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Adding and Subtracting Matrices
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 + 
� �ju
� rTu
� rIW

 = q% + 
 + q\ + � +  

j I�i
j �u~
j TT~

 = 
� �u~ + ~~� + � �~~ + ~�u + � �ju
� I�r + ~Iu + � I~r + ~�u + � rTu

� Iir + � rir + � I�u + ui~ + � rIW
 =  

3���a�	 cGt�	 �% ����7	 *8% 0( ���X�	 cGt��( 0�����@�



	


A�� .& 1��E
3F�( �H�X? �����	 �H� ?�� 	d- o- >�(�X!��	 L�)� .& L�M��� o 	d��� U /P� &  I

:����[ ������	 D4����	 /.& >��Ml >�(�X!��	 L�\ 2�#�C	 �   
T− I
�� �r
u W−

 + 
i− T
I u
r j

 = 
i− T
I u
r j

 + 
T− I
�� �r
u W−

 

 ]T^ 1�a�
=  T I

�− W= �I− j
r �−= q\W T

i I−  ?�� 	d-

:á q«°VÉjQ áeƒ∏©e
 ��fF�	 0%   − �(�X!��	

3  �(�X!�9� 0��)�	

 3] −^ +     , rI × I  +     , ]q\ + �^ +     , q\ + ]� +  ̂    ,  + �   , � +   :�\��(
:A��	

� i
�− T  =   + �   � i

�− T  = � +  
j �r
u �  = W T

i I−  + � i
�− T  = q\ + ]� +  ̂

j �r
u �  = I ~

i T−  + T I
�− W  = ]q\ + �^ +  

T I
�− W  = r r

r r  + T I
�− W  = rI × I

 +  
r r
r r  = T− I−

� W−  + T I
�− W  =  ] −^ +  

A�� .& 1��E
3  + ]� + q\^  , � + q\ �\�& ,]T^ 1�a��	 0(  T



	�

äÉaƒØ°üªdG ™ªL ¢UGƒN

:.�( . × 2 �����	 '� >�(�X!� q\ , � ,   .�� 	d-
•  ]wt{?o	^ 1�XNl	 ��[�6  . × 2 �����	 '� 0% � +  
•  Commutative 1	�@l	 ��[�6    + � = � +  
•  Associative L��)��	 ��[�6  Vq\ + �W +   = q\ + V� +  W
•  . × 2 �����	 '� 0��)�	 ������	 �!F��	 0% ���X!�	 �(�X!��	     = r. × 2  +   =   + r. × 2  
•  3]0��)�	 ��fF�	^ 0��)�	 _�����	 ��[�6  r. × 2   = V −W +  

äÉaƒØ°üªdG ìôW
=0%#,�� wAH%#�� 2A�GC �;�L ��+d"&�8 b�2A�G#�� x�I -H#/

3]�−^ +   = � −   .�( ,�H�X? �����	 �   ,   '��(�X!�9� .�� 	d-
=���+8T 6��� b�2A�G#�� x�I ��#> ,0��"��8*   − � ≠ � −   :Uy2 �!��� .B��� �#!�* � ≠  U�9 �ZT :�fEt�

 ]W^ 1�a�
T W �
W I I−  = �  ,     W I T

r W �−  =  
  − � , � −   �\�&

:A��	
:+��7	 ����M�	

]� −^ +   = � −  
T− W− �−
W− I− I  + W I T

r W �−  =  
]T−^ + W ]W−^ + I ]�−^ + T
]W−^ + r ]I−^ + W ]I^ + �−  =  

� I− I
W− I �  =  

:��?�a�	 ����M�	
T W �
W I I−  − W I T

r W �−  = � −   
T − W W − I � − T
W − r I − W ]I−^ − �−  =  



	�

� I− I
W− I �  =  

W− I− T−
r W− �  + T W �

W I I−  = W I T
r W �−  − T W �

W I I−  =  − �
�− I I−
W I− �−  = W − T I − W T − �

r − W W − I ]�−^ − I−  =  
A�� .& 1��E

:09� ��� A� J��? �\�&  W
r T W−

�r j u  − i �− u
~ � I−  &  

� T−
W− I  − j T−

�r �−  �  
Solving Matrix Equations   á«aƒØ°üªdG ä’OÉ©ªdG qqπM

=V��7"#��W CA�%C ��r �!B�2A�GC z+�T �4�%C 0F ��(�X!��	 ��
����	
=�2A�G#�� bY4�%#�� \N� 3�*��#�� {�AL ��+d"&� �EH#/

=`a − t = `a −       ,`a + t = `a +   :Uy2 ,t =   :U�9 �ZT �!��� .B��� �!� `a ,t ,  b�2A�GC <'

]j^ 1�a�
:������	 ��(�X!��	 ��
����	 AE

� r
� ~  = � �

I T  − _
:A��	

� r
� ~  = � �

I T  − _

��
����	 0(�I '� A�� � �
I T  �(�P�@    � �

I T  + � r
� ~  = � �

I T  + � �
I T  − _

I �
�� ��  = _ :0�����@�

A�� .& 1��E
:��E _ �\�&  j

i �r
W W−  = r �−

j I  − _  
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Matrix Multiplication

3-7

º∏©àJ ±ƒ°S

•  
�G 0( �(�X!� ��P
•  0C����	 ��h�	
•  >�(�X!��	 ��P

 0?���� A�G
:)*+,�� 02 b����.�� �+d"&� =�� \�Cf OC \#>�

$�M� >�����
� ��\�I ��\�T ��\�

��\� '�M
Z	�{�	

 Isjrr
4�F�


 �sijr
4�F�


 Isrrr
4�F�


 >��\��	 
�G
�G����	jr�rrij

?
 Q�+7�� b�.a* ,� Q�+7�� b�.a* ,� Q�+7�� b�.a* :-#p �C  �
?>�.#�� b�.aA�� -#p �C &  I

=8�a�� 4�,/� )*+,�� 02 34AaA#�� b����.�� 6C+d"&� [�9 ]m* �  
 =>�.C .a* \9 -#p \l#"� 
 × � 2A�GC �"9� &  T

=>�.#�� b�.aA�� 4+> \l#"� � × 
 2A�GC �"9� �  
 ,�!��> 6�G� 0"�� b�2A�G#�� ��+d"&� b�Q��aT [G"� V�GE> ,4A#> ,[;W :b�#�H�� �+d"&� :�@����	 q\  

=b�.aA�� O�#a 1%M#�� M8 O�./ <g�� $�E/+��8 |�.#�� 4�,/�  

Multiplying a Matrix by a Scalar   OóY »a áaƒØ°üe Üô°V
:\lC 2A�GC 02 0(�(� 4+> t�PB U� �EH#/

�� 	
�− ��  = � �


− �  


Scalar Multiplication  »°SÉ«≤dG Üô°†dG

=� ≠ } : } 0(�(� 4+> 02    2A�GC t�m ��#> AF 0&��(�� t�P��
=  } 2A�G#�� AF ~B�E��:á q«°VÉjQ áeƒ∏©e

 `����   � �(�X!��	 ���4
3  �(�X!��	 ���4     =} 02   -C �GE> \9 t�P8   } 2A�G#�� S�> \GN�

=/��; 2A�GC ~B�E�� UAH/ ,� = } U�9 �ZT



	�

 ]�^ 1�a�
=   ,         

W− T I
T W j= �I � r

T �− I−  ?�� 	d-
�T −  j $M 3 �T   ,  j :�\��(

:A��	
Ir− �j �r
�j Ir Ij  = ]W−^ × j T × j I × j

T × j W × j j × j  =  j     
u T r
� T− u−  = I × T � × T r × T

T × T ]�−^ × T ]I−^ × T  = �T   
Iu− �I �r

u IT T�  = u T r
� T− u−   −  Ir− �j �r

�j Ir Ij  = �T −  j
A�� .& 1��E

:�\�& ,]�^ 1�a��	 '�  �
�	 +   �   � − �� &  

»°SÉ«≤dG Üô°†dG ¢UGƒN

:Uy2 =U��&��� U�4+> 4   ,}  =U × � .B��� -C b�2A�GC � , t ,   U�9 �ZT
•  wtzl	 ��[�6   U × � .B��� -C 2A�GC :   }
•  ��h9� L��)��	 ��[�6   V  4W} =   V4 }W
•  '����	 '� L�S���	 ��[�6   � } +  } = V� +  W}
•  4����	 '� L�S���	 ��[�6   } �  + }   = }V�  +    W
•  �X[ 0( ��h�	 ��[�6    r =   × �

»FGôKEG  ]I^ 1�a�
 ���o 2�#�C	^ ?��? A� '�M .���C $�( ,D���	 |!?� D�� U�!�� �	���	 '� ��? A� '�M L(�� $�M� FM#� :2��M�	

]1��)�	 0( 4��C7	
���� $)E��{[ $)E

$C��	 A�9N '��4�F�
 rsjrr4�F�
 rsTrr
1������	 ��!G4�F�
 rs�rr4�F�
 rsurr
�)?���	 ��!G4�F�
 rs~rr4�F�
 rsjrr



	�

:A��	
3�sj 0( �!FG A� ��P	

rsWjr rsijr
rs�rr �sTjr
rsijr �sIrr

 = 
]rsTrr^�sj ]rsjrr^�sj
]rsurr^�sj ]rs�rr^�sj
]rsjrr^�sj ]rs~rr^�sj

 = 
rsTrr rsjrr
rsurr rs�rr
rsjrr rs~rr

 × �sj

 ��!G '�M� ,4�F�
 rs�rr ,4�F�
 �sTjr 1������	 ��!G '�M� ,4�F�
 rsWjr ,4�F�
 rsijr '�9�	 '�M U�!� B�C
34�F�
 rsijr , 4�F�
 �sIrr �)?���	

A�� .& 1��E
 4��C7	 ��X#� :O�9G c�� � e?tG- $�M��	 cE�[ LP� 3$�M��	 0( �	���	 >����� !N�F� ,4��C7	 L(4 ��@  I

3D���)�	 4��C7�@ ���o LP 3%Ir ���F@

=b�2A�GC -#P"B bY4�%C \N� 0&��(�� t�P�� {�AL ��+d"&� -H#/

 ]T^ 1�a�
3x�@�\- '� V��� $M , r �r

I W  = W T
� I−  I + _W :��
����	 AE

:A��	
r �r
I W  = W T

� I−  I + _W
r �r
I W  = W × I T × I

� × I ]I−^ × I  + _W
r �r
I W  = ~ u

I W−  + _W
~ u
I W−  − r �r

I W  = _W
~− W
r ~  = _W

I− �
r I  = ~− W

r ~  �W = _   
:V���

r �r
I W  = W T

� I−  I + _W



	�

r �r
I W  =? W T

� I−  I+ I− �
r I  W

r �r
I W  =? ~ u

I W−  + ~− W
r ~  

P  r �r
I W  = r �r

I W       
A�� .& 1��E

:09� ��� ��
��� A� AE  T
r I−
W T  + �I W

W− �  = _I &    
~ r �r

�r �~− ��−  = �− r i
W T− I  + _T− �    

Matrices Multiplying  äÉaƒØ°üªdG Üô°V
 ,   -�"2A�GC 3$A; 02 b����.�� 6.B$ 1p M��� +.> ,+#�� ,�;�� -C \H� �A�%��* b��m�/��� 0B4�C 02 Q�9g�� $�."L� <�a�

:��� �
2�9��	 >��P����	
�� 
� �[�?

 =  �� �� ��E&
�� �� O9�	 ��G

  

=3+� S�> 34�C \9 02 pjl�� tjM�� -C \9 �!E> t�a� 0"�� �>AmA#�� ��&'� 4+> \l#B  2A�G#��*
W 1	�C A�� >��P����	 �\4
  = �I 1	�C A�� 2�9��	 �\4


  

=-�B4�#�� -C \9 02 )�o��� a$4 0F � 2A�G#��*
=� X%C -�B4�#�� 02 1!EC ���I \9 b�a$4 hA#,C 2�%C :tA�M#��

:A��	
a$4 �	� = � × �� + � × 
� = �A�%��* b��m�/��� 0B4�C 02 �;�� b�a$4 hA#,C
a$4 ��� = � × �� + � × �� = �A�%��* b��m�/��� 0B4�C 02 +#�� b�a$4 hA#,C

a$4 ��� = � × �� + � × �� = �A�%��* b��m�/��� 0B4�C 02 M��� +.> b�a$4 hA#,C
�ur

 = q\��r
�jr

   2A�GC 3$A; 02 ���!E�� ~B�AE�� �E."9 �ZT Ue�*



��

 S�*'� 2A�G#�� -C c[; c\9 �;�E> t�m� ,-�"2A�GC t�m ��#%8 �A(B 0H� =� ,   -�"2A�G#�� t�m -C ~"E/ �gF*
:0��"�� )�l#�� 02 �#9 t�P�� ~B�A� O#a� c1p ,t�m c\9 ~B�� +a*� =���l�� 2A�G#�� -C 4A#> c\9 �;�E> 02

�ur
��r
�jr

  =  
I × Ir + W × Tr
I × �j + W × Wr
I × Ij + W × Ij

  = W
I   ×  

Ir Tr
�j Wr
j Ij

 = � ×  
=\P2'� 0F +#�� a$4 UAHB 0��"��8*

]W^ 1�a�
3� ×   J��? �\�&

r W
� I−  = �  , T rW− �−

I �  =   ��E
:A��	

3��h�	 J�	�? L�\	 $M ,�I� � I�  ��P	 $M ,��� � ��  ��P	

?
 = T r

W− �−
I �

r W
� I−

	− = VI−WVTW + VWWVrW  
3D��G7	� B�X!�	 0N�@ L� �H�X? >	�M#�	 4 /�� 31 /�7	 
����	� 1 /�7	 /|!�	 0( �!F��	 �% J��F�	


 u−
?  = 

T r
W− �−
I �

r W
� I−  

? u−
 = 

T r
W− �−
I �

r W
� I−

� = VI−WVW−W + VWWV�−W  
 = V�WVTW + VrWVrW  

 u−

�− W
?

 = 
T r

W− �−
I �

r W
� I−  

T u−
? W  = 

T r
W− �−
I �

r W
� I−

� = VI−WVIW + VWWV�W  �− = V�WVW−W + VrWV�−W  



��


 u−
�− W
? r

 = 
T r

W− �−
I �

r W
� I−

� = V�WVIW + VrWV�W  
:��h�	 J��?

T u−
W− W
I r

 = r W
� I−    

T r
W− �−
I �

A�� .& 1��E
3]W^ 1�a��	 0( A/9f��	 
����	 0( A/9f��	 /|!�	 ��h�  /�� 0��	 >	Z	�\l	 |[ &  W

T T−
r j   r �−

W− T  :��h�	 J��? �\�& �   
?��h�	 �(�X!� ���4 �� ?�/�9[7	 >�(�X!��	 ���4 �� ,]W^ 1�a��	 0( q\   

?�/�9[7	 >�(�X!��	 c��@ ��h�	 �(�X!� ���4 .4��� |�� :�N�F�	 ���X��	 
   

: äÉaƒØ°üªdG Üô°V

 0F � ×  t�P�� 2A�GC �g�+E> ,4 × . .B��� -C 2A�GC 0F � 2A�G#��* . × 2 .B��� -C 2A�GC 0F   2A�G#��
=4 × 2 .B��� -C 2A�GC

I × T

� �� 
	 �

   2A�GC
�� � � �
�� �
 �� ��

t 2A�GC

.	
��G

W × T ��h�	 �(�X!� 
��@&

.�X[

.�������

B�X[ TD��G& W �× I

=���l�� 2A�G#�� 02 @A�G�� 4+%� � X/*��C S�*'� 2A�G#�� 02 3+#>'� 4+> U�9 �ZT 2 c�%C t�P�� 2A�GC UAHB
4 × 2 q\ = 4 × . � × . × 2  



��

]j^ 1�a�
r ~

j− I  = �  , T I~ �−
r W  =   b�X@

3�( /��� ��z �& �( /���   × �   ,� ×  :��h�	 J�	�? '� A� ?�� 	d- �� 
 /�E
3�( /��� ��P �(�X!� A� ���4 �\�&

:A��	
  × �

'�������� ��z
�( /��� ��z   × � 

VI × IWVI × TW

 

� × 
 .��������

I × T �H���4� �( /��� � × 

V� × TWVI × �W

 

A�� .& 1��E
r �− r ~
~ � j− I  = �   ,  I− W

W− j  =   :b�X@  j
3�( /��� ��z �& �( /���   ×�  ,� ×  ��h�	 J�	�? '� A� ?�� 	d- �� 
 /�E  &   

3B /����	 ��h�	 J��? �\�&  �   
3I × T �����	 '� �(�X!� 0% � �(�X!��	 ,T × I �����	 '� �(�X!� 0%   �(�X!��	 .& b�X@  q\   

3x�@�\- U /P� ?.��������   ×�   ,� ×  A%      
OGóYC’G Üô°V ¢üFÉ°üN ¢†©H äÉaƒØ°üªdG Üô°†d

á©HôªdG äÉaƒØ°üªdG Üô°V ¢UGƒN

:Uy2 =� × � .B��� -C b�2A�GC `a , t ,  6��9 �ZT
•  =� × � .B��� -C 2A�GC :� × 
•  ��h9� L��)��	 ��[�6  Vq\ × �W ×  = q\ × V� × W
•  L�S���	 ��[�6  q\ ×    + � ×    = Vq\ + �W × 
•    × q\ +   × � =    × Vq\ + �W
•  �X!�	 0( ��h�	 ��[�6  r2 × 2  = r2 × 2  ×   =   × r2 × 2



�


:ôcòJ
 
�h� 1�a� 
�)�- 0X��
 ��[ 2�G >��Ml �E	�

3���fF�	

 =���	�@- ��� b�2A�G#�� t�m ��#> :�fEt�
]
�h�^ 1�a�

I j
W i  = �  ,  T I

� W  =  
?J�F��� 	d�� 3   × � ,� ×   �\�&

:A��	
�u T�
�I Ii  = I j

W i  × T I
� W  = � ×  

�i �~
Ij Tr  = T I

� W  × I j
W i  =   × �

3���	�@- ��� >�(�X!��	 ��P ��9�G ∴     × � ≠ � ×  
Square Matrix  áaƒØ°üªdG ™Hôe

=�  5C���8 �!��T 5C�/   ×   2A�G#�� Uy2 ,%8�C 2A�GC   6��9 �ZT
====,   × 
  = �   ,  ×   ×   = 
  \l#��8* =  2A�G#�� O8�C ��(B*

 ]u^ 1�a�

=  �− I
r �  ?�� 	d-

T  , I  :�\�&
:A��	

I− T
�− I  = �− I

r �  × �− I
r �  = I   

T− W
I− T  = �− I

r �  × I− T
�− I  =   × I  = T   

A�� .& 1��E
3 T� , I� :�\�& 3 � I

W �−  = � ?�� 	d-  u



��

(äÉ°Sƒμ©ªdG) »Hô°†dG ô«¶ædGh IóMƒdG äÉaƒØ°üe

Identity and Inverse Matrices
4-7
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•  ��h9� D�E��	 �(�X!� 
•  �(�X!��	 
���
•   _�����	^ 0@�h�	 ��fF�	

�(�X!�9� ]0@�h�	
•   ��(�X!��	  ��
����	  AE

30@�h�	 ��fF�	 2	�#�C�@

 0?���� A�G
:0�/ �C ~B�� +a*�  �

r �
� r  × u j−

I W   &  
u j−
I W  × r �

� r   �  
r r �
r � r
� r r

 × 
� W T
I r I−
T j �

  q\  

� W T
I r I−
T j �

 × 
r r �
r � r
� r r

  
  

=) c*'� )�o��� -> �"8�aT 02 �F��B U�#�� <� [; :U��?&  I
=�%c�AB -C � c(NB 1p ,0�/ �C ~B�� Oc�AB  T

r r r �
r r � r
r � r r
� r r r

 × 
W I− T I
r T I �
W � I− �−
r T I j

 

:09� �� J��? �\�&  W
j T
I �  × j− I

T �−   �  j− I
T �−  × j T

I �   &  
�− j �
�− r �
r r �

 × 
� r r
r rsI− rsI
� �− r

  
  
� r r
r rsI− rsI
� �− r

 × 
�− j �
�− r �
r r �

  q\  

=V�W )�o��� -> �"8�aT 02 �F��B U�#�� <� [; :U��?&  j
?V�W ,V�W -���o��� S�T .�E��8 �B�8�aT F.B�B [�9 :�N�F�	 ���X��	  u



��

Identity Matrix  IóMƒdG áaƒØ°üe

=� �̀8 �!��T 5C�/* =t�P�� D�E��	 �(�X!� S#�B ��; �;�E%�� �(8* ,� 0������ �F�M� �;�E> 0"�� %8�#�� 2A�G#��
� � �� � �
� � �

 = 
 × 
 * , � �
� �  = � × � *

� �
� �  = * , `a &

4 t  =   U� ���8
� �
� �  × t &

4 `a  = * ×  
  = t &

4 `a  = � × t + � × � � × t + � × �
� × 4 + � × `a � × 4 + � × `a  =  

  = t &
4 `a  =   × * ��g9

  =   × * = * ×   :.& `&
=���l�� .B��� -C %8�#�� b�2A�G#�� 08�P�� +/�N#�� �GE%�� 0F � �

� �  = *  
=U .B��� -C %8�#�� b�2A�G#�� 08�P�� +/�N#�� �GE%�� 0F U × U * C�> 3$AG8*

Multiplicative Inverse   »Hô°†dG ô«¶ædG
=  2A�G#�� 08�P�� ��DE�� 0F _ Uy2 , * = _ ×   UAH/ ��N8 �!��� .B��� -C -�"%8�C -�"2A�GC w ,  6��9 ZT

3 �−  �̀8 �!��T 5C�/*
* =   × �−  = �−  ×   � XZT

]�^ 1�a�
3 T I

I �  =   �(�X!�9� 0@�h�	 ��fF�	 0% T− I
I �−  = � .& �M&

:A��	
� �
� �  =   � × 
 + V
−W × � V�−W × 
 + � × �

� × � + V
−W × � V�−W × � + � × �  = 
− �
� �−  × 
 �

� �  = � ×  
 3   q�� 0@�h�	 ��fF�	 0% � ∴   � = � ×  

3 � �(�X!�9� 0@�h�	 ��fF�	 0%    �(�X!��	 .& 1���	 '���
:á q«°VÉjQ áeƒ∏©e

 �(�X!�9� 0@�h�	 ��fF�	
 �(�X!��	 � eh�& +���  

3�−  �C�����	

 A�� .& 1��E
 I I−

W− j  q�� 0@�h�	 ��fF�	 0% � I
� Isj  �(�X!��	 .& �M& &  �

3� q�� 0@�h�	 ��fF�	 0%   .& �M& ,]�^ 1�a��	 0( �   



�	

Determinant of a 2 × 2 Matrix   á«fÉãdG áÑJôdG øe á©Hôe áaƒØ°üe Oóëe
=  �(�X!��	 
��� ��(/* |  |  5C���8 4+%�� �gF S�T 5C�/*   
���  S#�/ 0(�(� 4+%8  %8�C 2A�GC \9 F.B�B

=���l�� .B��� -C %8�#�� 2A�G#�� 4+NC S�> w$+�� �gF 02 �G"(E&

`a t − 4 � AF `a &
4 t  %8�#�� 2A�G#�� 4+NC

`a t − 4 �  =  `a &
4 t  = |  | �"H�  

 D
�XF��	 �(�X!���@ ��G�� <*��/ �F4+NC 0"�� 2A�G#�� S#�B
]I^ 1�a�

r _
_ r  = q\   T− I

I− T  = �  W T−
j− I  =  :������	 >�(�X!��	 '� A� 
��� �\�&

:A��	
i = I × W − ]j−^ × ]T−^ = W T−

j− I  = |  |

j = ]T^ × ]T−^ − ]I−^ × ]I^ = T− I
I− T  = | � |

I_ = r − I_ = r _
_ r  = | q\ |

A�� .& 1��E
:������	 >�(�X!��	 '� A� 
��� �\�&  I

 T �
T− � − T  = q\ q\   i ~

�r I  = � �     I W
I W  =  &

 2A�G#�� 6��9 �ZT �C ��"E"&� S�> 0��"�� $�."LY� }+>��/ @A& =Vb�&AH%CW 08�m ��D� %c8�#�� b�2A�G#�� c\H� ^��
=+a* UT n4�,/T �EH#/ [�9* ,08�m ��D� �!� � × �

á«°UÉN

:��� �−  08�m ��D� �!�  Uy2 , � ≠ `a t − 4 � U�9 �ZT t &
4 `a  =  :U� ���8

t− 

� `a−  �

|  |  = �− 
:á q«°VÉjQ áeƒ∏©e

 �%
���  0��	  �(�X!��	
 0@�P ��f? �H� Y�� �X!�	

3D
�XF� �(�X!� +����  t− 

� `a−  �

`a t − 4 � = �− 



��

]T^ 1�a�
3_ ���N �\�& D
�XF� W _

u �I  =   �(�X!��	 ?�� 	d-
:A��	

D
�XF��	 �(�X!��	 
���  r = W _
u �I  = |   |


����	 F����  r = W~ − _u
W~ = _u

~ = _
A�� .& 1��E

3_ ���N �\�& ,D
�XF�  �r j
_I W−   = � �(�X!��	 ?�� 	d-  T

]W^ 1�a�
3*�\�& ��)�l	 ���E 0( ?0@�P ]_����^ ��f? r �−

I− ~  =   :�(�X!�9� A%
:A��	

�−   0@�P ��f? �H�  ∴  r ≠ I  I = ]~^]r^ − ]I−^]�−^ = q\ � − 
 &
 r �−

rsj− W−   = r I−
�− ~−  × �I  = �−  

A�� .& 1��E

3x�@�\- � /�( ?0@�P ��f? �H�  I �
W T  = � A% &  W

3x�@�\- � /�( ?0@�P ��f? �H�  ~ u
W− T−  = � A% �  



��

]j^ 1�a�
3*�\�& $M ,0@�P ]_����^ ��f? �H� 09� ��� �(�X!� `& 
 /�E

� T
u I  = . �  I I−

W− j  = 2 &
:A��	

I I−
W− j  = 2 &

I− = ]j^]I^ − ]W−^]I−^ = q\ � − 
 &  q\ � − 
 & :c�E	
3	 e
�\�� .��� 2 q� ]_�����	^ 0@�h�	 ��fF�	 .�( ,r ≠ q\ � − 
 & :.- ��E

� I
� Isj  = I− W−

I− j−  × �I− = �−2
� T
u I  = . �

r = ]I^]�^ − ]u^]T^ = q\ � − 
 &  q\ � − 
& :c�E	
 3
�\�� ��z . _���� .�( ,r = q\ � − 
 & :.- ��E

3
�\�� ��z �−.
A�� .& 1��E

3*�\�& $M ,]_����^ 0@�P ��f? �H� ������	 >�(�X!��	 '� �(�X!� `& 
 /�E  j
IsT rsj
isI T  �  W I

T �  &  



��

�N�F�?� ��X? �FG
º∏©àJ ±ƒ°S

•   '���
��� '� 2�f? AE 
'���M6

•  ��	�� D�G�N

 =bY4�%C ��D� <� \cl#B U� �2A�G#�� �4�%#�� -H#/
��(�X!��	 ��
����	 >o
��� 2�f?

�
��  = w

{  × � �
� 


� = {� + w
�� = {� + w
.

?68�Al�� ?b���7"#�� ?{ ,w \C�%C +,B -/� =b�2A�G#�� bY4�%C 02 ��DE�� 8�"9 0"(/�I U$��  �
:�!#&� �!� t = h ×   \H��� S�> b�2A�G#�� �4�%C 02 2A�GC \9  

� @	�a�	 �(�X!� � >	��{���	 �(�X!�    >t�����	 �(�X!�
�

�� = w
{ × � �

� 
  
w
{  × � �

� 
  :t�P�� 2A�GC +a*�  &  I
= �

��  2A�G#�� /*��C �!�R8 t�P�� 2A�GC 8�"9 -H#/  �  
=bY4�%#�� ��D� \cl#B 2A�G#�� �4�%C U� [�9 x���   

Solving a System  :ΩÉ¶ædG πM
=�Md�� bY4�%#�� -C ��DE�� \� S�> � X%/�& )AGN�� 1p ,bjC�%#�� 2A�G#� 08�P�� ��DE�� 4�,/T O�M"�B

Solving by Using Inverse Matrix  :á©HôªdG áaƒØ°üª∏d »Hô°†dG ¢Sƒμ©ªdG ΩGóîà°SÉH πëdG -1

]�^ 1�a�
3�(�X!�9� 0@�h�	 ��fF�	 2	�#�C�@ T = � + _

i = � − _. :2�fF�	 /AE
:A��	

3>�(�X!��	 ��
��� L� 2�fF�	 c��	
]�^  T

i  = _
�  × � �

�− �
T
i  = � , _

�  = � , � �
�− �  =   ��E

r ≠ I− = � × � − ]�−^ × � = � �
�− �  =|  |  

ø«à«£N ø«àdOÉ©e øe ΩÉ¶f πM

Solving a System of Two Linear Equations
5-7



��

�
I �

I
�
I − �

I
 = �− �−

� �−  �I−  = �−  

3�−  0( '����	 �H\ '� ]�^ ��
����	 0(�I '� A� ��h@�

T
i  

�
I �

I
�
I − �

I
 = _

�  +9G A!�?

j
I−  = _

�  
I− = � ,j = _ :0�����@�

A�� .& 1��E
3�(�X!�9� 0@�h�	 ��fF�	 2	�#�C�@ i = �T + _j

j = �I + _T. :2�fF�	 /AE  �

=Crammer’s Rule �C��9 3+>�� S#�B* ,b�4+N#�� ��+d"&�8 -�"�ML -�"�4�%C -C ��D� c\� � XP/� -H#/
 :ø«à«£N ø«àdOÉ©e πëd (äGOóëªdG) ôeGôc IóYÉb ΩGóîà°SG - 2

Using Crammer's Rule to Solve Two Linear Equations  

:'���M6 '���
��� 2�f? A��
) = { t + w 
� = { 4 + w `a

bjC�%#�� 2A�GC 4+NC AF*  t  
4 `a  =  :�"H�

w bjC�%C 4A#%8 +��5�� 4A#%�� )�+."&� +%8 bjC�%#�� 2A�GC 4+NC AF*  t 1

 2  = w

{ bjC�%C 4A#%8 +��5�� 4A#%�� )�+."&� +%8 bjC�%#�� 2A�GC 4+NC AF*  1
2 q\  = {

V� ≠  U� U��8W �  = �   , _  = w Uy2



��

Cramer's Rule �C��9 3+>�(8 @�%B ngF*
:U� D�j#�� OC

� X+��* Jj� -�"�4�%#�� Uy2 , r ≠  U�9 	d-  �
 \N��2 r ≠ _  , r =  U�9 	d-  I

��G�� �/*��C w  ,  -C \9 0"�� ��N�� ��%"� Y* -�"��N�� -�B�!8 0�"HE&*

]I^ 1�a�
r =i + �j − _W

r = T + _u − �T. :2�fF�	 /A�� ��	�� D�G�N 2�#�C	
:A��	

 i − = �j − _W
 T − = �T + _u−.:��C����	 ����M��@ 2�fF�	 eo�& c��?

�~ − = j− W
T u−  = 

Tu − = j− i−
T T−  = _

jW − =  i− W
T− u− = �

I = Tu−
 �~− = _

  = _

T = jW−
 �~− = �

  = �

A�� .& 1��E
u− = �I + _T

r = i − �T − _W−. :2�fF�	 /A�� ��	�� D�G�N 2�#�C	  I



��

πFÉ°ùªdG πëd ó°TôªdG

3 �
 = {
 + w�

� = {� + w�. :��DE�� \� 0F <A"�#�� 02 M(E� V{ ,wW U��p�+���

=M(E�� ngF 0�p�+�T +a*�
?�p�� ��( |��?c�� 	d���

=V{ ,wW �B�#�� �*5�� AF �R�#�� \�
 ,OI�("�� M(� 0�p�+�T 3Q���* �J����8 -�#�("�#�� 1&$ 0EEH#/

=� J/$*�m ^�� �gF -H�*
=\N�� 02 b�2A�G#�� ��+d"&� 0EEH#/

=b�2A�GC �4�%C \H� 02 ��DE�� 8�"9 +�>R&

�
 = {
 + w�

� = {� + w�.

�


�  = w

{   
 �
� �

 �4�%#�� 02�I t�m� @A& w
{  2A�G#�� 4�,/�

3 
 �
� �  2A�G#�� 08�P�� ��DE�� 02


− �
� �−   �


 × � − � × �  = 
�−

 
 �
� �


 �−
�− �  = 
− �

� �−  �− =  
=t�m� @A�2 08�P�� ��DE�� S�> 6�G� 0E�� �#8 ,Ue�*
 �−

�− �  �


�  = w

{  
 �
� �   
 �−

�− �
I × I  � × I  

��P& .& '��� o  
 ��#> U' ,-�#��� !a -C t�m� U� �,/ ! b�9gB

=���+8T 6��� b�2A�G#�� t�m
�


�  
 �−

�− �  = w
{  
 �

� �   
 �−
�− �

:U� 0E%/ �gF =t�m� 1p ,b�2A�G#�� �4�%C 8�"9 +�>R&
=
 = { ,� = w

�

  = 
� × 
 + �
 × V�−W


� × V�−W + �
 × �  = w
{

V
 ,�W �#F OI�("�� M(� ��p�+�T
��(�P- ������� = {�
 + w��

� = {� + w�. :��DE�� \� �#F <A"�#�� 02 M(� ��p�+�T  �
=M(E�� ngF 0�p�+�T 4�,/T* ��DE�� \N� b�2A�G#�� �+d"&�  

� X+��C ��"%"& 0"�� \9��#�� �C  I
?)A�� ��DE�� -H/ 1� �ZT  &  

?)A�N�� -C M"EC ��r 4+> ��DE�� U�9 �ZT  �  



�


á©HÉ°ùdG IóMƒ∏d »ª«¶æJ §£îe

 >�(�X!�
 ��fF�	� D�E��	

0@�h�	

 $�fF�
 0( >�?����	
>�(�X!�

 L�\
g�I�

>�(�X!��	
 ��P

>�(�X!��	

 AE
 '���
��� 2�f?

'���M6

>�(�X!��	

 �(�X!��	 
���
��@���	

 >�(�X!�
�������

 >�(�X!��	
��@���	

0C����	 ��h�	

�(�X!��	 L@��

0��\ ��f?

0@�h�	 ��fF�	
�(�X!��	 
���  L�\ U��p

g�I� >�(�X!��	

 >o
����	 AE
��(�X!��	 ������	 �!F��	

0@�h�	

��	�� D�G�N
�(�X!��	 ���4

D�y�F�� �[�FG



��

¢üî∏e

=  : XjlC �"HB* 3+#>�* @A�; 02 4�+>'� M�2 �B�B ,\�M"�C \H� S�> 4�+>'� -C 1�DEB -> 3$�.> 2A�G#�� −
=�#!�2 O��A�� 4A#%��* [G�� 0#�$ �Y+8 2A�G#�� 02 �GE> <� 4 c+N/ −

=/*��"C 3�_�E"#�� �#F�;�E> 6��9* ,�!��� V4�%8'�W .B��� �#!� 6��9 �ZT -�"/*��"C U�"2A�G#�� UAHB −
=3�_�E"#�� �;�E%�� x�I �/�I -> b�2A�G#�� x�I � XP/� �EH#/* �#9 ,3�_�E"#�� �;�E%�� O#,8 O#,�� 2A�GC S�> \GNB −

=2A�GC c\9 02 �!��� .B��� �!� 0"�� �;�E%�� 0F b�2A�G#�� 02 3�_�E"#�� �;�E%�� −
=/��; 2A�GC S#�B $��;� �F�;�E> O�#a 0"�� 2A�G#�� −

.  2A�G#�� 0%#,�� ��DE�� 0F   − 2A�G#�� −
  + t = t +   :b�2A�G#�� O#a {�AL −

`a + Vt +   W = V`a + tW +   
  = r +  =   + r  

r = V −W +   
=4+%�� �gF 02 2A�G#�� -C �GE> \9 t�P� ,0&��� 4+> 02 2A�GC t�m +E> −

=���l�� 2A�G#�� 02 @A�G�� 4+%� � X/*��C S�*'� 2A�G#�� 02 3+#>'� 4+> U�9 �ZT ,2 c�%C t�P�� 2A�GC UAHB −
= $ × �`a = $ × Ut × U × �  

 2A�G#�� -C 4A#> \9 �;�E> 02 S�*'� 2A�G#�� -C [; \9 �;�E> t�m� ,b�2A�G#�� t�m ��#%8 �A(B 0H�  −
=t�P�� ~B�A� O#a� 1p ,t�m \9 ~B�� +a*� =���l��

=$ × � 0F t ×   2A�G#�� .B$ Uy2 ,$ × U .B��� -C t , U × � .B��� -C   6��9 �ZT −
V`a × tW ×  = `a × Vt × W :b�2A�G#�� t�m ���GL −

`a ×   + t ×   = V`a + tW ×  
  × `a +   × t =   × V`a + tW  

=3+#>'� 4+> <*��/ @A�G�� 4+> �!�2 2A�GC 0F %8�#�� 2A�G#�� −
=* �"HB* t�P�� 3+�A�� 2A�GC S#�B ,��G�� 0F �;�E%�� �(8* � 0F 0������ �F�M� �;�E> 0"�� U × U %8�#�� 2A�G#�� −

=��; �;�E%�� �(8* � 0������ �F�M� �;�E> %8�C 2A�GC 0F 3+�A�� 2A�GC −



��

:UAH/* �−  �"HB ,  %8�#�� 2A�G#�� 08�P�� VwAH%#��W ��DE�� 2A�GC −
=   2A�G#�� 08�P�� ��DE�� S#�B* ,* = �−  ×        ,* =   × �−  

 t �
4 `a  =   6��9 �ZT* =  2A�G#�� 4+NC ��(/* | | 5C���8 M��T 5C�/* �4+NC� S#�/ 0(�(� 4+%8   %8�C 2A�GC \9 U�"(B −

`a t − 4� = �t
`a4  = |   | Uy2  

� ≠ `a t − 4� ���  t− 4
� `a−   �

`a t − 4�  = �−  

=08�m ��D� �!� ^��* 34��EC 2A�G#�� S#�B =� = `a t − 4 � U�9�ZT , t �
4 `a   2A�G#�� 02 −

=� X%C -�"�4�%#�� �(N/ �B�C �*f AF -�"�ML -�"�4�%C -C ��D� c\� −
=V�C��9 3+>��W b�4+N#�� ��+d"&�8 *� 2A�G#�� 08�P�� ��DE�� ��+d"&�8 -�"�ML -�"�4�%C -C ��D� c\� -H#/ −
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