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  & �a �� f  
ºjx = 9j. 
ºln = 9l. 

84�P�� s �@M�0� ������� }�	M �a�#
:4��

��!
���!� ��!���]!� ��!���L  ºohn = 9l.  + 9k.  
*��3!���  ºohn = ºln + 9k. 

ºln − ºohn = 9k. 
F	�H!���    ºojn = 9k. 

'	v!�� A� ����|!� ����L  ºohn = 9k.  + 9j.  + 9o.  
*��3!���  ºohn = ºojn + ºjx + 9o. 

9ºjx + ºojn. − ºohn = 9o. 
F	�H!���      ºkx = 9o. 

bL��!��� �&�H!���  ºojn = 9k.  = 9x.  
bL��!��� �&�H!���  ºkx = 9p.  = 9o.  
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�
�a& x

ko j

p

 :4��v0� 4�P�� s  j
 & �a �� f  
ºxx = 9o. 
ºxn = 9p. 

84�P�� s �@M�0� ������� }�	M �a�#
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�J 8
%

6

t G  0"���	 @I��	 ; o
8 �J �� G  :`N �UAN

9��!
���!� ��!���L. ºhn = ºonn − ºohn = 9Q } &. R
92M3�.   ºhn = 9} Q . R = 9Q } &. R ∴ 

 ��!�&�H!� ��!���L �¡� 9} Q . R = 9Q } &. R ∵ 
 & �a �� f  ∴ �Y	
-�&

0"���	 @I��	 ; j
, 8 �J �� G  

 ºv¤ = r, 6 ts R
   º¤x = r8 t 6s R

, r, 6 s  R :J%N
 rt , 6s R 

 ºlp = ºoh − ºhj = 9L } . R
 ºgh = ºhj − ºohn = 9L Q }. R

ºlp = 9ºgh + ºoh. − ºohn = 9Q L }. R ���	^

��

�J 8
%

t,

6 G
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��� !� "#$%& �$'$�(
 !$��#���  º�� = º��� − º�)� = �* # +� R  �

�!$�,-$.�-
�/M1-�   º�� = �  * "� R = �* # +� R ∴  

 2�34 5$��6� �7# !$89:$;�- $< �  * "� , �* # +� ∵   
�?��4� + 5 @@ " A ∴

�$B�,C�* !$�6*$D�-�  º�� = � � � R= � �( R   �
�!$�,-$.�- !$��#���  º��� = º�� − º�)� =� � � R     

 E�FG�  º�� = �º�� + º��� − º�)� =� � � R      
�I,J- $��#� 5$�K

 �#�� 5$�K�  º�� = �º�� + º��� − º�)� =� � � R      
L�F����-
��M' N���8

 �@�'�� ]X^V _7 KV`Va� �.L\ 67 bcL�� (>M�� &E\
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� :!$89:$;��� !$��#�W6� X$�6$'#

L2�34 5$��6� �7
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�
�

8

(  :*+�-� *./�� �  �
  ) �� gg (  

 º$# = �8 �! (� R    
º#J = �� �! � R   

�8 � �! bhM-� ����8 ��@' ����
�$B�,C�* !$�6*$D�-�  º�� = �! � 
U� R = �� 
U 	� R 

�$B�,C�* !$�6*$D�-�  º�� = �� ! 
U� R = �! 
U � R
 E�FG�   º�� = �º�� + º��� − º�)� = �� 
U !� R

�º�)� I,J�� $��#� 5$�K
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Properties of Quadrilaterals

'6
3!� U�:
:&���"��	 ��'()	 >�f4=

1�����!:V� $�
 `�IfL$�	 M����

 &���"��	 ��'()	 `��X$�	
:&�f")	 ��MM�� @IP f�

�	:�:�� 1�]
MI0�
Trapezoid ��\f$�	 eU(

-�.)	 /,	���
Parallelogram 
Rhombus  ����
Rectangle  0�M���
Square  1"��
Kite  &�7P% ��3�I

 :�LB�f4= @5��= ��I `�	% ,&���"��	 ��'()	 �$5�= `N YUI  

�	������ ������    (P�!:�
 &�� �*��" &��$�$�	 ��R ^$�f� + ^��"P 0'( h�f� ��X8N ����$�$�	 �� 0_ ^C

 :hP����	 �UI � ��C% 0'?�	 	�� 8 �� :&f���
:o ���@|@��

:j ���@|@��

:k ���@|@��

:p ���@|@��

�	������ ������    '6
3�
 ��'()	  ��  &*��  -	�XN  ��  J�=  :-�.N  &�"PN  e�  15K�  ��  ^��"��	  0'?�	
 0'�% :1"�$�	 ,0�M��$�	 ,���$�	 ,-�.)	 /,	��� ,��\f$�	 eU( :�Lf� &���"��	

:&���I �� �i_H" �LB�f4= �'$� 23�4��	 �� &B5��� &��$�� �Lf�
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^��"P 0'(

!��

&�7P% ��3�I
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1"��
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-�.N /,	���
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�3a��� 
 �C# ��C� T� q
N� �>  ?a5i�	 >���= ��  o

����L EC�� }��� ��C��
 �C# �3��# T� q
N� �>  ?^��"��	 >���= ��  j

����L q��#� }��� �3��#�

�	O@!�� −o
(P�!:� 

������
 23�4� M	��I�" &���"��	 ��'()	 ���M�	 >f4�

 %N �����	 %N /,	���	 a�� �� �L��.N 
� &f���
:Y"�M��	

�@!�0� '		v!��
 &���"��	 ��'(®� @LB�f4= Y3	�I G�M�	 1� 1"�=

 �����	% /,	���	 ; &�"���	 @LCP��� 	����I	 >�_%
:0$��	 	�� ; Y"�M��	%

� G��H� �O
@� BO�� B!�� 1���@|@
�
 ��'()	 !" &7���	 FM¯ ; ��f�	 `���R G�M�	 �HI	

:°���	 �	���	 �� &"�J�	 @A &���"��	

}���� 'S��
}���� U��>#

:`N 
� 	 VP8�7 ���M�	 `�'� 6P�	 &��p ;
 •:&���"��	 ��'()	 >f4�

�	:�:�� 1�]
MI0�
 • eU( ,!�� ,1"�� ,0�M��� ,-�.)	 /,	���

&�7P% ��3�I ,��\f�

G−v−w
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�������	 
���	
����	 ��	����	 �������	 ���������	 �	��

���	 ��	��!

   "��#� �$ %�& '���� ��� �(
)"���	��! "�#��*�!

)�*��M�! �#��*�,	 ���	 −
)-./0�1! 2 3	�M*�	 4I�*�� −

)%� �6�1� 7$�! '( %��M8 4I�*� �M*9 −
 2 3���:�;�! <�#��*�! <��:	� �$ −

)=��*�	
)3��#!���! <������! <��:	� �$ −

">��?�	
 3��#� %� ���@ ��	��! �(

)3�*��M�! 3	�:�A�!
)�*��M�! ����	 %���@ −

 -.1! �$ �01�: 3	B!���! 3	�M*�	 −
)��C	

)%�& <�#��*�! <��:	� �01� �M8 �$ −

��M�;?�	
 ��:	� %� ���@ ��	��! �(

)�?D�8
)�?D�8 4��	 E��	:� −

 2 3��I�*��: 3�*��M�! E	�M8 −
)-./0�1!

4��?�	

  3��#�  %�  ���@  ��	��!  �(
 ��:	�:  3�*��M�!  3	�:�A�!

)�?D�8
)�?D�8 ��:	� %� ><�! �(

 3	�:�A�! 3��#� %� ��M�;! �(
)3�*��M�!

 3��I�*��: 3	B!���!: 3�*��M�! E	�M8 −
)-./0�1! 2

)�*��M�! %���@: �?D�8 4��	 E��	:� −
 "!  4#�  �$  4!  410�  4��,	  �M8  −

)°FG �.���8 ��:	� 4��,	 ���@

H�I1?�	 %J� 3��#�  %�&  '����  ���  �(
) F*& 3���	��! 3���*�!

��8���	 L�D�M�	
 "! 3�M:� %�& '���� ��� �(

)�*��M�,	 L�:�A�,	 ���	
)3	B!���! 3	�M*�	 −

)��C	 �01� "��M*�	 BN@ −

 H�I1?�	 %J�
"��#O�	 P��M�!

 <�#O�	  P��M�!  H�I1,	  %J�  	�M8  −
)3�*��M�!

 P��M�!  H�I1,	  %J�  LB��8  ���:	�  −
)3�*��M�! <�#O�	
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?������� 	
��M�� ����� ��
)���	��! Q;�� �#��*�,	 ���	 −

)�*��M�! L�:�A�,	 ���	 "! <M:� −
R�����	S T���MU

)�?D�8 Q;�� E��	:� 3 V��W�	 ����	 :YZ[ ���?A,	
 Q;�� ����	 %���@ 3 \�W�	 ����	 :Y][ ���?A,	

)�*��M�!
 Q;�� ����	 %���@ 3 
:	 ����	 :Y^[ ���?A,	

)�*��M�!
 �#��*�,	 %���@ 'M:� 3 V��W�	 ����	 :YF[ ���?A,	

)�*��M�!: ���	��!
��#���	 −]

�#�� 
 ������ ����� ��� ��M�� �� !�"# 	��$% � &'( '�)*� +�

,	�-�.�*�- �/��"�*� 0�1�� 2���3 4�'5�6�� ��7��
��
�#�B� �#W!@

8(

� $

9—:;

< + :>

 , @AB� ��C��� D% E6
�� F -'GH Z
,�/I�� ��I EK : ���� '(-L

] − = _ = a + = G 
] − a − = = _ − = G

c − = = ]−
F = =

a + YF[ G = 4#O�	 
�I
�� ]a = a + ]d = 

 ��I EK M ,: E�� '(-L ,O
P�� QG� E6
�� AGH  ]
������� RS�T� F Q7�1L

8(�

$U + :

V +
 M

9 <—M;

V—:W

  $ V = 8( � Y@[
YZ + =[ ^ = ^ − = F

^ + = ^ = ^ − = F
^ + ^ = = ^ − = F

a = =
�� _ = e  , �� ]Z = gM h :i�����:

 � 9 = $ 8( Yh[
Y^ + � ][ ] = a − � _

a + � F = a − � _
a + a = � F − � _

Z] = � ^
F = �

�� ]] = e gM ,�� ZZ = h  :i�����:
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9o. ����
k + }j

x + }

 8T3
 ��I �a�# '� ,4��v0� q��0� s ��!0� �@	M �a�#
 :4]��

8q��@�� B^ �C�� b���� �6	 6w�-  x + } = k + }j
8} �� B3@|�� }��3@�� �^��  x = k + }

8k �� B3@|�� }��3@�� �^��  j = }
89k + j × j. �# x + j = q��@�� q
 ��I � G��

��I ���� m =  
64]� �# ¢����

j + Qk

h + }kp − }x

j − Qp
 84��v@�� ':��� B^ �C�� bL��!� �C# ���I# �a�#   o

9j. ����
 s 6JH� �> �5 T��~�I �&�� ' 6@w 8��	M���� ��~�M�� ���� �:��0� s �¨	H�� b&�/ 'S��

8��~�M�� q�I� �LC�� ����� ����� �a�# 84��v0� 4�P��
:4]��

8�v��M!@�� 1��
�@�� $� ��a�L T	^ ,������� �@~�M 1��
�� p 2�� 4�P�� '�v�
j� k = j × k

j  = �> f  �
�@�� �����
j� x = x × j

j  = �a �> f �
�@�� �����
8j� ol = x + x + k + k = ����� �����

9k. ����
 8':ogn b���� �OM	� ��5 ��� ��~�M�� �C# ���I# �^�3� s �@I�  ̂���: 8�	M�� ��~�I ��I�� �O	-� �@I�  ̂1F��

8x T	�� � Ĝ �N� ��w�� q
N�� ��I (3 b���� 75�� q
N�� ��I�
 x+}j �H5�� q
N�� ��I ���	^ } = ��w�� q
N�� ��I �# ©��/ :4]��

ogn = x + }j + x + }j + } + }
ogn = on + }l

ohn = }l
kn = }

8': lx ,': kn B> ��~�M�� �C# ���I#
64]� �# ¢����

8��w�� q
N�� ��I $� ': oj �H5�� q
N�� ��I ����� ': hp �OM	]� �	M�� ��~�I �C# ���I# �a�#   j

�@O^ $� �6v]�
:� ��C : V��M��� `�'� +% `��"�M�� �	�M7 �����"P V�'( @IP	  o

:� ��C ?-�.N /,	��� �� ��\f$�	 eU( 0�  j

f&

�a

�> �k

�x
�j�j

}

x + }j
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�4� �# ����� 1���a�
p − } x = h + } k o
p − h − = } x − } k

oj − = } j −
l = }

': jl :�> �C�� $� ���� z���� ���I# ��!����

j − Q p = j + Q k
j − j − = Q p − Q k

p − = Q −
p = Q

': op :�> �C�� $� §���� z���� ���I# ��!����

 q
N�� oj + } ���	^ ��w�� q
N�� } =-)��  j
hp = 9oj + } + }. j ��&�30� _!�/ 875��

hp = jp + } pvx + 6 6
 ox = }

J3
 75# ��I� ': ox J3
 ��w# ��I ���	^
': jm 

'		v!��� _���!�� −k
�@O^ $� �v� 

 ��@O^ $� �v�� 1���a�
 B������ �=> 81���aD� ���!�  o
 GC	M!�� ¥	� �/� ��v��M!� <��MM

8�O�I!�� s ��3I�v!� V �t�
 U�]�0� TH� $@N!� 8V  j

 ��# 8Fv^ ���L��!� �C��v!� ��3

��L��!� B> �
��v!0� T�C# $� z�L 4�^ �C�� bL��!�

lo

  : ©/8���	 ªm�P���	   : ©/��c	 ªm�P���	
�	������ ������ Q��-

Properties of Quadrilaterals
 

«̀ ¬�
G−v−w

:�	��!�� ������ $� 45 s ��O|0� �@	M �a�# 

j −}pj +Qp

h +}k jn+Qj

    9j.  o +}k
p +}j

ox−Qj

x −Q

   9o.

0�M���  -�.N /,	���  
  
  

jo+Q

p −
}m

 p +
}x

Qh

  9k.

!��  
 
 

:�]	]I�� ���aD� &��
  :`¨C ,-�.N /,	��� 

�af

&h  `�_ 	bR 9p.

�J 8  G h 9f.   r G s R = r s R 9#.
h 8 = �J 8 9&.  ̀ ��5��'�� �J  ,  9�a.
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h gM × � gM = gM h  � ��M�;,	 �N�;!
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-�& �&�H� q� B^ �@>� 9f & �a.R = 9 f &.R  

 f�� & �a  
���L��!� $	
��v!� $	3
 45 b#
8�C# bL��!� & �a f  ���	^

9o. ����
8 �a � (I!��� ,�  (I!�� �> =-)/ 8� �Mv/ s <��MM qI�v!� �C# bL��!� & �a f 

8�C# bL��!� & � f �> B������ 4�P�� �# %H�#
 :1�	M30�
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�> �
�f

&
o

j

 8�C# bL��!� & �a f 
8 �a � (I!��� ,�  (I!�� �>

:f�
M0�
8�C# bL��!� & � f �> B������ 4�P�� �# 1�H��

:��>7��
 �  (I!�� �> , �a � (I!��� 

�C�� bL��!� $� �-¦� �@O�� 45 (I�� ���Mv��   �  = �a � 
 �> = �a� 

:�@O	^ �>  f ,� �a & :���
�@��
9�C�� bL��!� B^ �C��v!� ��3
.  f  = �a &

9�G/�>��.   �> = �a �
9bL��!��� �&�H!���.   9j. R = 9o. R

:¬!�!�/ T��� 9© 8L 8©. ���]� ��v��M!� �>  f Δ ,� �a & Δ 
9o. −−−−− f �> = � &
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  :-�.N /,	��� �� �����"P V�'( `N ��UAR &�B�_
�C�� bL��!� $� (P���  (P�!:�

&�U?� `�UK7 ,yP% z"�?� ,2�� :����!�0� 1��&��  
8Jv��M!� �O�� Ja�L 45 ���� �# A� �	HP- ��HNM p ���!:�   o

 

  4�³ B5 �ON3H� ��HNv�� <=> U��I# F�� �   j
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Exploring a Parallelogram
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�a &  f  �a

f

&
 8�C# bL��!� & �a f  �# 1�H�� :f�
M0�

:��>7��
:�@O	^ �a f  ,�a &  ���
�@��
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8T	^ �C��v!� ��3
 XL���� ���M� ��� �C# bL��!� B������ 4�P�� ���� 

143

 � G�5�� �O
@� BO�� B!�� 1���@|@
�
 ; `�������� `���%	, 0��'= ^B'� 0� :fCM�� �):�

: �¹C ?-�.N /,	��� `�'� ^'� ^��"��	 0'?�	

8

G

�J

 ��!
���!� ��!���L $@N!� �Y	���� GC�� ���I�� 6JH� 8V
 ���L��!� ��3
 T	^ �a�� 8�C# bL��!� ¥	� T����

:Fv^
 9 �a f �� &  )

�(P�!:�� 1���a�
 J� F���� L�|/� A� '>���: 8fCM�� 4@� q���  p − o

 b=�� B������ 4�P�� ��/ 'O3� ´M�/� �	HPR� ��HNv��
8T	
� ��
I�

'	
3!�� −j
'
3� 

 �	% U� M	��I	 `N G�M�	 h	P8R 	 �J @L�	 ��
 ^7�" M	��I+ �V�C�_ `�'�I -�.N /,	��� �� >?'5�

:� V�"�I �L$ �5�= ^��	 -�.)	 /,	��� �	#��
�
��� �
��#

�J8

` %

��

T

,

G

    o

8 �J G  :�f�� 
 -�.)	 ��B4�f� T ,, ,% ,�� ��HX :-�.N /,	���

��=q�	 
� 8 , 8 �J , �J G , G 
:�L�5_ >4�f� ` &M�X ; `��I���� , �� , T % `N �UAN

 ¬!�!�/ T��� 8y �>  ,� L �a J�
�0� ���M� 1�H�� $�@�
y �>  L � �#

 ¬!�!�/ T��� 8� �> f ,y L & J�
�0� ���M� 1�H�� $�@��
L y  �> � �#

 T�C# �� �C# bL��!� y L � �> ���� ��!����
8�v��M!� B> �
��v!0�

 B> �Mv/ s ��3I�v!� T��MM �µ^ �C# bL��!� T/# ���
 B> � �Mv/ s y � , L �> qI�v!� ��!���� �O	
5 (I!��

8�O�� 4�� (I!��
  j�J8

��

,

G
 , G  >4�f� �� :-�.N /,	��� 8 �J G  :�f��

:8 �J >4�f� ,
:�J G �� 8  �� , �� `N �UAN



١٢٩

9j. ����
8 f &  � �a ,f &  �>  ��5 ��� 8�C# bL��!� & �a f 

�C# bL��!� � �a �>  B������ 4�P�� �# %H�#
 :1�	M30�

�af

&

�>

� o

jk

p  8�C# bL��!� & �a f 
8f &  � �a ,f &  �>  

:f�
M0�
8�C# bL��!� � �a �>  B������ 4�P�� �# 1�H��

:��>7��
:�O	^  �> f ,�a � & ���
�0�

9�C�� bL��!� B^ �C��v!� ��3
.   f  = �a &
91�	M3�.   ºgn = r�>s  = r � s  

9bL��!��� �&�H!���.   r ks  = r os 
9ºohn �
�@�� ����L 1�:�	M ��@|�.   9 ps  = r js  :2vH�

¬!�!�/ T��� 9L ,© ,L. ���]� ��v��M!�  �> f Δ , �a � & Δ 
�>  = � �a

9�Y	
-�& ��!�&�H!� �@>�.  ºgn = 9� �> .R = 9�> � �a.R 
 �>  �� � �a �a

f

& �>

�

 J3
 T	^ �� �C# bL��!� � �a �>  B������ 4�P�� ���	^
8Jv��M!�� J�L��!� J
��v!�

64]� �# ¢����
 ,�a & (I!�� �> 8�C# bL��!� & �a f  4�P�� B^  j

8�C# bL��!� & �> �  �# %H�# 8f  (I!�� �

144

 � GN�#� �> f  L �a �µ^ �C# bL��!� & �a f  �# ��
8�> f �� L �a

 �a f �� L �> [HI� T	
�� �C# bL��!� L �a f �> ���	^
8&  �� �a f �� L �> :��!����

�4� �# ����� 1���a�
�J8 ��

G
91�	M3�.  f = & �a = �> �a �����  o

9J�
�0� s  FP� q
. f �a
bL��!��� �&�H!��� 9 f �a .R = 9 �> �a f.  R

 ����� �� � G&��!:� Jv��M!� �a f  ,f �a �> ���
�0� ���� � G��
�a  = �> f :A� 4I]/ ��!���� 9©8 L 8©.

 T�C# �� �C# bL��!� f �> �a  B������ 4�P�� �����
8�v��M!� z��L# B> �
��v!0�

�a & �� f  , �a & = f  �=� �C# bL��!� �> & �a f  j
, �  = & �> :¬!�!�/ & �a (I!�� �> , f  (I!�� � �# ���

8�C# bL��!� �>  & �> �  ��!���� �  �� & �> 
�J8 ��

M G
 _� �C# bL��!� & �a f  B������ 4�P�� ���� B��  k

:JI��� �v� �#
9 �a .R = 9 . R

9 & .R = 9 f . R
:_!�/ �=�

on − } k = on + } j
jn = }

jn− Q l = x + Q x
jx = Q

lx

  : ©/8���	 ªm�P���	   : ©/��c	 ªm�P���	«̀ ¬�
{−w �C�� bL��!� $� (P���

Exploring a Parallelogram
 

?�	��!�� 1V��� $� 45 s �C# bL��!� �> 4�P�� �# $� �6v]!� (	5  #���
 9o.

 

 
  9j.

 

?V �# �C# bL��!� �> � �> �   4�P�� �# A� ��� �	��!�� 1���H3�� �# $� �v]!� (	5
�  

��>

�

 :@I } = �� ` , @I } = � h , @I x = �� � , @I x = ` h 9k.

:@I � = ` �    ,    @I v� = h M 9p.

:` M = � M    ,    �� M = h M 9x.

:�� ` �� � h    ,    �� � �� ` h 9l.
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