  ƪƧ  ŠƗƺưŬƯ  ƺƷ  ƾƏƹźŴưƫř  ƖƐƤƫř
.ŚÔŤŝŚŧ ř ÔŹřŶƤƯ ƽƹŚƀţ ƻƺŤƀưƫř žƠƳ ƾƟ (ƪǀƫŶƫř) ŢŝŚŧ ƮǀƤŤƀƯ ƲƗ ŚƷŶƘŝ Ƽƫœ (şŹŒŞƫř) ŠŤŝŚŧ ŠƐƤƳ ƲƯ

ƽżƧźưƫř ƝǈŤųǇř
Eccentricity
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F
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:ŠƯƺƬƘƯ
 ƽżƧźưƫř ƝǈŤųǇř

 ƊƘŞƫ ŠǀƏƹźŴưƫř šřŹŚƀưƬƫ
ŜƧřƺƨƫř

ŜƧƺƨƫř ƝǈŤųǇř
ƽżƧźưƫř

ŵŹŚƐƗ0.21
şźƷżƫř0.01
ƉŹǃř0.02
Ųƿźưƫř0.09
ƽźŤƄưƫř0.05
ƪůŻ0.06

ŽƺƳřŹƹŏ0.05
ƱƺŤŞƳ0.008

•  e żƯźƫŚŝ ƶǀƫœ żƯźƿƹ ƾƏƹźŴưƫř ƖƐƤƬƫ ƽżƧźưƫř ƝǈŤųǇř Ƽưƀƿ ŢŝŚŨƫř ŹřŶƤưƫř řŸƷ

(d)

H M

F ƖƏŚƤƫř ŹƺŰưƫř

 :Ʊŏ ŶŬƳ «ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƲƯƹ

MH
MF e=

 şŹŒŝ) ŠŤŝŚŧ ŠƐƤƳ F ¬ƾƏƹźŴƯ ƖƐƣ ƼƬƗ ŠƐƤƳ M Ʊœ Ŧǀůƹ
 MF .(ƖƐƤƫř ƪǀƫŵ) d ŢŝŚŨƫř ƮǀƤŤƀưƫř ƼƬƗ ƖƤţ ǅƹ (ƖƐƤƫř

.ƪǀƫŶƫřƹ M Ʋǀŝ ŶƘŞƫř MH ¬ƲǀŤƐƤƴƫř Ʋǀŝ ŠƟŚƀưƫř
:ŠǀƫŚŤƫř šǅŚŰƫř ŚƴƿŶƫ ƱƺƨǀƟ

(Parabola)  ŚÔŘƟŚƨƯ Ś ÔƘƐƣ ƾƏƹźŴưƫř ƖƐƤƫř Ʊƺƨƿ e 1=  řŷœ  a
(Ellipse)  Ś ÔƈƣŚƳ Ś ÔƘƐƣ ƾƏƹźŴưƫř ƖƐƤƫř Ʊƺƨƿ e 11  řŷœ  b

(Hyperbola)  ř ÔŶŗřŻ Ś ÔƘƐƣ ƾƏƹźŴưƫř ƖƐƤƫř Ʊƺƨƿ e 12  řŷœ  c
 ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƧźŰŤƯ ŠƐƤƳ ƪƨƫ ŠŤŝŚŧ Šưǀƣ MH

MF
e=  ƾƏƹźŴưƫř ƖƐƤƫř ƞƿźƘţ ƲƯ

:ƆƣŚƴƫř ƖƐƤƫř ƾƟ ÔǆŨưƟ

x

y

M

O

H

K( , )F c 0-1 0( , )F c2

i( , )A a 0-1 0( , )A a2

M ŠƐƤƴƫř ŠǀƇŚų ƱŚƤƤŰţ ƱŚŤƐƤƳ ŚưƷ ( , ) , ( , )A a A a0 01 2-

ƲǀţŹŒŞƫř ƻŶůœ ƲƗ ŠƐƤƴƫř ŶƘŝ
ƲǀƬǀƫŶƫř Ŷůŏ ƲƗ ŠƐƤƴƫř ŶƘŝ  e a=

A K
A F

e A F e A K
1

1 2
1 2(= = 1^ h
OF OA e OK OA2 1 1( + = +^ h

e OKc a a+ = +^ h
e OK e ac a+ = +^ ^h h  (1)

A FA K
A F

e e A K
2

2 2
2 2 2(= = ^ h
OA OF e OK OA2 2 2- = -^ h

e OKa c a- = -^ h
( )e OK e ac a- + = -^ h  (2)

:Ʊŏ ŪŤƴƿ (1) ŠƫŵŚƘưƫř ƲƯ (2) ŠƫŵŚƘưƫř ŭźƐŝ
( )c e a2 2 :=

e a
c

=
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.ƶŤƫŵŚƘƯ Ŷūƹŏ Ʈŧ ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř ƕƺƳ ŵŶů
,F 2
1 0a k :ƶţŹŒŝƹ e 1=^ h ƽżƧźưƫř ƶƟǈŤųř  a

,F 2 0^ h :ƶǀţŹŒŝ ƻŶůœƹ e 2
1

=a k ƽżƧźưƫř ƶƟǈŤųř  b
x 1=  :ƶǀƬǀƫŵ Ŷůŏ ŠƫŵŚƘƯƹ e 2=^ h ƽżƧźưƫř ƶƟǈŤųř  c

:ƪŰƫř
e 1 a=  a

ŖƟŚƨƯ ƖƐƣ ƺƷ ƖƐƤƫř   `
, ,Fp 2

1
2
1 0= a k şŹŒŞƫř

ƪŧŚưŤƫř ŹƺŰƯ ƺƷ šŚƴǀƀƫř ŹƺŰƯ
y px42` =

x4 2
1

= a k
y x22 = :ƖƐƤƫř ŠƫŵŚƘƯ

,e
2
1

2
1 1a 1=   b

ƆƣŚƳ ƖƐƣ ƺƷ ƖƐƤƫř   `
,F 2 0^ h ƲǀţŹŒŞƫř ƻŶůœ   a

ƪƇǃř ŠƐƤƳ ƵżƧźƯƹ šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ źŞƧǃř ŹƺŰưƫř   `
c 2=  ŪŤƴŤƀƳ ,F 2 0^ h şŹŒŞƫř ƲƯ

e c
a

a =

a2
1 2` =

a 4=

:ƆƣŚƴƫř ƖƐƤƫř ƾƟc a b

b

b

b

2 4

16 4

12

2 2 2

2 2 2

2

2

= -

= -

= -

=

x y
16 12

1
2 2

+ =  :ƆƣŚƴƫř ƖƐƤƫř ŠƫŵŚƘƯ
,e 2 2 1a 2= c

ŶŗřŻ ƖƐƣ ƺƷ ƖƐƤƫř   `
x 1=  ƶǀƬǀƫŵ Ŷůŏ ŠƫŵŚƘƯ   a

(0, 0) ƵżƧźƯƹ šŚƴǀƀƫř ŹƺŰƯ ƼƬƗ ƢŞƐƴƿ (ƾſŚſǃř) ƖƏŚƤƫř ŹƺŰưƫř   `
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:ƾƷ ƪǀƫŶƫř ŠƫŵŚƘƯ
x c

a2
=

1 c
a2

=

c a2=  (1)

e a
ca =

2 a
c` =

2c a=  (2)
(1) , (2) ƲǀŤƫŵŚƘưƫř ƪŰŝ

2a a2 =

2 0a a - =^ h
0a` =    ŠƋƺƟźƯ   ƹŏ  ŠƫƺŞƤƯ Šưǀƣ  2a =

e a 2` = =

2)(c 42= =

a bc2 2 2a = +

a bc2 2 2a = +

b b4 1216 2 2(= + =

a
x

b
y

12

2

2

2

- =  :ƾƷ ƖƐƤƫř ŠƫŵŚƘƯ   a

x y
12

1
4

2 2

- =

ƶŤƫŵŚƘƯ Ŷūƹŏ Ʈŧ ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř ƕƺƳ ŵŶů  1
( , )F 1 0-  ƶţŹŒŝƹ e 1=^ h ƽżƧźưƫř ƶƟǈŤųř  a

,F 4 2 0-^ h ƶǀţŹŒŝ ƻŶůœƹ e
5
4

=` j ƽżƧźưƫř ƶƟǈŤųř  b

x
3
1

=  ƶǀƬǀƫŵ Ŷůŏ ŠƫŵŚƘƯƹ e 3=^ h ƽżƧźưƫř ƶƟǈŤųř  c
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:ƾƷ ƪǀƫŶƫř ŠƫŵŚƘƯ
x c

a2
=

1 c
a2

=

c a2=  (1)

e a
ca =

2 a
c` =

2c a=  (2)
(1) , (2) ƲǀŤƫŵŚƘưƫř ƪŰŝ

2a a2 =

2 0a a - =^ h
0a` =    ŠƋƺƟźƯ   ƹŏ  ŠƫƺŞƤƯ Šưǀƣ  2a =

e a 2` = =

2)(c 42= =

a bc2 2 2a = +

a bc2 2 2a = +

b b4 1216 2 2(= + =

a
x

b
y

12

2

2

2

- =  :ƾƷ ƖƐƤƫř ŠƫŵŚƘƯ   a

x y
12

1
4

2 2

- =

ƶŤƫŵŚƘƯ Ŷūƹŏ Ʈŧ ƾƬƿ ŚưƯ ƪƧ ƾƟ ƖƐƤƫř ƕƺƳ ŵŶů  1
( , )F 1 0-  ƶţŹŒŝƹ e 1=^ h ƽżƧźưƫř ƶƟǈŤųř  a

,F 4 2 0-^ h ƶǀţŹŒŝ ƻŶůœƹ e
5
4

=` j ƽżƧźưƫř ƶƟǈŤųř  b

x
3
1

=  ƶǀƬǀƫŵ Ŷůŏ ŠƫŵŚƘƯƹ e 3=^ h ƽżƧźưƫř ƶƟǈŤųř  c

129



 

 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

:ƶŤƫŵŚƘƯ Ŧǀů ƾƬƿ ŚưƯ ƖƐƣ ƪƨƫ ƽżƧźưƫř ƝǈŤųǇř Ŷūƹŏ
a  x y
25 9

1
2 2

+ =  b  x y25 12 2- =

:ƪŰƫř
a  x y
25 9

1
2 2

+ =

a
x

b
y

12

2

2

2

+ =  :ƶŤƫŵŚƘƯ ƆƣŚƳ ƖƐƣ
a 252 =   :ŠƳŹŚƤưƫŚŝ
a 5=

b 92 =

b 3=

c a b2 2 2= - :ŚƴƿŶƫ
c 25 92 = -

16=

c 4=

e a
c

=  ƽżƧźưƫř ƝǈŤųǇř
e 5
4

=  :ƊƿƺƘŤƫŚŝ
b  x y25 12 2- =

x y
1

25
1

1
2 2

- =

:Ʊƺƨƿ ŠƳŹŚƤưƫŚŝ a
x

b
y

12

2

2

2

- =  :ƶŤƫŵŚƘƯ ŶŗřŻ ƖƐƣ
a 12 =

a 1=

b 25
12 =

b 5
1

=

:Ŷŗřżƫř ƖƐƤƫř ƾƟ
c a b2 2 2= +

c 1 25
12 = +

25
26

=

c 5
26

=

e a
ca =

e 1
5
26

5
26

` = =
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:ƶŤƫŵŚƘƯ Ŧǀů ƾƬƿ ŚưƯ ƖƐƣ ƪƨƫ ƽżƧźưƫř ƝǈŤųǇř Ŷūƹŏ  2
a  x y

25
12

2

+ = b  y x24 600 252 2= +

.šřŶůƹ 4 źƜƇǃř ƵŹƺŰƯ ƩƺƏƹ e 3
5

=c m ƽżƧźưƫř ƶƟǈŤųř ƽŸƫř ƆƣŚƴƫř ƖƐƤƬƫ źŞƧǃř ŹƺŰưƫř ƩƺƏ Ŷūƹŏ
:ƪŰƫř

e a
ca =

a
c

3
5

` =

5c a
3=  :ƽŏ

b2 4=  ƽŏ 4 źƜƇǃř ŹƺŰưƫř ƩƺƏ
b 2=

:ƆƣŚƴƫř ƖƐƤƫř ƾƟ
c a b2 2 2= -

5a a9 4
2

2= -

a a4 9
52
2

= +

9 5a a362 2= +

a4 362 =

a 92 =

a 3=

( )a2 2 3 6= =

.šřŶůƹ 6 =  źŞƧǃř ŹƺŰưƫř ƩƺƏ

.šřŶůƹ 6 ƢƟřźưƫř ƵŹƺŰƯ ƩƺƏƹ e 2=^ h ƽżƧźưƫř ƶƟǈŤųř ƽŸƫř Ŷŗřżƫř ƖƐƤƬƫ ƖƏŚƤƫř ŹƺŰưƫř ƩƺƏ Ŷūƹŏ  3
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c

3
5

` =

5c a
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b2 4=  ƽŏ 4 źƜƇǃř ŹƺŰưƫř ƩƺƏ
b 2=

:ƆƣŚƴƫř ƖƐƤƫř ƾƟ
c a b2 2 2= -

5a a9 4
2

2= -

a a4 9
52
2

= +

9 5a a362 2= +

a4 362 =

a 92 =

a 3=

( )a2 2 3 6= =
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2
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.ƉŹǃř Ʃƺů ŚƸƳřŹƹŵ ƾƟ (ƆƣŚƳ ƖƐƣ) ƪƨƄƫř ŠƿƹŚƌǀŝ šřŹřŶƯ ƾƟ ŠǀƗŚƴƐƇǇř ŹŚưƣǃř ƖƋƹ Ʋƨưƿ
 ƞƈƳ ƩƺƏƹ .e 0 04=^ h  ƽżƧźưƫř ƝǈŤųǇř Ŧǀů ƉŹǃř Ʃƺů (ƆƣŚƳ ƖƐƣ) ƽƹŚƌǀŝ ŹřŶƯ ƾƟ ƥźŰŤƿ ŚĐǀƗŚƴƇ ř Ôźưƣ Ʊŏ ƉźŤƠƴƫ

.ƉŹǃř żƧźƯ ƶǀţŹŒŝ ƻŶůœƹ 7500 km  źŞƧǃř ƵŹƺŰƯ
.ƾƗŚƴƐƇǇř źưƤƫř ŹřŶƯ ŠƫŵŚƘƯ Ŷūƹŏ  a

6 372 km  ƉŹǃř źƐƣ ƞƈƳ ƩƺƏ Ʊŏ ƉřźŤƟř ƼƬƗ  b
.ƉŹǃř ŮƐſ ƲƗ ƾƗŚƴƐƇǇř źưƤƬƫ ŶƘØŝ źƈƣŏƹ ƩƺƏŏ ŶūƹŐƟ

:ƪŰƫř
. , kme a0 04 7 500= =  a

:ƊƿƺƘŤƫŚŝ .e
a
c 0 04= =  :ŚƴƿŶƫ

.c 7 500 0 04#=F A2A1

 300=

: ,F 300 0^ h ƽŏ ƲǀţŹŒŞƫř ƻŶůœ ƉŹǃř żƧźƯ Ʊƺƨƿƹ
a b c2 2 2= +  :ƆƣŚƴƫř ƖƐƤƫř ƾƟ

300b 75002 2 2
= -^ ^h h

b 56160 0002 =

x y
56 250 000 56160 000 1

2 2

+ =   :ŹřŶưƫř ŠƫŵŚƘƯ
A2  ŠƐƤƴƫř ŶƴƗ ƺƷ ƉŹǃř ŮƐſ ƲƗ ƾƗŚƴƐƇǇř źưƤƬƫ ŶƘØŝ źƈƣŏ b

FA2  ŠƟŚƀưƫř ÔǇƹŏ ŶūƺƳ
FA 7 500 300 7 2002 = - =

6 372 =  ƉŹǃř źƐƣ ƞƈƳ ƩƺƏ
7200 6372 828- =  :ŶƘØŝ źƈƣŏ ƱƺƨǀƟ

828 km  ƽŏ
A1  ŠƐƤƴƫř ŶƴƗ ƺƷ ƉŹǃř ŮƐſ ƲƗ ƾƗŚƴƐƇǇř źưƤƬƫ ŶƘØŝ ƩƺƏŏ

FA1  ŶūƺƳ
FA 7 500 300 7 8001 = + =

:ƉŹǃř ŮƐſ ƲƗ ŶƘØŝ ƩƺƏŏ
7 800 6 372 1428- =

1428 km  ƽŏ
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 ƵŹƺŰƯ ƞƈƳ ƩƺƏƹ .e 0 05=  ƽżƧźưƫř ƶƟǈŤųř Ŧǀů ƉŹǃř Ʃƺů (ƆƣŚƳ ƖƐƣ) ƽƹŚƌǀŝ ŹřŶƯ ƶƫ ƾƗŚƴƐƇǇř źưƤƫř ƱŚƧ řŷœ  4
.ƉŹǃř żƧźƯ ƶǀţŹŒŝ ƻŶůœƹ 8 600 km  źŞƧǃř

.ƾƗŚƴƐƇǇř źưƤƫř ŹřŶƯ ŠƫŵŚƘƯ Ŷūƹŏ  a
6 372 km  ƉŹǃř źƐƣ ƞƈƳ ƱŚƧ řŷœ  b

.ƉŹǃř ŮƐſ ƲƗ ƾƗŚƴƐƇǇř źưƤƬƫ ŶƘØŝ źƈƣŏƹ ƩƺƏŏ ŶūƹŐƟ
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ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř
Discrete Random Variables

ƮƬƘŤţ Ɲƺſ
  • ƖƿŻƺŤƫřƹ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źÚǀƜŤưƫř 

.ƾƫŚưŤůǇř
  •.ƾƫƺƳźŝ ŠŝźŬţƹ ƲƿŶŰƫř šřŷ ƖƿŻƺţ 
  •.ƾƫŚưŤůǇř ƖƿŻƺŤƫř Ǝſƹ
  • ƖƿŻƺŤƫř Šƫřŵƹ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ 

.ƾưƧřźŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • ƾŗřƺƄƘƫř źÚǀƜŤưƫř

Random Variable

  • ƾƫŚưŤůǇř ƖƿŻƺŤƫř
Distribution Probability 

  • ƖƐƤŤƯ ƾŗřƺƄƗ źÚǀƜŤƯ
Discrete Random

Variable

  • ƲƿŶŰƫř šřŷ ƖƿŻƺţ
Binomial Probability

Distribution

  • ƾƫŚưŤůǇř ƖƿŻƺŤƫř Ǝſƹ
Mean of a Probability

Distribution

  • ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƲƿŚŞţ
Variance of a

Probability Distribution 

  • ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ
Probability Distribution  

Function

  • ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
Cumulative

Distribution Function

:ŠƔůǈƯ
 ŚƸƳŏ ƾƴƘƳ ŵƺƤƳ ŠƘƐƣ ƩƺƤƳ ŚƯŶƴƗ
 ƩŚưŤůřƹ  ŠưƔŤƴƯ  ŵƺƤƳ  ŠƘƐƣ
 ƽƹŚƀƿ  (H) şŹƺƈƫř  ŹƺƸƓ

.(T) ŠŝŚŤƨƫř ŹƺƸƓ ƩŚưŤůř

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

.ƽƺƬƘƫř ƶūƺƫř ŠƔůǆƯƹ ƲǀưƔŤƴƯ ŵźƳ ƽźŬů ŌŚƤƫœ ŶƴƗ

221100+

2211000
2211000
2211000
3322111
3322111
3322111

ƾƳ
ŚŨƫ
ř ź
ŬŰ
ƫř

Ʃƹǃř źŬŰƫř  :ƾƬƿ ŚưƧ ƮƣźƯ Ʃƹǃř źŬŰƫř
.2 ƱŚưƣźƯ ƱŚƸūƹ ¬1 ƱŚưƣźƯ ƱŚƸūƹ ¬0 ƱŚưƣźƯ ƱŚƸūƹ

:ƾƬƿ ŚưƧ ƮƣźƯ ƾƳŚŨƫř źŬŰƫř
.1 ŠưƣźƯ ƶūƹŏ Šŧǆŧ ¬0 ŠưƣźƯ ƶūƹŏ Šŧǆŧ

.ƽƺƬƘƫř ƶūƺƫř ƼƬƗ ƲƿźƷŚƔƫř ƲƿŵŶƘƫř ƕƺưŬƯ :E Ʋƨǀƫ
, , ,0 1 2 3 :ƾƷ Šƴƨưưƫř ŪŗŚŤƴƫř Ʊŏ ƲÚǀŝ  1

:ŠǀƫŚŤƫř ŪŗŚŤƴƫř ƲƯ ƪƧ ƩŚưŤůř Ŷūƹŏ ¬ƪŝŚƤưƫř ƩƹŶŬƫř Ś ÔƯŶŴŤƀƯ  a  2
EP 0=^ h
EP 1=^ h
EP 2=^ h

P E 3=^ h ƩŚưŤůř ŪŤƴŤſř  b

 ŪŗŚŤƴƫř ŚưƟ ¬ƽƺƬƘƫř ƶūƺƫř ƼƬƗ ƲƿźƷŚƔƫř ƲƿŵŶƘƫř śźƋ ŪţŚƴŝ ƮŤƸƳ ŚƴƧ řŷœ  a  3
®Šƴƨưưƫř

.Šƴƨưưƫř ŪŗŚŤƴƫř ƲƯ ƪƧ ƩŚưŤůř Ŷūƹŏ  b

Introduction  ŠƯ ÚŶƤƯ

 ƺƷ ŠƴÚǀƘƫř ŌŚƌƟ Ʊŏ ƮƬƘƳ ƲŰƳƹ .ƩŚưŤůǅřƹ ŠǀŗřƺƄƘƫř śŹŚŬŤƫř ƮǀƷŚƠƯ ƊƘŝ ŚƴſŹŵ ƢŞſ ŚƯ ƾƟ
 ƪƯŚƘŤƫř ŜƘƈƿ šŚǀưƀƯ ƹŏ šŚƠƇ Ʊƺƨţ ŚƯ ŚÔŞƫŚƛ ƾŤƫřƹ ŠǀŗřƺƄƘƫř ŠŝźŬŤƫř ŪţřƺƳ ŠƗƺưŬƯ

.ŚĐ ǀƋŚƿŹ ŚƸƘƯ
 Ƽưƀţ ŠǀƤǀƤů ŠƿŵŶƗ ƮǀƤŝ ŠǀŗřƺƄƘƫř ŠŝźŬŤƬƫ ŠǀƠƇƺƫř Ūţřƺƴƫř ƵŸƷ ƱřźƣŔŝ ŦůŚŞƫř ƭƺƤƿ řŸƫ

.ŠǀŗřƺƄƘƫř ŠŝźŬŤƫř ŠŬǀŤƳ źǀƜŤŝ ƶŤưǀƣ źǀƜŤţ ƽŸƫřƹ ƾŗřƺƄƘƫř źǀƜŤưƫŚŝ
:ƾƫŚŤƫŚƧ Ʊƺƨƿ ŠƴǀƘƫř ŌŚƌƟ ƱŔƟ ƲǀŤǀƫŚŤŤƯ ƲǀţźƯ ŠưƔŤƴƯ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ ƩŚŨưƫř ƪǀŞſ ƼƬƘƟ

, , , , , , ,S H H H T T H T T= ^ ^ ^ ^h h h h" ,

8-1

140

:ƾƫŚŤƫŚƧ  ƾƷ  ƾŤƫřƹ  S  ŠƴǀƘƫř  ŌŚƌƟ  źƇŚƴƗ  ƲƯ  źƈƴƗ  ƪƧ  ƾƟ  šźƸƓ  ƾŤƫř  Źƺƈƫř  ŵŶƗ  ƼƬƗ  ŚƴŤƔůǆƯ  šźƈŤƣř  řŷœ  ÔǆŨưƟ
:ƾƫŚŤƫř ƩƹŶŬƫř ƾƟ ŮÚƋƺƯ ƺƷ ŚưƧ ƾƤǀƤů ŵŶƘŝ ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ŚÚ Ƴźƣŏ Ŷƣ ƱƺƨƳ ŜǀţźŤƫř ƼƬƗ 0 ¬1 ¬1 ¬2

źƈƴƗ ƪƧ ƾƟ Źƺƈƫř ŵŶƗS ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ

2,H H^ h
1,H T^ h
1,T H^ h
0,T T^ h

, ,0 1 2" , :ƺƷ X ƻŶƯ ƱŔƟ ƶǀƬƗƹ X żƯźƫŚŝ ƾŗřƺƄƘƫř źǀƜŤưƬƫ żƯźƳ Ɲƺſƹ

Random Variable  ƾŗřƺƄƘƫř źÚǀƜŤưƫř

Random Variable  ƾŗřƺƄƘƫř źǀƜŤưƫř :ƞƿźƘţ

R  ƲƯ Šǀŗżū ŠƗƺưŬƯ ŚƷřŶƯƹ R  ƺƷ ƪŝŚƤưƫř ŚƸƫŚŬƯƹ S ŠǀŗřƺƄƗ ŠŝźŬŤƫ ŠƴǀƘƫř ŌŚƌƟ ŚƸƫŚŬƯ Šƫřŵ ƺƷ

: SX R$   Ŧǀů

.(ŠǀƤǀƤŰƫř ŵřŶƗǃř ŠƗƺưŬƯ R  ¬ŠƴǀƘƫř ŌŚƌƟ S ¬ŠǀŗřƺƄƗ ŠŝźŬŤƫ ƾŗřƺƄƘƫř źǀƜŤưƫř ƺƷ X)

:ƾƬƿ ŚƯ ƒůǆƳ ƢŝŚƀƫř ƩŚŨưƫř ƾƟ
, , , , , , ,S H H H T T H T T= ^ ^ ^ ^h h h h" ,  :ƺƷ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƩŚŬƯ  1

.R  ƺƷ ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƪŝŚƤưƫř ƩŚŬưƫř  2
X(S) żƯźƫŚŝ ƶƫ żƯźƿƹ , ,0 1 2" , :ƺƷ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƻŶưƫř  3

:ŚưƷƹ ŚƸƴƯ ƎƤƟ ƲǀƗƺƳ ŽŹŶţ Ɲƺſ ¬ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř ƲƯ ƕřƺƳŏ şŶƗ Ŷūƺƿ
.(ŠƬƈƠƴưƫř) ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř  1
.(şźưŤƀưƫř) ŠƬƈŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř  2

.šřźǀƜŤưƫř ƵŸƷ ƮǀƤƫ ... y ¬ xƹ  ŠǀŗřƺƄƘƫř šřźǀƜŤưƬƫ żƯźƧ ... ¬ Y ¬ X ƭŶŴŤƀƳ Ɲƺſƹ

Discrete Random Variables  (ŠƬƈƠƴưƫř) ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř

 ŠǀŗřƺƄƗ šřźǀƜŤƯƹ (ŠƬƈƠƴƯ) ŠƘƐƤŤƯ ŠǀŗřƺƄƗ šřźǀƜŤƯ ŚƸƴƯ ƕřƺƳŏ şŶƗ Ƽƫœ ƮƀƤƴţ ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř Ʊŏ Ś ÔƤŝŚſ ŚƳźƧŷ ŚưƧ
:ƪǀƈƠŤƫŚŝ ŚưƸƴƯ ƪƧ ƩƹŚƴŤƴſƹ (şźưŤƀƯ) ŠƬƈŤƯ

Discrete Random Variable  ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř :ƞƿźƘţ

ŠƬŝŚƣ ƽŏ ŠƘƐƤŤƯ ŠƗƺưŬƯ ƾƷ ( )X S  (ƻŶưƫř) ƶƫ Šƴƨưưƫř ƮǀƤƫř ŠƗƺưŬƯ ŢƳŚƧ řŷœ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƾŗřƺƄƘƫř źǀƜŤưƫř Ʊƺƨƿ
.ŠǀƸŤƴƯ źǀƛ ƭŏ ŠǀƸŤƴƯ ŢƳŚƧ ŏ Ōřƺſ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƲƯ ¬ŶƘƬƫ
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.Ǉ ƭŏ ŠƘƐƤŤƯ ŠǀŗřƺƄƗ

.šŚŝŚŤƨƫř ŵŶƗ ƪŨưƿ ƽŸƫř X ƾŗřƺƄƘƫř źǀƜŤưƫř  a

.šŚŝŚŤƨƫř ŵŶƗ ŜƘƨƯ ƪŨưƿ ƽŸƫř Y ƾŗřƺƄƘƫř źǀƜŤưƫř  b

.2 ƶƴƯ Ś ÔůƹźƐƯ šŚŝŚŤƨƫř ŵŶƗ ƪŨưƿ ƽŸƫř Z ƾŗřƺƄƘƫř źǀƜŤưƫř  c

Probability Distribution  ƾƫŚưŤůǇř ƖƿŻƺŤƫř

 ƕƺƣƹ ƩŚưŤůř ƾƟ Ʊǁř ŦŰŞƳƹ .ŶƘƬƫ ŠƬŝŚƣ R  ƲƯ Šǀŗżū ŠƗƺưŬƯ ŚƷřŶƯ Šƫřŵ ƺƷ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř Ʊŏ Ś ÔƤŝŚſ ŚƴưƬƘţ
.ƻŶưƫř źƇŚƴƗ ƲƯ źƈƴƗ ƪƨƫ źƓŚƴưƫř ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ

X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ :ƞƿźƘţ

, , , ...x x x2 31" ,  ƵřŶƯ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

:ƾƫŚŤƫŚƧ Ɲ ÚźƘţ  f  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƱŔƟ

, , , ....,x P X x if 1 2 3= = =ii^ ^h h

:ƾƫŚŤƫř ƩƹŶŬƫŚŝ ŚƸƬǀŨưţ Ʋƨưƿƹ

.....x2x1xi

.....P x2^ hP x1^ hxf i^ h
, ( )x P xi i^ h ŠŞţźưƫř ũřƹŻǃř ƪŨưţ ƾŤƫř ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ƍŚƤƴƫř ŠƗƺưŬƯ Ʊŏ ƽŏ

.Probability Distribution Function ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ƽưƀţ

:ƲƗ źÚŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ¬şŶůřƹ şźƯ ŵźƳ źŬů ƾƯŹ ŠŝźŬţ ƾƟ
.Ʀƫŷ źǀƜƫ źƠƈƫřƹ ŚĐǀƬƧ ř ÔŵŶƗ ƾƘǀŝźŤƫř ŹŸŬƫř Ʊƺƨƿ ŚƯŶƴƗ ƽƺƬƘƫř ƶūƺƫř ƼƬƗ źƷŚƔƫř ŵŶƘƬƫ ƾƘǀŝźŤƫř ŹŸŬƫř

 :ŶūƹŐƟ

. ( )Sn  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

.X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

( ): Sf x P X x= =i i^ ^h h  ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƕƺƣƹ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d
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.Ǉ ƭŏ ŠƘƐƤŤƯ ŠǀŗřƺƄƗ

.šŚŝŚŤƨƫř ŵŶƗ ƪŨưƿ ƽŸƫř X ƾŗřƺƄƘƫř źǀƜŤưƫř  a

.šŚŝŚŤƨƫř ŵŶƗ ŜƘƨƯ ƪŨưƿ ƽŸƫř Y ƾŗřƺƄƘƫř źǀƜŤưƫř  b

.2 ƶƴƯ Ś ÔůƹźƐƯ šŚŝŚŤƨƫř ŵŶƗ ƪŨưƿ ƽŸƫř Z ƾŗřƺƄƘƫř źǀƜŤưƫř  c

Probability Distribution  ƾƫŚưŤůǇř ƖƿŻƺŤƫř

 ƕƺƣƹ ƩŚưŤůř ƾƟ Ʊǁř ŦŰŞƳƹ .ŶƘƬƫ ŠƬŝŚƣ R  ƲƯ Šǀŗżū ŠƗƺưŬƯ ŚƷřŶƯ Šƫřŵ ƺƷ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř Ʊŏ Ś ÔƤŝŚſ ŚƴưƬƘţ
.ƻŶưƫř źƇŚƴƗ ƲƯ źƈƴƗ ƪƨƫ źƓŚƴưƫř ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ

X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ :ƞƿźƘţ

, , , ...x x x2 31" ,  ƵřŶƯ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

:ƾƫŚŤƫŚƧ Ɲ ÚźƘţ  f  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƱŔƟ

, , , ....,x P X x if 1 2 3= = =ii^ ^h h

:ƾƫŚŤƫř ƩƹŶŬƫŚŝ ŚƸƬǀŨưţ Ʋƨưƿƹ

.....x2x1xi

.....P x2^ hP x1^ hxf i^ h
, ( )x P xi i^ h ŠŞţźưƫř ũřƹŻǃř ƪŨưţ ƾŤƫř ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ƍŚƤƴƫř ŠƗƺưŬƯ Ʊŏ ƽŏ

.Probability Distribution Function ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ƽưƀţ

:ƲƗ źÚŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ¬şŶůřƹ şźƯ ŵźƳ źŬů ƾƯŹ ŠŝźŬţ ƾƟ
.Ʀƫŷ źǀƜƫ źƠƈƫřƹ ŚĐǀƬƧ ř ÔŵŶƗ ƾƘǀŝźŤƫř ŹŸŬƫř Ʊƺƨƿ ŚƯŶƴƗ ƽƺƬƘƫř ƶūƺƫř ƼƬƗ źƷŚƔƫř ŵŶƘƬƫ ƾƘǀŝźŤƫř ŹŸŬƫř

 :ŶūƹŐƟ

. ( )Sn  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

.X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

( ): Sf x P X x= =i i^ ^h h  ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƕƺƣƹ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d
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:źƧŸţ

( )P A =  A źƇŚƴƗ ŵŶƗ
S  źƇŚƴƗ ŵŶƗ

:ƪŰƫř

, , , , ,S 1 2 3 4 5 6= " , :ŠƴǀƘƫř ŌŚƌƟ  a

( )Sn 6=  :ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ

b
X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗS ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ

11

02

03

24

05

06

, ,X 0 1 2= " , :ƾŗřƺƄƘƫř źÚǀƜŤưƫř ƻŶƯ  `
c  f x P X xa = =i i^ ^h h

( )f P X0 0 6
4

3
2` = = = =^ h

( )f P X1 1 6
1

= = =^ h
( )f P X2 2 6

1
= = =^ h

:ƾƷ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

210x

6
1

6
1

3
2( )f x

:ƲƗ źÚŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ¬şŶůřƹ şźƯ ŵźƳ źŬů ƾƯŹ ŶƴƗ  2

.«Ʀƫŷ źǀƜƫ -1 ƹ ¬ 4 ƲƯ źƜƇŏ źƷŚƔƫř ŵŶƘƫř Ʊƺƨƿ ŚƯŶƴƗ 1 ƶƴƯ Ś ÔůƹźƐƯ źƷŚƔƫř ŵŶƘƫř ƖŝźƯ» 

:ŶūƹŐƟ

. n(S) ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗƹ S ŠƴǀƘƫř ŌŚƌƟ  a

.X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

.S ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƕƺƣƹ ƩŚưŤůř  c

.X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

P X P X P X0 1 2 3
2
6
1
6
1 1= + = + = = + + =^ ^ ^h h h  :Ʊŏ (2) ƩŚŨƯ ƾƟ ƒůǇ
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:ƾƬƿ ŚƯ ŶūƹŐƟ ¬«Źƺƈƫř ŵŶƗ» ƲƗ źŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ¬ŠǀƫŚŤŤƯ šřźƯ ťǈŧ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ  3

. ( )n S  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

P X P X P X P X0 1 2 3 1= + = + = + = =^ ^ ^ ^h h h h  :Ʊŏ (3) ƩŚŨƯ ƾƟ ƒůǇ

Graph of Probability Distribution Function  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ

 ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ ƱŔƟ ƾƫŚŤƫŚŝƹ , ( )x f xi i^ h ŠŞţźưƫř ũřƹŻǃř ƪŨưţ ƾŤƫř ƻƺŤƀưƫř ƍŚƤƳ ŠƗƺưŬƯ ƾƷ ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ
. 3  ƩŚŨƯ ƾƟ ŠƫřŶƫř ƪǀŨưţ ƲÚǀŞƿ ƾƫŚŤƫř ƪƨƄƫřƹ ¬ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŚƸƬǀŨưţ Ʋƨưƿ ƍŚƤƳ ƲƗ şŹŚŞƗ ƾƫŚưŤůǅř

21 3 4 x

8
1

4
1

8
3

2
1

( )f x

:ŠƯŚƷ ŠƔůǈƯ
 :ƲǀƏźƄƫř ƢƤŰţ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ

 .ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƕƺưŬƯ
1  ( )f x0 1G G

2  ( ) ( ) ( ) ...f x f x f x 1+ + + =1 2 3

:ƾƷ X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŢƳŚƧ řŷœ

3212-x

0.2k0.10.3( )f x

.k  Šưǀƣ ŶūƹŐƟ

:ƪŰƫř

ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƕƺưŬƯ   a
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:źƧŸţ
 ƾƯŹ ŶƴƗ ¬ŠǀŗřƺƄƗ ŠŝźŬţ ƾƟ
 ƱŔƟ šř Úźưƫř ƲƯ m ŵƺƤƳ ŠƘƐƣ

 ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ
( )Sn 2m=

:ŠƯƺƬƘƯ
 ŠƬưƘƫř  ŠƿŶƴƸƫř  Šǀŝƹźƫř  ŢƳŚƧ
 Ţƿƺƨƫř  Šƫƹŵ  ƾƟ  ŠƫƹřŶŤưƫř
 ŠŘƯ  ƲƗ  Ŷƿżţ  şźŤƠƫ  Ʀƫŷƹ
 ƺƿŚƯ 17 ƾƟƹ ¬Ś ÔƯŚƗ ƲƿźƄƗƹ
 Šƫƹŵ  ƪƯŚƘţ  ƼƸŤƳř  1961
 ƼƬƗ ÔŌŚƴŝ ŠƬưƘƫř ƵŸƸŝ Ţƿƺƨƫř
 Ɲźƈưƫř  ƖƯ  ŠƿƺƀŤƫř  şŶƗŚƣ

:ŠǀƫŚŤƫř ƽŶƴƸƫř ƽżƧźưƫř
 ř ÔŹŚƴƿŵ 75 = ŠǀŝƹŹ 1 000

.ŚĐǀŤƿƺƧ
Ś ÔƀƬƟ 75 = ŠǀŝƹŹ 1 ƽŏ

 ř ÔŹŚƴƿŵ ƩŵŚƘţ ŠǀŝƹŹ 13.33 ƹŏ
.ř ÔŶůřƹ

.«šŚŝŚŤƨƫř ŵŶƗ» ƲƗ źÚŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ¬ŠǀƫŚŤŤƯ šřźƯ ťǈŧ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ

:ƾƬƿ ŚƯ ŶūƹŐƟ

. ( )n S  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

:ƪŰƫř

:ŠƴǀƘƫř ŌŚƌƟ  a

, , , , , , , , , , , , , , ,S H H H H H T H T H T H H H T T= ^ ^ ^ ^ ^h h h h h"
, , , , , , , ,T H T T T H T T T^ ^ ^h h h,

( )n S 8=

b  źƈƴƗ ƪƧ ƾƟ šŚŝŚŤƨƫř ŵŶƗS ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ

0, ,H H H^ h
1, ,H H T^ h
1, ,H T H^ h
1, ,T H H^ h
2, ,H T T^ h
2, ,T H T^ h
2, ,T T H^ h
3, ,T T T^ h

, , ,X 0 1 2 3= " ,  :ƾŗřƺƄƘƫř źÚǀƜŤưƫř ƻŶƯ  `
c  P X 0 8

1
= =^ h

P X 1 8
3

= =^ h
P X 2 8

3
= =^ h

P X 3 8
1

= =^ h
:X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

3210x

8
1

8
3

8
3

8
1( )f x
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:ƾƬƿ ŚƯ ŶūƹŐƟ ¬«Źƺƈƫř ŵŶƗ» ƲƗ źŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ¬ŠǀƫŚŤŤƯ šřźƯ ťǈŧ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ  3

. ( )n S  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

P X P X P X P X0 1 2 3 1= + = + = + = =^ ^ ^ ^h h h h  :Ʊŏ (3) ƩŚŨƯ ƾƟ ƒůǇ

Graph of Probability Distribution Function  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ

 ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ ƱŔƟ ƾƫŚŤƫŚŝƹ , ( )x f xi i^ h ŠŞţźưƫř ũřƹŻǃř ƪŨưţ ƾŤƫř ƻƺŤƀưƫř ƍŚƤƳ ŠƗƺưŬƯ ƾƷ ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ
. 3  ƩŚŨƯ ƾƟ ŠƫřŶƫř ƪǀŨưţ ƲÚǀŞƿ ƾƫŚŤƫř ƪƨƄƫřƹ ¬ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŚƸƬǀŨưţ Ʋƨưƿ ƍŚƤƳ ƲƗ şŹŚŞƗ ƾƫŚưŤůǅř
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:ŠƯŚƷ ŠƔůǈƯ
 :ƲǀƏźƄƫř ƢƤŰţ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ

 .ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƕƺưŬƯ
1  ( )f x0 1G G

2  ( ) ( ) ( ) ...f x f x f x 1+ + + =1 2 3

:ƾƷ X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŢƳŚƧ řŷœ

3212-x

0.2k0.10.3( )f x

.k  Šưǀƣ ŶūƹŐƟ

:ƪŰƫř

ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƕƺưŬƯ   a
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:źƧŸţ
 ƾƯŹ ŶƴƗ ¬ŠǀŗřƺƄƗ ŠŝźŬţ ƾƟ
 ƱŔƟ šř Úźưƫř ƲƯ m ŵƺƤƳ ŠƘƐƣ

 ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ
( )Sn 2m=

:ŠƯƺƬƘƯ
 ŠƬưƘƫř  ŠƿŶƴƸƫř  Šǀŝƹźƫř  ŢƳŚƧ
 Ţƿƺƨƫř  Šƫƹŵ  ƾƟ  ŠƫƹřŶŤưƫř
 ŠŘƯ  ƲƗ  Ŷƿżţ  şźŤƠƫ  Ʀƫŷƹ
 ƺƿŚƯ 17 ƾƟƹ ¬Ś ÔƯŚƗ ƲƿźƄƗƹ
 Šƫƹŵ  ƪƯŚƘţ  ƼƸŤƳř  1961
 ƼƬƗ ÔŌŚƴŝ ŠƬưƘƫř ƵŸƸŝ Ţƿƺƨƫř
 Ɲźƈưƫř  ƖƯ  ŠƿƺƀŤƫř  şŶƗŚƣ

:ŠǀƫŚŤƫř ƽŶƴƸƫř ƽżƧźưƫř
 ř ÔŹŚƴƿŵ 75 = ŠǀŝƹŹ 1 000

.ŚĐǀŤƿƺƧ
Ś ÔƀƬƟ 75 = ŠǀŝƹŹ 1 ƽŏ

 ř ÔŹŚƴƿŵ ƩŵŚƘţ ŠǀŝƹŹ 13.33 ƹŏ
.ř ÔŶůřƹ

.«šŚŝŚŤƨƫř ŵŶƗ» ƲƗ źÚŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ¬ŠǀƫŚŤŤƯ šřźƯ ťǈŧ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ

:ƾƬƿ ŚƯ ŶūƹŐƟ

. ( )n S  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

:ƪŰƫř

:ŠƴǀƘƫř ŌŚƌƟ  a

, , , , , , , , , , , , , , ,S H H H H H T H T H T H H H T T= ^ ^ ^ ^ ^h h h h h"
, , , , , , , ,T H T T T H T T T^ ^ ^h h h,

( )n S 8=

b  źƈƴƗ ƪƧ ƾƟ šŚŝŚŤƨƫř ŵŶƗS ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ

0, ,H H H^ h
1, ,H H T^ h
1, ,H T H^ h
1, ,T H H^ h
2, ,H T T^ h
2, ,T H T^ h
2, ,T T H^ h
3, ,T T T^ h

, , ,X 0 1 2 3= " ,  :ƾŗřƺƄƘƫř źÚǀƜŤưƫř ƻŶƯ  `
c  P X 0 8

1
= =^ h

P X 1 8
3

= =^ h
P X 2 8

3
= =^ h

P X 3 8
1

= =^ h
:X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

3210x

8
1

8
3

8
3

8
1( )f x
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:ƾƬƿ ŚƯ ŶūƹŐƟ ¬«Źƺƈƫř ŵŶƗ» ƲƗ źŞƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ¬ŠǀƫŚŤŤƯ šřźƯ ťǈŧ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ  3

. ( )n S  ƵźƇŚƴƗ ŵŶƗƹ ( )S  ŠƴǀƘƫř ŌŚƌƟ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

P X P X P X P X0 1 2 3 1= + = + = + = =^ ^ ^ ^h h h h  :Ʊŏ (3) ƩŚŨƯ ƾƟ ƒůǇ

Graph of Probability Distribution Function  ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ

 ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ ƱŔƟ ƾƫŚŤƫŚŝƹ , ( )x f xi i^ h ŠŞţźưƫř ũřƹŻǃř ƪŨưţ ƾŤƫř ƻƺŤƀưƫř ƍŚƤƳ ŠƗƺưŬƯ ƾƷ ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ
. 3  ƩŚŨƯ ƾƟ ŠƫřŶƫř ƪǀŨưţ ƲÚǀŞƿ ƾƫŚŤƫř ƪƨƄƫřƹ ¬ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŚƸƬǀŨưţ Ʋƨưƿ ƍŚƤƳ ƲƗ şŹŚŞƗ ƾƫŚưŤůǅř
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1
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1

( )f x

:ŠƯŚƷ ŠƔůǈƯ
 :ƲǀƏźƄƫř ƢƤŰţ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ

 .ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƕƺưŬƯ
1  ( )f x0 1G G

2  ( ) ( ) ( ) ...f x f x f x 1+ + + =1 2 3

:ƾƷ X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŢƳŚƧ řŷœ

3212-x

0.2k0.10.3( )f x

.k  Šưǀƣ ŶūƹŐƟ

:ƪŰƫř

ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƕƺưŬƯ   a
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( ) ( ) ( ) ( )f f f f2 1 2 3 1` - + + + =

. . .k0 3 0 1 0 2 1+ + + =

.k 1 0 6= -

.k 0 4=

:ƾƷ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŢƳŚƧ řŷœ  4

43210x

k0.20.10.150.35( )f x

.k Šưǀƣ ŶūƹŐƟ  

. 4  ƩŚŨƯ ƾƟ ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƪÚŨưƿ ƾƫŚŤƫř ƪƨƄƫř

21-1

0.1

0.2

0.3

0.4

-2 3 x

( )f x

.ŠŞƫŚſ Ʊƺƨţ Ʊŏ Ʋƨưƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř Ʈǀƣ Ʊŏ ƒůǅ

, , ,2 1 0 1- -" ,  :ƺƷ ƵřŶƯ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X  ƱŚƧ řŷœ

( ) ( ) . , ( ) .f f f2 1 0 3 1 0 2- = - = =  ƱŚƧƹ

.X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŜŤƧř Ʈŧ ¬ ( )f 0   Ŷūƹŏ

:ƪŰƫř

( ) ( ) ( ) ( )f f f f2 1 0 1 1a - + - + + =

(0). . .f0 3 0 3 10 2` + + + =

( ) .f 0 1 0 8= -

.0 2=
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:źƧŸţ
 ƱŚƧ řŷœ

, ,n r n rZ! H
+

1 ( ) ( ) ...P n n n1 2n r = - -

... ( )n r 1- +

!
!

( )
P n r

n
n r =

-

2
!

C r
P

n r
n r

=

!
!

( ) !
C r n r

n
n r =

-

.X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  `

101-2-x

0.20.20.30.3( )f x

, , ,0 1 2 3" , :ƺƷ ƵřŶƯ Ś ÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  5

( ) . , ( ) . , ( ) .f f f0 0 1 1 0 6 2 0 15= = =  :ƱŚƧƹ

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŜŤƧř Ʈŧ ¬ ( )f 3  ŶūƹŐƟ

 šřźƧ ƖŝŹŏ ŢŞŰſ .Ōřźưů šřźƧ 3ƹ ŌŚƌǀŝ šřźƧ 7 ŚƸƴƯ ŠƬŧŚưŤƯ šřźƧ 10 ƼƬƗ ƽƺŤŰƿ ơƹŶƴƇ
.ŌřźưŰƫř šřźƨƫř ŵŶƗ ƪÚŨưƿ X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ .ơƹŶƴƈƫř ƲƯ ŚÔƘƯ ŚĐǀŗřƺƄƗ

:ƾƬƿ ŚƯ ŶūƹŐƟ

. ( )Sn  ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ  a

 .X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

.X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

.X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

:ƪŰƫř
( )Sn C 2104= =10  : S^ h ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ  a

:ƾƫŚŤƫŚƧ ŚƸŞŰſ Ʋƨưƿ ƾŤƫř ŌřźưŰƫř šřźƨƫř ŵŶƗ  b

:šǇŚů 4 ŚƴƿŶƫ
.ŌŚƌǀŝ ŠŝƺŰƀưƫř šřźƨƫř ƪƧ Ʊƺƨţ Ʊŏ

X 0=    źƠƇ =  ŠŝƺŰƀưƫř ŌřźưŰƫř šřźƨƫř ŵŶƗ  `
X 1=   Ōřźưů şŶůřƹƹ ŌŚƌǀŝ šřźƧ 3 ŚƸƴƯ ŠŝƺŰƀưƫř šřźƨƫř Ʊƺƨţ Ʊŏ
X 2=   Ōřźưů şźƧ 2ƹ ŌŚƌǀŝ şźƧ 2 ŚƸƴƯ ŠŝƺŰƀưƫř šřźƨƫř Ʊƺƨţ Ʊŏ
X 3=   Ōřźưů šřźƧ 3ƹ ŌŚƌǀŝ şźƧ 1 ŚƸƴƯ ŠŝƺŰƀưƫř šřźƨƫř Ʊƺƨţ Ʊŏ

, , ,0 1 2 3" ,     :ƺƷ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  `

c  P X C
CC

0 210
354

10 4

7 3 0#
= = =^ h

P X C
C C

1 210
105

10 4

7 33 1#
= = =^ h

P X C
C C

2 210
63

10 4

7 32 2#
= = =^ h

P X C
C C

3 210
7

10 4

7 31 3#
= = =^ h
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( ) ( ) ( ) ( )f f f f2 1 2 3 1` - + + + =

. . .k0 3 0 1 0 2 1+ + + =

.k 1 0 6= -

.k 0 4=

:ƾƷ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŢƳŚƧ řŷœ  4

43210x

k0.20.10.150.35( )f x

.k Šưǀƣ ŶūƹŐƟ  

. 4  ƩŚŨƯ ƾƟ ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƪÚŨưƿ ƾƫŚŤƫř ƪƨƄƫř

21-1

0.1

0.2

0.3

0.4

-2 3 x

( )f x

.ŠŞƫŚſ Ʊƺƨţ Ʊŏ Ʋƨưƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř Ʈǀƣ Ʊŏ ƒůǅ

, , ,2 1 0 1- -" ,  :ƺƷ ƵřŶƯ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X  ƱŚƧ řŷœ

( ) ( ) . , ( ) .f f f2 1 0 3 1 0 2- = - = =  ƱŚƧƹ

.X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŜŤƧř Ʈŧ ¬ ( )f 0   Ŷūƹŏ

:ƪŰƫř

( ) ( ) ( ) ( )f f f f2 1 0 1 1a - + - + + =

(0). . .f0 3 0 3 10 2` + + + =

( ) .f 0 1 0 8= -

.0 2=
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:X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

ƕƺưŬưƫř3210x

1210
7

210
63

210
105

210
35( )f x

.ơƹŶƴƈƫř ƲƯ Ś ÔƘƯ šřźƧ 3 ŚĐǀŗřƺƄƗ ŢŞŰſ .Ōřźưů šřźƧ 3ƹ ŌŚƌǀŝ šřźƧ 7 ŚƸƴƯ ŠƬŧŚưŤƯ šřźƧ 10 ƼƬƗ ƽƺŤŰƿ ơƹŶƴƇ  6

¬ŌŚƌǀŞƫř šřźƨƫř ŵŶƗ ƪŨưƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ

:ƾƬƿ ŚƯ ŶūƹŐƟ

.( )S  ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

 ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƬƫ ƲƿŚŞŤƫřƹ (Ǝſƺƫř) ƖƣƺŤƫř
Expectation and Variance for Discrete Random Variables

.+  żƯźƫŚŝ ƶƫ żƯźƿƹ ŠƿżƧźưƫř ŠƗżƴƫř žǀƿŚƤƯ Ŷůŏ ƺƷ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ (Ǝſƺƫř) ƖƣƺŤƫř

 źǀƜŤưƫř Ʈǀƣ ŢŤƄţ žǀƤţ ƾŤƫř ŠưǀƤƫř ƺƷ 2m^ h ƲƿŚŞŤƫřƹ ¬ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ Šƴƨưưƫř ƮǀƤƫř ŚƸƫƺů ƖưŬŤţ ƾŤƫř ŠưǀƤƫř ƺƷƹ
 ŽŹŶƳ Ɲƺſƹ ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř šŚƠƇ ƮƷŏ ƱŚƈŴƬƿ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ƱŔƟ ƾƫŚŤƫŚŝƹ ¬ŠƐſƺŤưƫř ƶŤưǀƣ ƲƗ ƖƐƤŤưƫř ƾŗřƺƄƘƫř

.ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř ƲƯ ƪƨƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ƲƯ ĐǆƧ

Expectation for Discrete Random Variable  ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ (Ǝſƺƫř) ƖƣƺŤƫř : ÔǇƹŏ

:ƞƿźƘţ

¬f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƶƫ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

( ) , , ,S ....X x x x= 2 31" ,  :X  ƻŶƯ

:ŠǀƫŚŤƫř ŠƜǀƈƫŚŝ ƼƐƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ (+ ) ƖƣƺŤƫř ƱŔƟ

( )x f x+ Y= i i

:Ʊŏ ƽŏ

+ ( ) ( ) ( ) ...x f x x f x x f x1 1= + + +2 2 3 3
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:źƧŸţ
 ƱŚƧ řŷœ

, ,n r n rZ! H
+

1 ( ) ( ) ...P n n n1 2n r = - -

... ( )n r 1- +

!
!

( )
P n r

n
n r =

-

2
!

C r
P

n r
n r

=

!
!

( ) !
C r n r

n
n r =

-

.X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  `

101-2-x

0.20.20.30.3( )f x

, , ,0 1 2 3" , :ƺƷ ƵřŶƯ Ś ÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  5

( ) . , ( ) . , ( ) .f f f0 0 1 1 0 6 2 0 15= = =  :ƱŚƧƹ

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ŜŤƧř Ʈŧ ¬ ( )f 3  ŶūƹŐƟ

 šřźƧ ƖŝŹŏ ŢŞŰſ .Ōřźưů šřźƧ 3ƹ ŌŚƌǀŝ šřźƧ 7 ŚƸƴƯ ŠƬŧŚưŤƯ šřźƧ 10 ƼƬƗ ƽƺŤŰƿ ơƹŶƴƇ
.ŌřźưŰƫř šřźƨƫř ŵŶƗ ƪÚŨưƿ X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ .ơƹŶƴƈƫř ƲƯ ŚÔƘƯ ŚĐǀŗřƺƄƗ

:ƾƬƿ ŚƯ ŶūƹŐƟ

. ( )Sn  ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ  a

 .X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

.X  ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

.X  ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

:ƪŰƫř
( )Sn C 2104= =10  : S^ h ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ  a

:ƾƫŚŤƫŚƧ ŚƸŞŰſ Ʋƨưƿ ƾŤƫř ŌřźưŰƫř šřźƨƫř ŵŶƗ  b

:šǇŚů 4 ŚƴƿŶƫ
.ŌŚƌǀŝ ŠŝƺŰƀưƫř šřźƨƫř ƪƧ Ʊƺƨţ Ʊŏ

X 0=    źƠƇ =  ŠŝƺŰƀưƫř ŌřźưŰƫř šřźƨƫř ŵŶƗ  `
X 1=   Ōřźưů şŶůřƹƹ ŌŚƌǀŝ šřźƧ 3 ŚƸƴƯ ŠŝƺŰƀưƫř šřźƨƫř Ʊƺƨţ Ʊŏ
X 2=   Ōřźưů şźƧ 2ƹ ŌŚƌǀŝ şźƧ 2 ŚƸƴƯ ŠŝƺŰƀưƫř šřźƨƫř Ʊƺƨţ Ʊŏ
X 3=   Ōřźưů šřźƧ 3ƹ ŌŚƌǀŝ şźƧ 1 ŚƸƴƯ ŠŝƺŰƀưƫř šřźƨƫř Ʊƺƨţ Ʊŏ

, , ,0 1 2 3" ,     :ƺƷ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  `

c  P X C
CC

0 210
354

10 4

7 3 0#
= = =^ h

P X C
C C

1 210
105

10 4

7 33 1#
= = =^ h

P X C
C C

2 210
63

10 4

7 32 2#
= = =^ h

P X C
C C

3 210
7

10 4

7 31 3#
= = =^ h
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:X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

ƕƺưŬưƫř3210x

1210
7

210
63

210
105

210
35( )f x

.ơƹŶƴƈƫř ƲƯ Ś ÔƘƯ šřźƧ 3 ŚĐǀŗřƺƄƗ ŢŞŰſ .Ōřźưů šřźƧ 3ƹ ŌŚƌǀŝ šřźƧ 7 ŚƸƴƯ ŠƬŧŚưŤƯ šřźƧ 10 ƼƬƗ ƽƺŤŰƿ ơƹŶƴƇ  6

¬ŌŚƌǀŞƫř šřźƨƫř ŵŶƗ ƪŨưƿ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ

:ƾƬƿ ŚƯ ŶūƹŐƟ

.( )S  ŠƴǀƘƫř ŌŚƌƟ źƇŚƴƗ ŵŶƗ  a

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ  b

. X ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ źƇŚƴƗ ƲƯ źƈƴƗ ƪƧ ƩŚưŤůř  c

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ  d

 ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƬƫ ƲƿŚŞŤƫřƹ (Ǝſƺƫř) ƖƣƺŤƫř
Expectation and Variance for Discrete Random Variables

.+  żƯźƫŚŝ ƶƫ żƯźƿƹ ŠƿżƧźưƫř ŠƗżƴƫř žǀƿŚƤƯ Ŷůŏ ƺƷ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ (Ǝſƺƫř) ƖƣƺŤƫř

 źǀƜŤưƫř Ʈǀƣ ŢŤƄţ žǀƤţ ƾŤƫř ŠưǀƤƫř ƺƷ 2m^ h ƲƿŚŞŤƫřƹ ¬ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ Šƴƨưưƫř ƮǀƤƫř ŚƸƫƺů ƖưŬŤţ ƾŤƫř ŠưǀƤƫř ƺƷƹ
 ŽŹŶƳ Ɲƺſƹ ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř šŚƠƇ ƮƷŏ ƱŚƈŴƬƿ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ƱŔƟ ƾƫŚŤƫŚŝƹ ¬ŠƐſƺŤưƫř ƶŤưǀƣ ƲƗ ƖƐƤŤưƫř ƾŗřƺƄƘƫř

.ŠƘƐƤŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř ƲƯ ƪƨƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ƲƯ ĐǆƧ

Expectation for Discrete Random Variable  ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ (Ǝſƺƫř) ƖƣƺŤƫř : ÔǇƹŏ

:ƞƿźƘţ

¬f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƶƫ ŚÔƘƐƤŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

( ) , , ,S ....X x x x= 2 31" ,  :X  ƻŶƯ

:ŠǀƫŚŤƫř ŠƜǀƈƫŚŝ ƼƐƘƿ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ (+ ) ƖƣƺŤƫř ƱŔƟ

( )x f x+ Y= i i

:Ʊŏ ƽŏ

+ ( ) ( ) ( ) ...x f x x f x x f x1 1= + + +2 2 3 3
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.X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ

54321x

0.020.090.170.290.43( )f x

:ŶūƹŐƟ

.(ª) ƖƣƺŤƫř  a

.( )2m  ƲƿŚŞŤƫř  b

.( )m  ƽŹŚǀƘưƫř ƝřźŰƳǇř  c

:ƪŰƫř

a  + ( )x f x= i i/  :(+ ) ƖƣƺŤƫř

. . . . .1 0 43 2 0 29 3 0 17 4 0 09 5 0 02# # # # #= + + + +

.1 98=

b ( )x f x2 2m = -ii
/ + 2 :( )2m  ƲƿŚŞŤƫř

. . . . . ( . ) . .1 0 43 4 0 29 9 0 17 16 0 09 25 0 02 1 98 5 06 3 922# # # # #= + + + + - = -

.1 1396=

c 2m m= :ƽŹŚǀƘưƫř ƝřźŰƳǇř

.1 1396=

.1 0675.

.X ƖƐƤŤƯ ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ  8

54321x

0.30.10.30.10.2( )f x

:ŶūƹŐƟ

.(+ ) ƖƣƺŤƫř  a

.( )2m  ƲƿŚŞŤƫř  b

.( )m ƽŹŚǀƘưƫř ƝřźŰƳǇř  c
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.X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ

54321x

0.020.090.170.290.43( )f x

:ŶūƹŐƟ

.(ª) ƖƣƺŤƫř  a

.( )2m  ƲƿŚŞŤƫř  b

.( )m  ƽŹŚǀƘưƫř ƝřźŰƳǇř  c

:ƪŰƫř

a  + ( )x f x= i i/  :(+ ) ƖƣƺŤƫř

. . . . .1 0 43 2 0 29 3 0 17 4 0 09 5 0 02# # # # #= + + + +

.1 98=

b ( )x f x2 2m = -ii
/ + 2 :( )2m  ƲƿŚŞŤƫř

. . . . . ( . ) . .1 0 43 4 0 29 9 0 17 16 0 09 25 0 02 1 98 5 06 3 922# # # # #= + + + + - = -

.1 1396=

c 2m m= :ƽŹŚǀƘưƫř ƝřźŰƳǇř

.1 1396=

.1 0675.

.X ƖƐƤŤƯ ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ  8

54321x

0.30.10.30.10.2( )f x

:ŶūƹŐƟ

.(+ ) ƖƣƺŤƫř  a

.( )2m  ƲƿŚŞŤƫř  b

.( )m ƽŹŚǀƘưƫř ƝřźŰƳǇř  c
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:źƧŸţ
 ƾƫŚưŤůǇř ƖƿŻƺŤƫř ŠƫřŶƫ żƯźƳ

. f żƯźƫŚŝ
 ƾưƧřźŤƫř ƖƿŻƺŤƫř ŠƫřŶƫ żƯźƳƹ

.F żƯźƫŚŝ

 ƖƐƤŤƯ ƾŗřƺƄƗ źǀƜŤưƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
Cumulative Distribution Function for a Discrete Random
Variable

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƪǀƈƠŤƫŚŝ ŚƴſŹŵ
:ƲǀƏźƄƫř ƢƤŰţ f ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ Ʊŏ ŚƴÚǀŝƹ

1  ( )f x0 1G G

2  f x 1=i^ h/

.ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƾƷƹ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƻźųŏ ŠƫřŶƫ Ʊǁř ƉźƘŤƳƹ

:ƞƿźƘţ

 ƾŗřƺƄƘƫř źǀƜŤưƫř ƕƺƣƹ ƩŚưŤůř ƾƷ a ŠưǀƤƫř ŶƴƗ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
a ƽƹŚƀƿ ƹŏ ƲƯ źƜƇŏ X Ʊƺƨƿ ŦǀŰŝ X

( )F a P X aG= ^ h  :Ʊŏ ƽŏ

,0 16 @ ƻŶưƫř ƽƹŚƀƿ ƪŝŚƤưƫř ƩŚŬưƫř Ʊŏƹ R  ƺƷ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƩŚŬƯ Ʊŏ ƒůǅ

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƲÚǀŞƿ ƾƫŚŤƫř ƩƹŶŬƫř

543x

0.20.30.5( )f x

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ F ŢƳŚƧ řŷœ

( ) , ( ) , ( ) , ( . ) , ( ) , ( )F F F F F F2 3 4 4 5 5 7  :ŶūƹŐƟ

:ƪŰƫř

(2)F P X 2 0G= =^ h
( )F P X P X P X3 3 33 1G= = + =^ ^ ^h h h

.0 0 5= +

.0 5=

( )F P X 44 G= ^ h
P X P X4 41= + =^ ^h h
P P3 4= +^ ^h h
. .0 5 0 3= +

.0 8=

152152

:źƧŸţ
 ƾƫŚưŤůǇř ƖƿŻƺŤƫř ŠƫřŶƫ żƯźƳ

. f żƯźƫŚŝ
 ƾưƧřźŤƫř ƖƿŻƺŤƫř ŠƫřŶƫ żƯźƳƹ

.F żƯźƫŚŝ

 ƖƐƤŤƯ ƾŗřƺƄƗ źǀƜŤưƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
Cumulative Distribution Function for a Discrete Random
Variable

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƪǀƈƠŤƫŚŝ ŚƴſŹŵ
:ƲǀƏźƄƫř ƢƤŰţ f ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ Ʊŏ ŚƴÚǀŝƹ

1  ( )f x0 1G G

2  f x 1=i^ h/

.ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƾƷƹ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƻźųŏ ŠƫřŶƫ Ʊǁř ƉźƘŤƳƹ

:ƞƿźƘţ

 ƾŗřƺƄƘƫř źǀƜŤưƫř ƕƺƣƹ ƩŚưŤůř ƾƷ a ŠưǀƤƫř ŶƴƗ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
a ƽƹŚƀƿ ƹŏ ƲƯ źƜƇŏ X Ʊƺƨƿ ŦǀŰŝ X

( )F a P X aG= ^ h  :Ʊŏ ƽŏ

,0 16 @ ƻŶưƫř ƽƹŚƀƿ ƪŝŚƤưƫř ƩŚŬưƫř Ʊŏƹ R  ƺƷ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƩŚŬƯ Ʊŏ ƒůǅ

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƲÚǀŞƿ ƾƫŚŤƫř ƩƹŶŬƫř

543x

0.20.30.5( )f x

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ F ŢƳŚƧ řŷœ

( ) , ( ) , ( ) , ( . ) , ( ) , ( )F F F F F F2 3 4 4 5 5 7  :ŶūƹŐƟ

:ƪŰƫř

(2)F P X 2 0G= =^ h
( )F P X P X P X3 3 33 1G= = + =^ ^ ^h h h

.0 0 5= +

.0 5=

( )F P X 44 G= ^ h
P X P X4 41= + =^ ^h h
P P3 4= +^ ^h h
. .0 5 0 3= +

.0 8=

152152

( . ) .F P X4 5 4 5G= ^ h
. .P X P X4 5 4 51= + =^ ^h h

.P X P X P X3 4 4 5= = + = + =^ ^ ^h h h
. .0 5 0 3 0= + +

.0 8=

( ) P XF 5 5G= ^ h
P X P X5 51= + =^ ^h h
X X XP P P3 4 5= = + = + =^ ^ ^h h h
. . .0 5 0 3 0 2= + +

1=

( ) P XF 7 7G= ^ h
P X P X7 71= + =^ ^h h
X X X XP P P P3 4 5 7= = + = + = + =^ ^ ^ ^h h h h
. . .0 5 0 3 0 2 0= + + +

1=

.X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƲÚǀŞƿ ƾƫŚŤƫř ƩƹŶŬƫř  9

54321x

0.020.090.170.290.43( )f x

.X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ F ŢƳŚƧ řŷœ

( ) , ( ) , ( . ) , ( ) , ( ) , ( )F F F F F F0 1 3 5 4 5 8  :ŶūƹŐƟ

Graph of Cumulative Distribution Function  ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƱŚǀŝ

 ƖƐƣƹ ƲǀƗŚƘƃ ƲƗ şŹŚŞƗ ŚƸƳŚǀŝ ƱŔƟ ƾƫŚŤƫŚŝƹ ,0 1 =6 @  ƻŶưƫř =  ƪŝŚƤưƫř ŚƸƫŚŬƯƹ R  ŚƸƫŚŬƯ Šƫřŵ ƾƷ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
.ŠưǀƤŤƀƯ

:ƾưƧřźŤƫř ƖƿŻƺŤƫř ƩƹŶū ƖƌƳ ƢŝŚƀƫř 9  ƩŚŨƯ ƾƟ

543x

10.80.5( )F x
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:źƧŸţ
 ƾƫŚưŤůǇř ƖƿŻƺŤƫř ŠƫřŶƫ żƯźƳ

. f żƯźƫŚŝ
 ƾưƧřźŤƫř ƖƿŻƺŤƫř ŠƫřŶƫ żƯźƳƹ

.F żƯźƫŚŝ

 ƖƐƤŤƯ ƾŗřƺƄƗ źǀƜŤưƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
Cumulative Distribution Function for a Discrete Random
Variable

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƪǀƈƠŤƫŚŝ ŚƴſŹŵ
:ƲǀƏźƄƫř ƢƤŰţ f ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ Ʊŏ ŚƴÚǀŝƹ

1  ( )f x0 1G G

2  f x 1=i^ h/

.ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƾƷƹ X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƻźųŏ ŠƫřŶƫ Ʊǁř ƉźƘŤƳƹ

:ƞƿźƘţ

 ƾŗřƺƄƘƫř źǀƜŤưƫř ƕƺƣƹ ƩŚưŤůř ƾƷ a ŠưǀƤƫř ŶƴƗ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ
a ƽƹŚƀƿ ƹŏ ƲƯ źƜƇŏ X Ʊƺƨƿ ŦǀŰŝ X

( )F a P X aG= ^ h  :Ʊŏ ƽŏ

,0 16 @ ƻŶưƫř ƽƹŚƀƿ ƪŝŚƤưƫř ƩŚŬưƫř Ʊŏƹ R  ƺƷ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƩŚŬƯ Ʊŏ ƒůǅ

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ f ƾƫŚưŤůǇř ƖƿŻƺŤƫř Šƫřŵ ƲÚǀŞƿ ƾƫŚŤƫř ƩƹŶŬƫř

543x

0.20.30.5( )f x

. X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ F ŢƳŚƧ řŷœ

( ) , ( ) , ( ) , ( . ) , ( ) , ( )F F F F F F2 3 4 4 5 5 7  :ŶūƹŐƟ

:ƪŰƫř

(2)F P X 2 0G= =^ h
( )F P X P X P X3 3 33 1G= = + =^ ^ ^h h h

.0 0 5= +

.0 5=

( )F P X 44 G= ^ h
P X P X4 41= + =^ ^h h
P P3 4= +^ ^h h
. .0 5 0 3= +

.0 8=
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:ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ  `
( )

:

. :

. :

:

F x

x
x
x

x

0 3

0 5 3 4

0 8 4 5

1 5

1

1

1

G

G

H

=

Z

[

\

]
]

]] :ŚƸƳŚǀŝƹ

1

1 2 3 4 5 6

0.2

0.4

0.6

0.8

x

( )F x

:X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ ƅřƺų ƊƘŝ

1  ( )X a P X a F aP 1 12 G= - = -^ ^h h
2  ( ) ( )a X b F b F aP 1 G = -^ h
3  a X b a X bP P1 1G G=^ ^h h

a X bP 1 1= ^ h
a X bP G G= ^ h

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƊƘŝ ƲÚǀŞƿ ƾƫŚŤƫř ƩƹŶŬƫř

5321x

10.60.20.15( )F x

:Ŷūƹŏ
a  1 3XP 1 G^ h
b  2 5XP 1G^ h
c  2XP 2^ h
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:ƪŰƫř
a  ( ) ( )XP F F1 3 3 11 # = -^ h

. .0 6 0 15= -

.0 45=

b  ( ) ( )XP F F2 5 5 21G = -^ h
.1 0 2= -

.0 8=

c  X XP P2 1 22 G= -^ ^h h
( )F1 2= -

.1 0 2= -

.0 8=

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƊƘŝ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ  10

4321x

10.650.400.25( )F x

:Ŷūƹŏ

a  P X2 41 1^ h
b  XP 32^ h

Binomial Distribution  ƲƿŶŰƫř šřŷ ƖƿŻƺţ

 Ʊŏ ƽŏ ƎƤƟ ƲǀŬţŚƳ Ƽƫœ ŚƸƫřżŤųř Ʋƨưƿ ŪţřƺƳ şŶƗ ƹŏ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠǀŗřƺƄƘƫř śŹŚŬŤƫř ƊƘŝ Ʊŏ ŚƴŤſřŹŵ Ʃǆų ƲƯ ƮƬƘƳ
: ÔǆŨưƟ ƲƿźƈƴƗ ƼƬƗ ŚÔƿƺŤŰƯ ŮŞƈƿ ŠƴǀƘƫř ŌŚƌƟ

•  .ŠŝŚŤƧ ƹŏ şŹƺƇ ŚƯœ ŪţŚƴƫř Ʊƺƨƿ şŶůřƹ şźƯ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ
•  .śƺſŹ ƹŏ ŭŚŬƳ ŚƯœ ŠŬǀŤƴƫř Ʊƺƨţ ŚƯ şŵŚƯ ƾƟ ř ÔŹŚŞŤųř ŜƫŚƐƫř ŠƿŵŐţ ŶƴƗ
•  .śƺſŹ ƹŏ ŭŚŬƳ ŠŬǀŤƴƫř Ʊƺƨţ şŵŚǀƤƫř ŠƈųŹ ƼƬƗ ƩƺƈŰƫř ŹŚŞŤųř ƆŴƃ Ʃƺųŵ ŶƴƗ

.ƲƿŶŰƫř šřŷ ŠŝźŬŤŝ Ƽưƀƿ ŚƯ ƾƷƹ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ƾŤƫř śŹŚŬŤƫř ŠſřŹŵ Ŷǀƣ ŚƴƳŔƟ řŸƨƷƹ
.ƖƐƤŤưƫř ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƖŞŤţ ƾŤƫřƹ
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:ƪŰƫř
a  ( ) ( )XP F F1 3 3 11 # = -^ h

. .0 6 0 15= -

.0 45=

b  ( ) ( )XP F F2 5 5 21G = -^ h
.1 0 2= -

.0 8=

c  X XP P2 1 22 G= -^ ^h h
( )F1 2= -

.1 0 2= -

.0 8=

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƊƘŝ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ  10

4321x

10.650.400.25( )F x

:Ŷūƹŏ

a  P X2 41 1^ h
b  XP 32^ h

Binomial Distribution  ƲƿŶŰƫř šřŷ ƖƿŻƺţ

 Ʊŏ ƽŏ ƎƤƟ ƲǀŬţŚƳ Ƽƫœ ŚƸƫřżŤųř Ʋƨưƿ ŪţřƺƳ şŶƗ ƹŏ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠǀŗřƺƄƘƫř śŹŚŬŤƫř ƊƘŝ Ʊŏ ŚƴŤſřŹŵ Ʃǆų ƲƯ ƮƬƘƳ
: ÔǆŨưƟ ƲƿźƈƴƗ ƼƬƗ ŚÔƿƺŤŰƯ ŮŞƈƿ ŠƴǀƘƫř ŌŚƌƟ

•  .ŠŝŚŤƧ ƹŏ şŹƺƇ ŚƯœ ŪţŚƴƫř Ʊƺƨƿ şŶůřƹ şźƯ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ
•  .śƺſŹ ƹŏ ŭŚŬƳ ŚƯœ ŠŬǀŤƴƫř Ʊƺƨţ ŚƯ şŵŚƯ ƾƟ ř ÔŹŚŞŤųř ŜƫŚƐƫř ŠƿŵŐţ ŶƴƗ
•  .śƺſŹ ƹŏ ŭŚŬƳ ŠŬǀŤƴƫř Ʊƺƨţ şŵŚǀƤƫř ŠƈųŹ ƼƬƗ ƩƺƈŰƫř ŹŚŞŤųř ƆŴƃ Ʃƺųŵ ŶƴƗ

.ƲƿŶŰƫř šřŷ ŠŝźŬŤŝ Ƽưƀƿ ŚƯ ƾƷƹ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ƾŤƫř śŹŚŬŤƫř ŠſřŹŵ Ŷǀƣ ŚƴƳŔƟ řŸƨƷƹ
.ƖƐƤŤưƫř ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƖŞŤţ ƾŤƫřƹ
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:ƪŰƫř
a  ( ) ( )XP F F1 3 3 11 # = -^ h

. .0 6 0 15= -

.0 45=

b  ( ) ( )XP F F2 5 5 21G = -^ h
.1 0 2= -

.0 8=

c  X XP P2 1 22 G= -^ ^h h
( )F1 2= -

.1 0 2= -

.0 8=

. X ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ F ƾưƧřźŤƫř ƖƿŻƺŤƫř Šƫřŵ Ʈǀƣ ƊƘŝ ƾƫŚŤƫř ƩƹŶŬƫř ƲÚǀŞƿ  10

4321x

10.650.400.25( )F x

:Ŷūƹŏ

a  P X2 41 1^ h
b  XP 32^ h

Binomial Distribution  ƲƿŶŰƫř šřŷ ƖƿŻƺţ

 Ʊŏ ƽŏ ƎƤƟ ƲǀŬţŚƳ Ƽƫœ ŚƸƫřżŤųř Ʋƨưƿ ŪţřƺƳ şŶƗ ƹŏ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠǀŗřƺƄƘƫř śŹŚŬŤƫř ƊƘŝ Ʊŏ ŚƴŤſřŹŵ Ʃǆų ƲƯ ƮƬƘƳ
: ÔǆŨưƟ ƲƿźƈƴƗ ƼƬƗ ŚÔƿƺŤŰƯ ŮŞƈƿ ŠƴǀƘƫř ŌŚƌƟ

•  .ŠŝŚŤƧ ƹŏ şŹƺƇ ŚƯœ ŪţŚƴƫř Ʊƺƨƿ şŶůřƹ şźƯ ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŶƴƗ
•  .śƺſŹ ƹŏ ŭŚŬƳ ŚƯœ ŠŬǀŤƴƫř Ʊƺƨţ ŚƯ şŵŚƯ ƾƟ ř ÔŹŚŞŤųř ŜƫŚƐƫř ŠƿŵŐţ ŶƴƗ
•  .śƺſŹ ƹŏ ŭŚŬƳ ŠŬǀŤƴƫř Ʊƺƨţ şŵŚǀƤƫř ŠƈųŹ ƼƬƗ ƩƺƈŰƫř ŹŚŞŤųř ƆŴƃ Ʃƺųŵ ŶƴƗ

.ƲƿŶŰƫř šřŷ ŠŝźŬŤŝ Ƽưƀƿ ŚƯ ƾƷƹ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ƾŤƫř śŹŚŬŤƫř ŠſřŹŵ Ŷǀƣ ŚƴƳŔƟ řŸƨƷƹ
.ƖƐƤŤưƫř ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ƖŞŤţ ƾŤƫřƹ
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ƲƿŶŰƫř šřŷ ŠŝźŬţ :ƞƿźƘţ

:ŠǀƫŚŤƫř ƍƹźƄƫř ƢƤŰţ ŠǀŗřƺƄƗ ŠŝźŬţ ƾƷ ƲƿŶŰƫř šřŷ ŠŝźŬţ

.ŠƬŧŚưŤưƫřƹ ŠƬƤŤƀưƫř šǇƹŚŰưƫř ƲƯ n ŵŶƗ ƲƯ ŠŝźŬŤƫř ƱÚƺƨŤţ  1

.(ƻźųǃř šǇƹŚŰưƫř ŪŗŚŤƴŝ źŧŐŤţ Ǉƹ źŧŒţ Ǉ ŠƫƹŚŰƯ ƪƧ ŠŬǀŤƳ Ʊŏ ƾƴƘţ ŠƬƤŤƀưƫř šǇƹŚŰưƫř)  

.(ƪƄƟ ƹŏ ŭŚŬƳ) ƪŨƯ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠƫƹŚŰƯ ƪƧ  2

.P żƯźƫŚŝ ƩŚưŤůǇř řŸƸƫ żƯźƳ Ɲƺſƹ .ƻźųŏ Ƽƫœ ŠŝźŬţ ƲƯ ŚÔŤŝŚŧ Ʊƺƨƿ ƲǀŬţŚƴƫř Ŷůŏ ƼƬƗ ƩƺƈŰƫř ƩŚưŤůř  3

.Bernoulli ƾƫƺƳźŝ ŠƫƹŚŰưŝ ŠŝźŬŤƫř šǇƹŚŰƯ ƲƯ ŠƫƹŚŰƯ ƪƧ Ƽưƀţƹ

 ƾŗřƺƄƘƫř źǀƜŤưƫř X ƱŚƧƹ P şŶůřƺƫř ŠƫƹŚŰưƫř ƾƟ ŭŚŬƴƫř ƩŚưŤůř ƱŚƧƹ šřźưƫř ƲƯ n ŵŶƗ ƾƫƺƳźŝ ŠŝźŬţ Ţƿźūŏ řŷœ ÔǆŨưƟ
:ŠǀƫŚŤƫř ŠƣǆƘƫŚŝ ƼƐƘƿ šǅƹŚŰưƫř ƲƯ x ƾƟ ŭŚŬƴƫř ƩŚưŤůř ƱŔƟ šǅƹŚŰưƫř ƪƧ ƾƟ ŭŚŬƴƫř šřźƯ ŵŶƗ ƪŨưƿ ƽŸƫř

( ) ,P X x f x C P P n1 Zn x
x n x

: : != = = -
- +^ ^h h

šǅƹŚŰưƫř ŵŶƗ n Ŧǀů

, , , ... , n X0 1 2 =" ,  ƾŗřƺƄƘƫř źǀƜŤưƬƫ Šƴƨưưƫř ƮǀƤƫř ŠƗƺưŬƯ

šǅƹŚŰưƫř ƲƯ n ƾƟ ŭŚŬƴƫř šřźƯ ŵŶƗ x

ŭŚŬƴƫř ƩŚưŤůř P

ƪƄƠƫř ƩŚưŤůř P1 -^ h
.P , n ƲǀŤưƬƘưƬƫ ƲƿŶŰƫř ƽŷ ƖƿŻƺŤŝ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƖƿŻƺţ Ƽưƀƿ

:ŶūƹŐƟ . , .n P7 0 1= =  :ŚưƷ ƶǀŤưƬƘƯƹ ƲƿŶů ƹŷ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

a  0XP =^ h b  1 3XP 1 G^ h
:ƪŰƫř

a  ( )X x f x CP P P1n x
x n xa = = = -

-^ ^h h
, .n P7 0 1a = =

( ) . .X f CP 0 0 0 1 0 97 0
0 7` # #= = =^ ^ ^h h h

.XP 0 0 4783.=^ h
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ƲƿŶŰƫř šřŷ ŠŝźŬţ :ƞƿźƘţ

:ŠǀƫŚŤƫř ƍƹźƄƫř ƢƤŰţ ŠǀŗřƺƄƗ ŠŝźŬţ ƾƷ ƲƿŶŰƫř šřŷ ŠŝźŬţ

.ŠƬŧŚưŤưƫřƹ ŠƬƤŤƀưƫř šǇƹŚŰưƫř ƲƯ n ŵŶƗ ƲƯ ŠŝźŬŤƫř ƱÚƺƨŤţ  1

.(ƻźųǃř šǇƹŚŰưƫř ŪŗŚŤƴŝ źŧŐŤţ Ǉƹ źŧŒţ Ǉ ŠƫƹŚŰƯ ƪƧ ŠŬǀŤƳ Ʊŏ ƾƴƘţ ŠƬƤŤƀưƫř šǇƹŚŰưƫř)  

.(ƪƄƟ ƹŏ ŭŚŬƳ) ƪŨƯ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠƫƹŚŰƯ ƪƧ  2

.P żƯźƫŚŝ ƩŚưŤůǇř řŸƸƫ żƯźƳ Ɲƺſƹ .ƻźųŏ Ƽƫœ ŠŝźŬţ ƲƯ ŚÔŤŝŚŧ Ʊƺƨƿ ƲǀŬţŚƴƫř Ŷůŏ ƼƬƗ ƩƺƈŰƫř ƩŚưŤůř  3

.Bernoulli ƾƫƺƳźŝ ŠƫƹŚŰưŝ ŠŝźŬŤƫř šǇƹŚŰƯ ƲƯ ŠƫƹŚŰƯ ƪƧ Ƽưƀţƹ

 ƾŗřƺƄƘƫř źǀƜŤưƫř X ƱŚƧƹ P şŶůřƺƫř ŠƫƹŚŰưƫř ƾƟ ŭŚŬƴƫř ƩŚưŤůř ƱŚƧƹ šřźưƫř ƲƯ n ŵŶƗ ƾƫƺƳźŝ ŠŝźŬţ Ţƿźūŏ řŷœ ÔǆŨưƟ
:ŠǀƫŚŤƫř ŠƣǆƘƫŚŝ ƼƐƘƿ šǅƹŚŰưƫř ƲƯ x ƾƟ ŭŚŬƴƫř ƩŚưŤůř ƱŔƟ šǅƹŚŰưƫř ƪƧ ƾƟ ŭŚŬƴƫř šřźƯ ŵŶƗ ƪŨưƿ ƽŸƫř

( ) ,P X x f x C P P n1 Zn x
x n x

: : != = = -
- +^ ^h h

šǅƹŚŰưƫř ŵŶƗ n Ŧǀů

, , , ... , n X0 1 2 =" ,  ƾŗřƺƄƘƫř źǀƜŤưƬƫ Šƴƨưưƫř ƮǀƤƫř ŠƗƺưŬƯ

šǅƹŚŰưƫř ƲƯ n ƾƟ ŭŚŬƴƫř šřźƯ ŵŶƗ x

ŭŚŬƴƫř ƩŚưŤůř P

ƪƄƠƫř ƩŚưŤůř P1 -^ h
.P , n ƲǀŤưƬƘưƬƫ ƲƿŶŰƫř ƽŷ ƖƿŻƺŤŝ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƖƿŻƺţ Ƽưƀƿ

:ŶūƹŐƟ . , .n P7 0 1= =  :ŚưƷ ƶǀŤưƬƘƯƹ ƲƿŶů ƹŷ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

a  0XP =^ h b  1 3XP 1 G^ h
:ƪŰƫř

a  ( )X x f x CP P P1n x
x n xa = = = -

-^ ^h h
, .n P7 0 1a = =

( ) . .X f CP 0 0 0 1 0 97 0
0 7` # #= = =^ ^ ^h h h

.XP 0 0 4783.=^ h
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ƲƿŶŰƫř šřŷ ŠŝźŬţ :ƞƿźƘţ

:ŠǀƫŚŤƫř ƍƹźƄƫř ƢƤŰţ ŠǀŗřƺƄƗ ŠŝźŬţ ƾƷ ƲƿŶŰƫř šřŷ ŠŝźŬţ
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.(ƻźųǃř šǇƹŚŰưƫř ŪŗŚŤƴŝ źŧŐŤţ Ǉƹ źŧŒţ Ǉ ŠƫƹŚŰƯ ƪƧ ŠŬǀŤƳ Ʊŏ ƾƴƘţ ŠƬƤŤƀưƫř šǇƹŚŰưƫř)  

.(ƪƄƟ ƹŏ ŭŚŬƳ) ƪŨƯ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠƫƹŚŰƯ ƪƧ  2

.P żƯźƫŚŝ ƩŚưŤůǇř řŸƸƫ żƯźƳ Ɲƺſƹ .ƻźųŏ Ƽƫœ ŠŝźŬţ ƲƯ ŚÔŤŝŚŧ Ʊƺƨƿ ƲǀŬţŚƴƫř Ŷůŏ ƼƬƗ ƩƺƈŰƫř ƩŚưŤůř  3

.Bernoulli ƾƫƺƳźŝ ŠƫƹŚŰưŝ ŠŝźŬŤƫř šǇƹŚŰƯ ƲƯ ŠƫƹŚŰƯ ƪƧ Ƽưƀţƹ

 ƾŗřƺƄƘƫř źǀƜŤưƫř X ƱŚƧƹ P şŶůřƺƫř ŠƫƹŚŰưƫř ƾƟ ŭŚŬƴƫř ƩŚưŤůř ƱŚƧƹ šřźưƫř ƲƯ n ŵŶƗ ƾƫƺƳźŝ ŠŝźŬţ Ţƿźūŏ řŷœ ÔǆŨưƟ
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( ) ,P X x f x C P P n1 Zn x
x n x

: : != = = -
- +^ ^h h

šǅƹŚŰưƫř ŵŶƗ n Ŧǀů
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a  ( )X x f x CP P P1n x
x n xa = = = -

-^ ^h h
, .n P7 0 1a = =

( ) . .X f CP 0 0 0 1 0 97 0
0 7` # #= = =^ ^ ^h h h

.XP 0 0 4783.=^ h
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ƲƿŶŰƫř šřŷ ŠŝźŬţ :ƞƿźƘţ
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.ŠƬŧŚưŤưƫřƹ ŠƬƤŤƀưƫř šǇƹŚŰưƫř ƲƯ n ŵŶƗ ƲƯ ŠŝźŬŤƫř ƱÚƺƨŤţ  1
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.(ƪƄƟ ƹŏ ŭŚŬƳ) ƪŨƯ ƎƤƟ ƱŚŬţŚƳ ŚƸƫ Ʊƺƨƿ ŠƫƹŚŰƯ ƪƧ  2

.P żƯźƫŚŝ ƩŚưŤůǇř řŸƸƫ żƯźƳ Ɲƺſƹ .ƻźųŏ Ƽƫœ ŠŝźŬţ ƲƯ ŚÔŤŝŚŧ Ʊƺƨƿ ƲǀŬţŚƴƫř Ŷůŏ ƼƬƗ ƩƺƈŰƫř ƩŚưŤůř  3
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( ) ,P X x f x C P P n1 Zn x
x n x

: : != = = -
- +^ ^h h
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ŭŚŬƴƫř ƩŚưŤůř P

ƪƄƠƫř ƩŚưŤůř P1 -^ h
.P , n ƲǀŤưƬƘưƬƫ ƲƿŶŰƫř ƽŷ ƖƿŻƺŤŝ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƖƿŻƺţ Ƽưƀƿ

:ŶūƹŐƟ . , .n P7 0 1= =  :ŚưƷ ƶǀŤưƬƘƯƹ ƲƿŶů ƹŷ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

a  0XP =^ h b  1 3XP 1 G^ h
:ƪŰƫř

a  ( )X x f x CP P P1n x
x n xa = = = -

-^ ^h h
, .n P7 0 1a = =

( ) . .X f CP 0 0 0 1 0 97 0
0 7` # #= = =^ ^ ^h h h

.XP 0 0 4783.=^ h
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:ŚưƷ ƶǀŤưƬƘƯƹ ƲƿŶů ƹŷ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  11

:ŶūƹŐƟ n 6=  ¬ .P 0 6=

a  P X 1=^ h
b  P X2 41 G^ h

Expectation and Variance for Binomial Distribution  ƲƿŶŰƫř šřŷ ƖƿŻƺŤƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř

.ƲƿŶŰƫř šřŷ ƖƿŻƺŤƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŵŚŬƿǈ ƉÚźƘŤƳ Ʊǁřƹ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŵŚŬƿœ ŠǀƠǀƧ ŚƴſŹŵ

+ nP=  :ƖƣƺŤƫř
1nP P2m = -^ h :ƲƿŚŞŤƫř

1nP Pm = -^ h  :ƽŹŚǀƘưƫř ƝřźŰƳǇř

0.01 ŠŞǀƘưƫř šřŹŚǀƀƫř ũŚŤƳœ ŠŞƀƳ ŢƳŚƧ řŷœ ¬ŚĐǀƯƺƿ şŹŚǀſ 200 šřŹŚǀſ ƖƴƈƯ ŪŤƴƿ

.Ŷůřƹ ƭƺƿ ƾƟ ŠŞǀƘưƫř šřŹŚǀƀƫř ŵŶƘƫ ƽŹŚǀƘưƫř ƝřźŰƳǇřƹ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŶūƹŐƟ

:ƪŰƫř

200n =      Ŷůřƺƫř ƭƺǀƫř ƾƟ ŠƘƴƈưƫř šřŹŚǀƀƫř ŵŶƗ

.P 0 01=    Ŷůřƺƫř ƭƺǀƫř ƾƟ ŠŞǀƘưƫř šřŹŚǀƀƫř ũŚŤƳœ ŠŞƀƳ

+ ( . )nP 200 0 01 2= = =    :ƖƣƺŤƫř

1 ( . )( . ) .nP P 200 0 01 0 99 1 982m = - = =^ h  :ƲƿŚŞŤƫř

.1 98m = :ƽŹŚǀƘưƫř ƝřźŰƳǇř

.1 4071.

0.02 ŠŞǀƘưƫř šřŹŚǀƀƫř ũŚŤƳœ ŠŞƀƳ ŢƳŚƧ řŷœ ¬ŚĐǀƯƺƿ şŹŚǀſ 350 šřŹŚǀſ ƖƴƈƯ ŪŤƴƿ  12

.Ŷůřƹ ƭƺƿ ƾƟ ŠŞǀƘưƫř šřŹŚǀƀƫř ŵŶƘƫ ƽŹŚǀƘưƫř ƝřźŰƳǇřƹ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŶūƹŐƟ
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:ŚưƷ ƶǀŤưƬƘƯƹ ƲƿŶů ƹŷ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  11
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Expectation and Variance for Binomial Distribution  ƲƿŶŰƫř šřŷ ƖƿŻƺŤƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř
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+ ( . )nP 200 0 01 2= = =    :ƖƣƺŤƫř

1 ( . )( . ) .nP P 200 0 01 0 99 1 982m = - = =^ h  :ƲƿŚŞŤƫř
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.ƲƿŶŰƫř šřŷ ƖƿŻƺŤƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŵŚŬƿǈ ƉÚźƘŤƳ Ʊǁřƹ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŵŚŬƿœ ŠǀƠǀƧ ŚƴſŹŵ

+ nP=  :ƖƣƺŤƫř
1nP P2m = -^ h :ƲƿŚŞŤƫř

1nP Pm = -^ h  :ƽŹŚǀƘưƫř ƝřźŰƳǇř

0.01 ŠŞǀƘưƫř šřŹŚǀƀƫř ũŚŤƳœ ŠŞƀƳ ŢƳŚƧ řŷœ ¬ŚĐǀƯƺƿ şŹŚǀſ 200 šřŹŚǀſ ƖƴƈƯ ŪŤƴƿ

.Ŷůřƹ ƭƺƿ ƾƟ ŠŞǀƘưƫř šřŹŚǀƀƫř ŵŶƘƫ ƽŹŚǀƘưƫř ƝřźŰƳǇřƹ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŶūƹŐƟ

:ƪŰƫř

200n =      Ŷůřƺƫř ƭƺǀƫř ƾƟ ŠƘƴƈưƫř šřŹŚǀƀƫř ŵŶƗ

.P 0 01=    Ŷůřƺƫř ƭƺǀƫř ƾƟ ŠŞǀƘưƫř šřŹŚǀƀƫř ũŚŤƳœ ŠŞƀƳ

+ ( . )nP 200 0 01 2= = =    :ƖƣƺŤƫř

1 ( . )( . ) .nP P 200 0 01 0 99 1 982m = - = =^ h  :ƲƿŚŞŤƫř

.1 98m = :ƽŹŚǀƘưƫř ƝřźŰƳǇř

.1 4071.

0.02 ŠŞǀƘưƫř šřŹŚǀƀƫř ũŚŤƳœ ŠŞƀƳ ŢƳŚƧ řŷœ ¬ŚĐǀƯƺƿ şŹŚǀſ 350 šřŹŚǀſ ƖƴƈƯ ŪŤƴƿ  12

.Ŷůřƹ ƭƺƿ ƾƟ ŠŞǀƘưƫř šřŹŚǀƀƫř ŵŶƘƫ ƽŹŚǀƘưƫř ƝřźŰƳǇřƹ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř ŶūƹŐƟ
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.şŹƺƇ ŹƺƸƓ ƺƷ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ƽŹŚǀƘưƫř ƝřźŰƳǇřƹ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ .šřźƯ 5 ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŠŝźŬţ ƾƟ

:ƪŰƫř

5n =                 ,                X  :şŹƺƈƫř ŹƺƸƓ

şŹƺƇ ŹƺƸƓ ƩŚưŤůř ƺƷ  P

,P P2
1 1 2

1
= - =

+ nP= :ƖƣƺŤƫř

.5 2
1

2
5 2 5#= = =

nP P12m = -^ h :ƲƿŚŞŤƫř

5 2
1
2
1

# #=

4
5

=

.1 25=

.n P P1 1 25m = - =^ h  :ƽŹŚǀƘưƫř ƝřźŰƳǇř

.1 1180.

.ŠŝŚŤƧ ŹƺƸƓ ƺƷ X ƾŗřƺƄƘƫř źǀƜŤưƫř ƱŚƧ řŷœ ƽŹŚǀƘưƫř ƝřźŰƳǇřƹ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ .šřźƯ 8 ŵƺƤƳ ŠƘƐƣ ŌŚƤƫœ ŠŝźŬţ ƾƟ  13
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8-2
(şźưŤƀưƫř) ŠƬƈŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř

Continuous Random Variables

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

:ƾƬƿ ŚưǀƟ ƖƐƤŤưƫř źǀƛ ƾŗřƺƄƘƫř źǀƜŤưƫřƹ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř ŵ ÚŶů  a

.ƭŶƤƫř şźƧ šŚƿŹŚŞƯ ƾƟ ƝřŶƷǃř ŵŶƗ  1

.şźſǃř ƾƟ šŚƴŞƫřƹ ŵǅƹǃř ŵŶƗ  2

.ŠƿƺƳŚŨƫř ŠƬůźưƫř śǆƏ ƲƯ ŠƗƺưŬƯ ƩřƺƏŏ  3

.ŠƴǀƘƯ ŠƤƐƴƯ ƾƟ ƻƺƈƤƫř şŹřźŰƫř  4

®ƖƐƤŤưƫř źǀƜƫřƹ ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƻŶưƫř Ʋǀŝ ơźƠƫř ŚƯ  b

 ƺƷ X (ƪƈƠƴưƫř) ƖƐƤŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř ƻŶƯ Ʊŏ Śƴƫ ƲÚǀŞţ «ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ» şźƤƟ ƲƯ
 źǀƛ Ʈǀƣ ŠƗƺưŬƯ ƺƷ ƖƐƤŤưƫř źǀƛ ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƻŶưƫřƹ ŶƘƬƫ ŠƬŝŚƣ ŠƘƐƤŤƯ Ʈǀƣ ŠƗƺưŬƯ

.«ƪƈŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř» Éŝ ƾŗřƺƄƘƫř źǀƜŤưƫř ƲƯ ƕƺƴƫř řŸƷ Ƽưƀƿƹ ŶƘƬƫ ŠƬŝŚƣ

Continuous Random Variable  ƪƈŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř :ƞƿźƘţ

 ƻŶƯ Ʊŏ ƽŏ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƲƯ şźŤƟ ƲƗ şŹŚŞƗ ƶƫ Šƴƨưưƫř ƮǀƤƫř ŠƗƺưŬƯ Ʊƺƨţ ƾŤƫř źǀƜŤưƫř ƺƷ
.ŶƘƬƫ ŠƬŝŚƣ źǀƛ ŠƗƺưŬƯ ƾƷƹ :X x xa bGG= " , ƪƈŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƫř

:ŠƬƈŤưƫř ŠǀŗřƺƄƘƫř šřźǀƜŤưƫř ƲƗ ŠƬŨƯŏ

•  .Šƴſ (20-15) ƲƯ ƮƷŹŚưƗŏ ƭřźūƺƬǀƨƫŚŝ śǆƏ ŠƗƺưŬƯ ŠƬŤƧ
•  .ƪƯŚƧ ƭƺƿ Ʃǆų ƱŚƀƳǈř Ʈƀū şŹřźů ŠūŹŵ
•  .ƲƯżƫř şŶůƹ Ʃǆų şŹŚǀƀƫ ŠƗƺƐƤưƫř ŠƟŚƀưƫř
•  .źŤƬƫŚŝ ƭƺǀƫř ƾƟ şźƤŞƫř ŚƸŬŤƴţ ƾŤƫř ŜǀƬŰƫř ŠǀưƧ

ƮƬƘŤţ Ɲƺſ
  •.ƪƈŤưƫř ƾŗřƺƄƘƫř źÚǀƜŤưƫř
  •.ƪƈŤưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
  •.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
  •.ƾƘǀŞƐƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • ƪƈŤƯ ƾŗřƺƄƗ źÚǀƜŤƯ

Continuous Random

Variable

  • ƪƈŤƯ ƾƫŚưŤůř ƖƿŻƺţ
Continuous Probability

Distribution

  • ƮƔŤƴƯ ƾƫŚưŤůř ƖƿŻƺţ
Regular Probability

Distribution

  • ƾƘǀŞƏ ƾƫŚưŤůř ƖƿŻƺţ
Natural Probability

Distribution
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ƮƬƘŤţ Ɲƺſ
  •.ƪƈŤưƫř ƾŗřƺƄƘƫř źÚǀƜŤưƫř
  •.ƪƈŤưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
  •.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
  •.ƾƘǀŞƐƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
  • ƪƈŤƯ ƾŗřƺƄƗ źÚǀƜŤƯ

Continuous Random

Variable

  • ƪƈŤƯ ƾƫŚưŤůř ƖƿŻƺţ
Continuous Probability

Distribution

  • ƮƔŤƴƯ ƾƫŚưŤůř ƖƿŻƺţ
Regular Probability

Distribution

  • ƾƘǀŞƏ ƾƫŚưŤůř ƖƿŻƺţ
Natural Probability

Distribution

160

:ŠƔůǈƯ
 ŢŰţ ŠƤƐƴưƫř ŠůŚƀƯ

.şźŤƠƫř ƕƺƴŝ źŧŐŤţ Ǉ ƼƴŰƴưƫř

Probability  (źưŤƀưƫř) ƪƈŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǇř ƖƿŻƺŤƫř
Distribution for a Continuous Random Variable

 ŶŬƴƟ .ƾŞƀƳ ƽŹřźƨţ ũŹŶƯ ƪƨƃ ƼƬƗ źưŤƀưƫř ƾưƨƫř ƾŗřƺƄƘƫř źǀƜŤưƫř šŚƳŚǀŝ ƪǀŨưţ Ʋƨưƿ
 .ƪƈŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƾƫŚưŤůǅř ƖƿŻƺŤƫř ƼƴŰƴưƫ ƞƇƹ śźƣŏ ƺƷ ũŹŶưƫř řŸƷ ƪƨƃ Ʊŏ
 źưŤƀưƫř źǀƜŤưƫř ƩŚưŤůř ŠƫřŶŝ ƅŚŴƫř ƼƴŰƴưƬƫ ơŵŏ ƮſŹ ƼƬƗ ŚƴƬƈů ŠŘƠƫř ƩƺƏ źƜƇ ŚưƬƧƹ

:ƾƫŚŤƫř ƪƨƄƫř ƾƟ ŚưƧ

f

x

ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƼƴŰƴƯ
( )f x

a b x

ƽŹřźƨŤƫř ũŹŶưƫř
ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƼƴŰƴƯƹ

( )f x

 źǀƜŤưƬƫ ŠǀƬƨƫř šǅŚưŤůǅř ƕƺưŬƯ ƲƗ şŹŚŞƗ ƾƷ ƾƫŚưŤůǅř ƖƿŻƺŤƫř ƼƴŰƴƯ ŢŰţ ŠůŚƀưƫřƹ
.ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ ŠůŚƀưƫř ƵŸƷ ƱŔƟ ƦƫŸƫƹ ¬X ƪƈŤưƫř ƾŗřƺƄƘƫř

.(źưŤƀưƫř) ƪƈŤưƫř ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƩŚưŤůǇř ŠƟŚŨƧ ŠƫřŶŝ ( )f x  ŠƫřŶƫř ƾưƀƳ

( )f x  ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵ ƅřƺų

.ŚƸƫŚŬƯ ƼƬƗ ŠƬƈŤƯ Šƫřŵ ƾƷ ( )f x  1

.ŠƫřŶƫř ƩŚŬưƫ ƾưŤƴţ ƾŤƫř x Ʈǀƣ ƪƨƫ ( )xf 0H  2

.ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ šŚƴǀƀƫř ŹƺŰƯƹ ( )f x  ŠƫřŶƫř ƼƴŰƴưŝ şŵŶŰưƫř ŠůŚƀưƫř Šưǀƣ  3

ŠưǀƤƫř  Ʋǀŝ  f  ƼƴŰƴưƫř  ŢŰţ  ŠůŚƀưƫř  śŚƀŰŝ  P a X b# #^ h  ƩŚưŤůǇř  ŵŚŬƿœ  Ʋƨưƿ  4

.ƢŝŚƀƫř ƪƨƄƫř ƲƯ a, b

a b=  ƱŚƧ řŷœ ƢŝŚƀƫř ƪƨƄƫř ƾƟ ŠƬƬƔưƫř ŠůŚƀưƫř ƭŶƘƴţ  5

P X a 0= =^ h  :ƱŔƟ ƪƈŤƯ ƾŗřƺƄƗ źǀƜŤƯ ƽǃ ƶƳŏ ƽŏ

( )
:

:
f x x4

1 1 5

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 :ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵƹ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

:ŶūƹŐƟ

a  P X1 51 G^ h b  XP 31^ h
c  .P X 1 5H^ h d  P X 2=^ h
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:ƪŰƫř

3 4 5 x21

4
1

( )f x
 f ŠƫřŶƫř ƱŚǀŝ ƮſźƳ  a

1 5XP 1 G^ h :(ŠƬǀƐŤƀưƫř ŠƤƐƴưƫř) ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ

1 4
15 #-= ^ h

4 4
1 1#= =

3XP 1^ h :ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  b

x

4
1

( )f x

3 4 521

 3 1 4
1

#= -^ h
2 4
1

2
1

#= =

1.5XP H^ h :ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  c

3 4 521 x

4
1
( )f x

 .5 1 5 4
1

#= -^ h
2
7
4
1

8
7

#= =

( 5  ŠǀƇŚų) 2 0XP = =^ h    d

( )
:

:
f x x6

1 3 3

0

G G
=

-*
 Ʀƫŷ řŶƗ ŚƯ ƾƟ

 :ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ ŠƫřŶƟ ¬ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  1

:ŶūƹŐƟ

a  P X 21^ h b  XP 1 11 1-^ h c  . .XP 1 5 2 51 1-^ h d  P X 0=^ h

:ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵƹ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

( )
:

:
f x x x8

1 0 4

0

1 G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ :ŶūƹŐƟ
a  P X0 4G G^ h b  XP 2G^ h c  P X 22^ h

:ƪŰƫř

0 4XP G G^ h  =  ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  a

3 421 x

2
1

4
1

( )f x

42
1

2
1 1# # =  :ŠǀŨƬŨưƫř ŠƤƐƴưƫř ŠůŚƀƯ

2XP G^ h  =  ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  b

22
1

4
1

4
1

# # =  :ŠǀŨƬŨưƫř ŠƤƐƴưƫř ŠůŚƀƯ
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:ƪŰƫř

3 4 5 x21

4
1

( )f x
 f ŠƫřŶƫř ƱŚǀŝ ƮſźƳ  a

1 5XP 1 G^ h :(ŠƬǀƐŤƀưƫř ŠƤƐƴưƫř) ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ

1 4
15 #-= ^ h

4 4
1 1#= =

3XP 1^ h :ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  b

x

4
1

( )f x

3 4 521

 3 1 4
1

#= -^ h
2 4
1

2
1

#= =

1.5XP H^ h :ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  c

3 4 521 x

4
1
( )f x

 .5 1 5 4
1

#= -^ h
2
7
4
1

8
7

#= =

( 5  ŠǀƇŚų) 2 0XP = =^ h    d

( )
:

:
f x x6

1 3 3

0

G G
=

-*
 Ʀƫŷ řŶƗ ŚƯ ƾƟ

 :ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ ŠƫřŶƟ ¬ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  1

:ŶūƹŐƟ

a  P X 21^ h b  XP 1 11 1-^ h c  . .XP 1 5 2 51 1-^ h d  P X 0=^ h

:ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵƹ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ

( )
:

:
f x x x8

1 0 4

0

1 G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ :ŶūƹŐƟ
a  P X0 4G G^ h b  XP 2G^ h c  P X 22^ h

:ƪŰƫř

0 4XP G G^ h  =  ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  a

3 421 x

2
1

4
1

( )f x

42
1

2
1 1# # =  :ŠǀŨƬŨưƫř ŠƤƐƴưƫř ŠůŚƀƯ

2XP G^ h  =  ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  b

22
1

4
1

4
1

# # =  :ŠǀŨƬŨưƫř ŠƤƐƴưƫř ŠůŚƀƯ
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2 1 2X XP P2 #= -^ ^h h :ŦƬŨưƫř ƲƯ ŠƬƬƔưƫř źǀƛ ŠƤƐƴưƫř ŠůŚƀƯ  c

x

2
1

4
1

( )f x

3 421

 1 4
1

= -

4
3

=

( )
:

:
f x xx2

1 0 2

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 :ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵƹ ¬ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  2

:ŶūƹŐƟ

a  P X 11^ h b  XP 1H^ h c  P X 1=^ h 

 (źưŤƀƯ) ƪƈŤƯ ƾŗřƺƄƗ źǀƜŤưƫ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
Regular Probability Distribution for a Random Continuous Variable

:ƞƿźƘţ

( )
:

:
b a a bf x x1

0

G G
= -*

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 :ƾƷ ,a b6 @ ƼƬƗ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵ

+ a b
2=
+ :ƺƷ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ (Ǝſƺƫř) ƖƣƺŤƫř -

b a
12

2
2

m =
-^ h

 :ƺƷ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ ƲƿŚŞŤƫř -

( )
:

:
f x x3

1 0 3

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 : f  ŠƫřŶƫř ƲƨŤƫ

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ ŠƫřŶƫř Ʊŏ ŢŞŧŏ  a

.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ  f  ŠƫřŶƫř Ʊŏ ŢŞŧŏ  b

P X1 31 G^ h Ŷūƹŏ  c

. f  ŠƫřŶƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ  d
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2 1 2X XP P2 #= -^ ^h h :ŦƬŨưƫř ƲƯ ŠƬƬƔưƫř źǀƛ ŠƤƐƴưƫř ŠůŚƀƯ  c

x

2
1

4
1

( )f x

3 421

 1 4
1

= -

4
3

=

( )
:

:
f x xx2

1 0 2

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 :ƾƷ ƶƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵƹ ¬ ÔǈƈŤƯ ŚĐǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  2

:ŶūƹŐƟ

a  P X 11^ h b  XP 1H^ h c  P X 1=^ h 

 (źưŤƀƯ) ƪƈŤƯ ƾŗřƺƄƗ źǀƜŤưƫ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
Regular Probability Distribution for a Random Continuous Variable

:ƞƿźƘţ

( )
:

:
b a a bf x x1

0

G G
= -*

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 :ƾƷ ,a b6 @ ƼƬƗ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ ƩŚưŤůǇř ŠƟŚŨƧ Šƫřŵ

+ a b
2=
+ :ƺƷ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ (Ǝſƺƫř) ƖƣƺŤƫř -

b a
12

2
2

m =
-^ h

 :ƺƷ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ ƲƿŚŞŤƫř -

( )
:

:
f x x3

1 0 3

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 : f  ŠƫřŶƫř ƲƨŤƫ

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ ŠƫřŶƫř Ʊŏ ŢŞŧŏ  a

.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ  f  ŠƫřŶƫř Ʊŏ ŢŞŧŏ  b

P X1 31 G^ h Ŷūƹŏ  c

. f  ŠƫřŶƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ  d
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2 1 2X XP P2 #= -^ ^h h :ŦƬŨưƫř ƲƯ ŠƬƬƔưƫř źǀƛ ŠƤƐƴưƫř ŠůŚƀƯ  c

x

2
1

4
1

( )f x

3 421

 1 4
1

= -

4
3

=

( )
:

:
f x xx2

1 0 2

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
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:ŶūƹŐƟ

a  P X 11^ h b  XP 1H^ h c  P X 1=^ h 

 (źưŤƀƯ) ƪƈŤƯ ƾŗřƺƄƗ źǀƜŤưƫ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
Regular Probability Distribution for a Random Continuous Variable

:ƞƿźƘţ

( )
:

:
b a a bf x x1

0

G G
= -*
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+ a b
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+ :ƺƷ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƬƫ (Ǝſƺƫř) ƖƣƺŤƫř -

b a
12

2
2

m =
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( )
:
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f x x3

1 0 3

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 : f  ŠƫřŶƫř ƲƨŤƫ

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ ŠƫřŶƫř Ʊŏ ŢŞŧŏ  a

.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ  f  ŠƫřŶƫř Ʊŏ ŢŞŧŏ  b

P X1 31 G^ h Ŷūƹŏ  c

. f  ŠƫřŶƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ  d
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Regular Probability Distribution for a Random Continuous Variable
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+ a b
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b a
12
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2

m =
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:
f x x3
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G G
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 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 : f  ŠƫřŶƫř ƲƨŤƫ

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ ŠƫřŶƫř Ʊŏ ŢŞŧŏ  a

.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ  f  ŠƫřŶƫř Ʊŏ ŢŞŧŏ  b

P X1 31 G^ h Ŷūƹŏ  c

. f  ŠƫřŶƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ  d
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21

1

3 x

3
2

3
1

( )f x  :ƪŰƫř

Ʊŏ šŚŞŧœ ŜŬƿ ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ  f  ŠƫřŶƫř Ʊŏ šŚŞŧǅ  a

:1 ƽƹŚƀţ ƼƴŰƴưƫř ŢŰţ ŠůŚƀưƫř
ƾƷ ƪƨƄƫř ƲƯ ƼƴŰƴưƫř ŢŰţ ŠůŚƀưƫř

ƉźƘƫř #  ƩƺƐƫř =  ŠƬǀƐŤƀưƫř ŠƤƐƴưƫř ŠůŚƀƯ

3 3
1 1#= =

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ  f  ŠƫřŶƫř  `

:şŹƺƈƫř ƼƬƗ ŠƫřŶƫř Ʊƺƨţ Ʊŏ ŜŬƿ ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ  f  ŠƫřŶƫř Ʊŏ šŚŞŧǅ  b

( )
:

:
b a a bf x x1

0

G G
= -*

 Ʀƫŷ řŶƗ ŚƯ ƾƟ

,a b b a0 3 3 0 3(a = = - = - =

b a
1

3
1`

-
=

( )
:

:
f x x3

1 0 3

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
:ƾƫŚŤƫŚŝƹ

.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ Šƫřŵ ƾƷ  f  Ʊŏ ƽŏ

1 XP 3G G^ h  :ŠƬƬƔưƫř ŠƤƐƴưƫř ŠůŚƀƯ  c

21

1

3 x

3
2

3
1

( )f x
 2 3

1
3
2

#= =

+ a b
2 2

0 3
2
3

=
+

=
+

=  :ƖƣƺŤƫř  d

b a
12 12

9
4
32

2

m =
-

= =
^ h

 :ƲƿŚŞŤƫř

( )
:

:
f x x2

1 1 3

0

G G
= *

 Ʀƫŷ řŶƗ ŚƯ ƾƟ
 : f  ŠƫřŶƫř ƲƨŤƫ  3

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ  f  ŠƫřŶƫř Ʊŏ ŢŞŧŏ  a

.ƮƔŤƴưƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř ƖŞŤţ  f  ŠƫřŶƫř Ʊŏ ŢŞŧŏ  b

P X2 31 G^ h :Ŷūƹŏ  c

.  f  ŠƫřŶƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ  d
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 Natural Probability Distribution ,N 2+ m_ i  ,N 2+ m_ i ƾƘǀŞƐƫř ƾƫŚưŤůǇř ƖƿŻƺŤƫř
 ƶƇřƺųƹ ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƼƴŰƴƯ ŚƴſŹŵ Ʊŏ ƢŞſ Ŷƣƹ ŠƬƈŤưƫř ŠǀƫŚưŤůǅř šŚƘƿŻƺŤƫř ƮƷŏ ƲƯ ƾƘǀŞƐƫř ƾƫŚưŤůǅř ƖƿŻƺŤƫř źŞŤƘƿ

:ŚƸƴƯ ƾŤƫřƹ
•  

,N 2+ m^ h ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƼƴŰƴƯ
x$ 3x+ = rx#3 -

 .Ʃřƺƴưƫř =  Ǝǀſƺƫř =  ƾŝŚƀŰƫř ƎſƺŤưƫř
•  . x +=^ h ƵŹƺŰƯ Ʃƺů ƪŧŚưŤƯ (Žźū) ŽƺƣŚƳ ƪƨƃ ƼƬƗ ƼƴŰƴưƫř ƱŚǀŝ Ʊƺƨƿ
•  .(šŚƴǀƀƫř ŹƺŰƯ ƖƐƤƿ ǅ) 3  Ƽƫœƹ 3 -  Ƽƫœ ƶǀƟźƏ ƲƯ ƼƴŰƴưƫř ŶŤưƿ
•  .(ŠůŚƀƯ şŶůƹ) ŮǀŰƈƫř Ŷůřƺƫř ƽƹŚƀţ ƼƴŰƴưƫř ŢŰţ ŠůŚƀưƫř
•  Ƽƫœ ƼƴŰƴưƫř ŢŰţ ŠůŚƀưƫř ƮƀƤƿ x +=  ƾſŏźƫř ƮǀƤŤƀưƫř

ƞƈƳ ƽƹŚƀţ ŚưƸƴƯ ƪƧ ŠůŚƀƯ ƲǀŤƬŧŚưŤƯ ƲǀŤƘƐƣ
.(ŠůŚƀƯ şŶůƹ ƞƈƳ)  

z-2-3-4 -1 21 3 4

,N 2+ m^ h ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƼƴŰƴƯ
+ m=

( )f z

 ,N 0 1^ h ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř
 ƽŹŚǀƘưƫř ƝřźŰƳǅřƹ 0+ =  ƾƘǀŞƐƫř ƖƿŻƺŤƬƫ ƾŝŚƀŰƫř ƎſƺŤưƫř ƱŚƧ řŷœ

.ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫŚŝ ƾƘǀŞƐƫř ƖƿŻƺŤƫř Ƽưƀƿ 1m =

.ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƼƴŰƴƯ ƱŚǀŝ ƪŨưƿ ƭƺſźưƫř ƪƨƄƫř

ƭƺƤƳ  ŚƴƳŔƟ  źųǁ  ƖƿŻƺţ  ƲƯ  +  ¬ 2m  Ʈǀƣ  ƝǈŤųǇ  ř ÔźƔƳƹ  2m  ŚƸƫ  ƲƿŚŞŤƫřƹ  +  ƖƣƺŤƫř  ƲƯ  ƪƨŝ  ŵŶŰŤƿ  ƾƘǀŞƐƫř  ƖƿŻƺŤƫř  ƼƴŰƴƯ  Ʊŏ  ƮƬƘƳ

z
x
m
+

=
-   ƪƿƺŰŤƫř ƢƟƹ ƽŹŚǀƘƯ ƾƘǀŞƏ ƖƿŻƺţ Ƽƫœ ƾƘǀŞƏ ƖƿŻƺţ ƽŏ ƪƿƺŰŤŝ

. ,N 2+ m^ h ƾƘǀŞƐƫř ƖƿŻƺŤƬƫ şŶůƺƫř ŠƿŚƸƳ ƾƟ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹřŶū ƖƋƹ ÚƮţƹ

,N 2+ m_ i ƾƘǀŞƐƫř ƖƿŻƺŤƬƫ šǇŚưŤůǇř śŚƀů
 ƢƬƘŤţ šǅŚưŤůř śŚƀů ŚƳŵŹŏƹ 2m  ƶƴƿŚŞţƹ +  ƶƘƣƺţ ƽŸƫř ƖƿŻƺŤƫř ƽŏ ,N 2+ m^ h ƾƘǀŞƐƫř ƖƿŻƺŤƫř X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƱŚƧ řŷœ
 ŵŚŬƿǈ ŠǀƫŚŤƫř ŠŰƋƺưƫř šřƺƐŴƫř ƕŚŞţŚŝ şŶůƺƫř źųō ƢƟźưƫř ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ ŚƴƳŔƟ X źǀƜŤưƫŚŝ

:P a X b# #^ h
z a

m
+

=
-

1  :ŠƣǆƘƫř ƾƟ ƊƿƺƘŤƫŚŝ a ŠưǀƤƬƫ şźƓŚƴưƫř ŠƿŹŚǀƘưƫř ŠưǀƤƫř ŶūƺƳ  1

z b
m
+

=
-

2  :ŠƣǆƘƫř ƾƟ ƊƿƺƘŤƫŚŝ b ŠưǀƤƬƫ şźƓŚƴưƫř ŠƿŹŚǀƘưƫř ŠưǀƤƫřƹ
a X b P z z zP 21 1 1G = 1^ ^h h :ŠƣǆƘƫř ƭŶŴŤƀƳ  2

.ŠƤŝŚƀƫř ŠƣǆƘƫř ƲƯ źƀƿǃř ƝźƐƫř śŚƀŰƫ (4), (5) ƾƘǀŞƐƫř ƼƴŰƴưƫř ŢŰţ ŠůŚƀưƫř ƾƫƹŶū Ŷůŏ ƭŶŴŤƀƳ  3

( )P z  ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƬƫ šǇŚưŤůǇř śŚƀů
•  .(4) ƮƣŹ z ƩƹŶū ƭŶŴŤƀƳ a 0H  Ŧǀů ¬z aG  ƹŏ z aH  ŢƳŚƧ řŷœ
•  .(5) ƮƣŹ z ƩƹŶū ƭŶŴŤƀƳ a 01  Ŧǀů ¬z aG  ƹŏ z aH  ŢƳŚƧ řŷœ
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:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ

a .P z 2 18G^ h b  .P z 2 43H^ h c  . .P z1 4 2 6G G^ h
:ƪŰƫř

a .P z 2 18G^ h .2 18 0H               :Ʊŏ ƒůǇ

.şŶůƺƫř ŠƿŚƸƳ ƾƟ ŵƺūƺưƫř (177) ŠŰƠƇ (4) ƮƣŹ z ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ

. .P z 2 18 0 98537G =^ h
b . .P z P z2 43 1 2 43H G= -^ ^h h

.1 0 99245= -

.0 00755=

c . .P z1 4 2 6G G^ h
. .P z P z2 6 1 4G G= -^ ^h h

. .0 99535 0 91924= -

.0 07611=

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ  4

a .P z 0 95#^ h b  .P z 0 712^ h c  . .P z1 45 3 26G G^ h

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ

a .P z 0 55G-^ h b  . .P z2 2 1 6G G- -^ h c  . .zP 1 3 0 28G G-^ h
:ƪŰƫř

a .P z 0 55G-^ h .0 55 0G-        :Ʊŏ ƒůǇ

.(178) ŠŰƠƇ (5) ƮƣŹ z ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ

. .P z 0 55 0 29116G- =^ h
b . . . .P z P z P z2 2 1 6 1 6 2 2G G G G- - = - - -^ ^ ^h h h

. .0 0537 0 01390= -

.0 03980=
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:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ

a .P z 2 18G^ h b  .P z 2 43H^ h c  . .P z1 4 2 6G G^ h
:ƪŰƫř

a .P z 2 18G^ h .2 18 0H               :Ʊŏ ƒůǇ

.şŶůƺƫř ŠƿŚƸƳ ƾƟ ŵƺūƺưƫř (177) ŠŰƠƇ (4) ƮƣŹ z ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ

. .P z 2 18 0 98537G =^ h
b . .P z P z2 43 1 2 43H G= -^ ^h h

.1 0 99245= -

.0 00755=

c . .P z1 4 2 6G G^ h
. .P z P z2 6 1 4G G= -^ ^h h

. .0 99535 0 91924= -

.0 07611=

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ  4

a .P z 0 95#^ h b  .P z 0 712^ h c  . .P z1 45 3 26G G^ h

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ

a .P z 0 55G-^ h b  . .P z2 2 1 6G G- -^ h c  . .zP 1 3 0 28G G-^ h
:ƪŰƫř

a .P z 0 55G-^ h .0 55 0G-        :Ʊŏ ƒůǇ

.(178) ŠŰƠƇ (5) ƮƣŹ z ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ

. .P z 0 55 0 29116G- =^ h
b . . . .P z P z P z2 2 1 6 1 6 2 2G G G G- - = - - -^ ^ ^h h h

. .0 0537 0 01390= -

.0 03980=
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:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ

a .P z 2 18G^ h b  .P z 2 43H^ h c  . .P z1 4 2 6G G^ h
:ƪŰƫř

a .P z 2 18G^ h .2 18 0H               :Ʊŏ ƒůǇ

.şŶůƺƫř ŠƿŚƸƳ ƾƟ ŵƺūƺưƫř (177) ŠŰƠƇ (4) ƮƣŹ z ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ

. .P z 2 18 0 98537G =^ h
b . .P z P z2 43 1 2 43H G= -^ ^h h

.1 0 99245= -

.0 00755=

c . .P z1 4 2 6G G^ h
. .P z P z2 6 1 4G G= -^ ^h h

. .0 99535 0 91924= -

.0 07611=

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ  4

a .P z 0 95#^ h b  .P z 0 712^ h c  . .P z1 45 3 26G G^ h

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ

a .P z 0 55G-^ h b  . .P z2 2 1 6G G- -^ h c  . .zP 1 3 0 28G G-^ h
:ƪŰƫř

a .P z 0 55G-^ h .0 55 0G-        :Ʊŏ ƒůǇ

.(178) ŠŰƠƇ (5) ƮƣŹ z ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƩƹŶū ƭŶŴŤƀƳ

. .P z 0 55 0 29116G- =^ h
b . . . .P z P z P z2 2 1 6 1 6 2 2G G G G- - = - - -^ ^ ^h h h

. .0 0537 0 01390= -

.0 03980=

166
c  . . . .P z P z P z1 3 0 28 0 28 1 3G G G G- = - -^ ^ ^h h h

(4) ƮƣŹ ƩƹŶū ƭŶŴŤƀƳ řŸƫ  .0 28 0H   :Ʊŏ ƒůǇ

(5) ƮƣŹ ƩƹŶū ƭŶŴŤƀƳ řŸƫ  .1 3 0G-  Ʊŏƹ

. .P z 0 28 0 61026G =^ h
. .P z 1 3 0 09680G- =^ h

. . . .P z1 3 0 28 0 61026 0 09680G G- = -^ h
.0 51346=

:ŶūƹŐƟ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƺƷ z ƱŚƧ řŷœ  5

a  .P z 0 12#-^ h b  . .zP 3 2 0 1# #- -^ h c  . .P z5 26 0 69# #-^ h
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:ƾƷ ƶƫ ƩŚưŤůǅř ŠƟŚŨƧ Šƫřŵƹ ÔǆƈŤƯ ŚĐ ǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  (6)

( )
:

:
f x

x
5
1

0

2 3# #
=

-*
Ʀƫŷ řŶƗ ŚƯ ƾƟ

 

 (a) P X0 3# #^ h (b) P X2 0##-^ h :ŶūƹŐƟ

 (c) P X 2=^ h (d) P X1 2##-^ h
:ƾƷ ƶƫ ƩŚưŤůǅř ŠƟŚŨƧ Šƫřŵ . ÔǆƈŤƯ ŚĐ ǀŗřƺƄƗ ř ÔźǀƜŤƯ X ƱŚƧ řŷœ  (7)

( )
:

:
f x

x x
2
9 0

3
2

0

# #
= *

Ʀƫŷ řŶƗ ŚƯ ƾƟ

 

 (a) P X0 3
1# #a k (b) P X 1

3$
a k :ŶūƹŐƟ

:ƾƬƿ ŚưƧ ŠƟ ÚźƘƯ ƾƷƹ ƮƔŤƴưƫř ƾƫŚưŤůǅř ƖƿŻƺŤƫř ƖŞŤţ f ŠƫřŶƫř  (8)

( )
:

:
f x

x 5

0
8
1 3 # #

=
-*
Ʀƫŷ řŶƗ ŚƯ ƾƟ

 

.ƩŚưŤůř ŠƟŚŨƧ Šƫřŵ ƾƷ f Ʊŏ ŢŞŧŏ  (a)  
P X1 3# #-^ h  (b)  

. f ŠƫřŶƬƫ ƲƿŚŞŤƫřƹ ƖƣƺŤƫř Ŷūƹŏ  (c)  

:ŶūƹŐƟ ¬X ƾŗřƺƄƘƫř źǀƜŤưƬƫ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƖŞŤƿ z ƱŚƧ řŷœ  (9)

 (a) .P z 2 24#^ h (b) .P z 1 52$^ h (c) . .P z1 4 2 6# #^ h
 ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƖŞŤƿ šŚūŹŶƫř ƵŸƷ ƖƿŻƺţ ƱŚƧ řŷœ .šŚǀƋŚƿźƫř şŵŚƯ ƾƟ śǆƐƫř šŚūŹŵ X źǀƜŤưƫř ƪÚŨưƿ  (10)

:ŶūƹŐƟ 8=m  ƽŹŚǀƘưƫř ƶƟřźŰƳřƹ 40=+  ƶƐſƹ ƽŸƫř

 (a) P X30 6511^ h (b) P X 45$^ h
:ƾƷ X ƾŗřƺƄƘƫř źǀƜŤưƬƫ f  ƾƫŚưŤůǅř ƖƿŻƺŤƫř Šƫřŵ ŢƳŚƧ řŷœ  (11)

x 2- 1- 0 1 2

( )f x 0.16 0.24 K 0.15 0.2   

K Šưǀƣ ŶūƹŐƟ

:ŶūƹŐƟ ƽŹŚǀƘưƫř ƾƘǀŞƐƫř ƖƿŻƺŤƫř ƖŞŤƿ z ƱŚƧ řŷœ  (12)

 (a) .P z 1 45#^ h (b) .P z 0 272^ h
 (c) . .P z1 32 1 75# #-^ h (d) . .P z2 87 1 42# #- -^ h


