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Exploring and Simplifying Rational Numbers
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$ēP�] �P�¡
:0�����
 �fm������ �
����, �>��,��
 �U�J��B* > �m�P��, �>��L �m ��P �B*

 {[ ≠ w    ,   w    ,  :w} = > : ����HJG�� �����T� #��/�@�
 �)��-@� ,
BPH��� �A�7J�� , �
 OB)���-(� �A�7J�� U� ��B����* �
������ �)��-@�o �P�1���#*

 : �9^�V �
O�17I � �)��-4 n �
 OBPH��� �)��-@� , �
 OBP7J��
 ~�v� = ~¨�  , �z}  =� z}  , z−�  = �¨�}−  , }v− = }−v  = }−  , v�v  = v�

_
U

_    U

#� ����� {/�
$ �
O�17��� �)��-@�

$ �
O�17��� �)��-@� �F�71#
�N
������Q� 8�

 ���29���  ��I�]  �����7B
 �)�6B| ���B �5
 �
O�17��� �)��-@�
$ �U��I@� �A�PJ#* �
C�') ���	��'

 �
-��6�� _ �?P��� �� !�{�
O�17��� �)��-@�

.*? #����

#����
�T� #N
C�M�p�
 �
�17I �)��-4

Rational Numbers
 �b��� ¹ePH- �)�-

Terminating Decimal
 n ¹ePE�)o �A !PJ�� ¹ePH- �)�-

Repeating Decimal

��f���� −^
�(1��� 

$
��J�� )��-@� 
-��l 89M�� p� pg�A
 «-) &�
* )��-@� U- 
�ÈA�# f�1I 2�M-L )�# �'
$
������ )��-@� 
-��l 2��, KL i��'@� 
g�%�

 )��-4 
-��l KL 
g�%� ��7� �' 89M�� _4 U� �Cq
$
���%� aF�17�J� ����#

$
�1X� f+MV ��7'4 KL fA��|� Y�J�B

�−�
X���� �gG�

X���� {��*5
:_4 ;- � �A)�' /��M�� _�JB hA��� 
B�¤ �

 •$
�17��� )��-@� &HJ�7B
 •$
�17��� )��-@� F71B

���
�T� N
C�M�p�
 • APJ�� ey- )�- , �b��� ey- )�- ,
�17I )��-4

nePE�)o
�����Jp� N���T�

 •��C�� ÅA��� U� pM'

��S�'� 
[²� = � ÷ �  ^  :.�l5

[²�− = v� ÷ }−  �   
�+ = n�−o ÷ v�−  �   

�− = n�−o ÷ v�  Z   ������� −�
���� 

 
17I U� ÆG# 
�17I )��-4 
��
 _4 KL 89M�� P�I «���
$P���� +¡ ��C�� _�JB _4 ;- i���] UB)�-

��A�3 ��;�5
$$$�$� � �����7� fA�] F7,4 � v�

��  )���� /�
� ^

6� /* �[ ,^� 8A�����  $6<6&
 $6<6& �� <
=p�� FJH�� �JM�

 d
^[   =  � ÷ ^�

� ÷ �[ = ^�
�[  

 KL 5������ � �����7� 5J� F7,4 � v�
~z )���� /�
�  �

$
��*4 5���-
 ����5 .��/� ª� <
=p�� FJH�� 8� Ral e.K��

�
d  = �

� × � = \ × �
\ × � × � = ^Z

��  



٥٥

�����T� KF" D�� K+HJG�� ������ #.�;�� #8�1�#A

 !017��� �)���� �
������ �2��	4 �>®�
 �¨}�� ,�¨} , �−�− , z~ , v� , �� �)��-@� O_4 ­½ �D(
$b �7�I

i.C� >5 e� ��
�
:�����T� KF" D�� 4���
��� 4����T� �.K;�  ^

$ �−�  , �−�  , �−�  , }� , v v�  

: e. ��l5  �
 

#����������� I+��@�� � #'�gG��� #X/1���������� #j4�M�
 }~  − }~ }~

^²\−
� v�  −

 ��  −
[²^−

 z�
 4̄ 3 #slT� #| 4u(p� #.�
��� 4>
l ��: 7	�/O �FJ35 � w I+HJG�� #����� #>/1A ��/J1�� � zl

6 4¢�C��� 4���/�� /* �<
=p�� �FJH��
m��;�5

7	�/O �FJ35 +-  ��Z[  ����� �?�l� ^
Z /* Z[ ,�� 8A����� 6<6&

6<6&  D�� 4<
=���� 4FJH�� ��JM�   Z ÷ ��
Z ÷ Z[ = ��Z[  

d̂[ =  
7	�/O �FJ35 +- ^�−Z�  e?�l� �

� ÷ ^�−
� ÷ Z�  = ^�−Z�   

�−\  =  

v̈ �}�̈ �}�̈ �}�¨�} −v¨�} − �̈ �} −v − �¨} − � �̈ } v
v }�z�

~�z~��
v�v��v

v� −v� −z� −}� − vv −

�� −�� −

�5^� �)��-@�
 z¨v�v}��~}� ≈  π

 v¨�v��vz}~�  ≈  �a*
 �>OI@  �
O�17I  � �)����-4  ­« �7��
 ­« �7��  �>O�J�  �
 OBPH-  �)����-4

$ �
�>��� (* n �fA !PJ��o �
 OBPE�)

.*? #����

m	��2� m	'1-
 , �
������ �)��-@� 0V ��

 b �	�J��*  ®017���  �)����
 Q�-  _�I�JB  ®0��6��
 U��>g 0V �)��-@� !F{
 �P���� U� U��������
$b �7�I ���1�� Q�-*

57

$fA�] F7,4 � É
 5J� ;-v¨�� /�
� �
 ����� B�
JA 
��S�� � �qL�� <����� ^²�Z = > 81��

�'1�� Bº��� »1�� b�� B»1��
   >T ^[[ � w��  ̂ [[ × ^²�Z = > × ^[[
 >��'1�A ¯Aº� ¯�M�     

¯-'M�� 8� > §'I�  > − ^�Z²�Z = > − >^[[
^²�Z = > 'l)� 6� �/�  ̂ ²�Z − ^�Z²�Z = >dd

^�� = > dd
> �
¼� dd �� �JM�     ^��

dd  = >dd
ddZ^

��  = ^��
dd  = >

}.� >5 ��
�~ N
3
S:
 ^

 

 �

Z−�−  = ^�^�  = �
^[ = Z�  �

d−�− = d�  = ^�
^[  = ^¨�

^�−Z  = �−�  = �−
^  = �−
��  = �\Z� Z

d−^[ = �Z−�[
� ^�dd  �`S�  �

��  �w�  �̂  �5�  �

����� j�M� �qgG���X/1�p�
����� +��t� ����� 

^¨\ ^¨\− ^¨\

[¨^ [¨^ [¨^−

��  −

�Z  −

�d  −
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� ­/�
�  �
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$  $v Q�L v� ������	�, �
�G7��� ��1	��# ­/�
� , �£��^�� ���P�����	 �)�- �5!̂ � �B h O_4 ­� �P����  Z
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ $h �)�6B| �
�G7��� �5 �D  �
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ ? �2���� U� a	 � �

� e*�7�B �¿�^�� U� � �P�����	 a
  �
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ $� �P�J�# �
CBPI ­� !"*  \

eji=C�
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$  ? �/ �
P� �P7
 ������	�, �
,�g|� �)�6BL U� �«­� OJ�# &�
  �

�'"5 ����J� i. #�
 �PM��� U� � �P�����	 a
 ,v� Q�L v e*�7�B �£��^�� ���P�����	 �)�- Q�L �
M'�7���� �A�M�@� ���P�����	 �)��� �
17��� �F !	���  d

$� �P�J�# �
CBPI ­� !"* ? �£��^�� U� � �P�����	 v~v
� �Ð�V�J�B

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$

I.��.h
J���
e�f-�
eFKM"

i. #�
eji=C�

76



٧٤

oá qjô≤Ñ©dG ooádB’G

w

oá qjô≤Ñ©dG oádB’Gh lódÉN
 #$�M�J� 6
4g�M/A >5 m��5 #$�M�JA Q� , 7j��� 7 </0 +- IFLA m��
"

 6E�� 4.�- É'3��/S #��Y

9

�
`*

�
�

 }É'3��/S  w��~  4&'�"�
 �Rube Goldberg �
 �'�o  �NQc�  8`̀�  4�`̀A�`̀�`̀��
 � ��AU� +M�#�  
f�G1� , ���-
G��
 8�� �§'``̀�``̀��  K/``@``��  8``�

6
f #����JA� 
* #� �*
(#A
 +��� �NQc� ���: #§'(G��

6É'3��/S 
f 4�'�"�

6 �{�f�� D�: ��/O/�� 4.��'� �	 ��� D�� B/�CA� ,
f4� e�*
k +��� �N
��'�"Q� 4��5 e� �O  ^
6 7N�/M" �	 ���3 4��'��� �¦�
G�� D�: #�/O/�� #<U��JA n+v
A� 7>/0
=� �Q
;� �F�5  �

 oá«fÉãdG oIóMnƒdG
(Ü)

oä’OÉ©ªdGh oô«HÉ©àdG
Expressions and Equations

6�h� �	'KH1��� ������� D�� ���(�� #� ��k5 #F=J� , �§
H��� +-  ^
K+M�/�� ���1�� D�� ��MM
� ,�	�ÂH�� 4�G� #� ��kT� #$ ��@��  �

6�w� ��
��
3 ��/�����   

6 ���(�� �� ��k5 �.�23 #��/�� #�'�CA  �

6�9� ��-'L��� +- ���1�� 8� #�
��� #F=JA  Z

6D��5 D�: ��� #.h
C�� #| �'C�A  �
�`*� #���=;�� #	'1�� #F=J�  �

6��� K'���� +-  
7��
" I�k I��A , ���
C�� V)* +-  \

6��� �.HC�� ��M��/3 V �'A'� 8�  
V 4��)� 
 �J3Q m��
" #�=A�  �

6
G� 4.2�5 4�/S/���  

h

§

78

NQ�
�p�� q3
����
IóMƒdG
á«fÉãdG
(Ü)

NQc� :&/v/p�
�C2��� $� .�
���� ��2�l

 ,�(j� ��* ,2mX� ��� ��"�� 
����� ��� � !�C#
 £P, ���g 8*A �>-={� 0��� �(j� ��"�� �'��#*

$A�#�JBA�J�� � �>�	A a# 0���*

…����
 ��C# 0��� ���MS� )�- a
* ?� �D�1] ½C��7# «'* e4 �

?
	A��� KL Y,��� Q�D Y»�C��	� «'* U� �N
 A�#�JBA�J�� � �>��L +HB _4 £P,���g )�A4 0��� fPJ��� ��

?b�	A e���

��
G���
 ,£P,���g 8*A `3-4 U- °�, 2�PgL 89M�� KL /�I�

 $�(j� ²�, ��={� � b#(*�§* b��	A �P�4 &�
*
 �����* ,£P,���g U- °�, 
,��
 89M�� KL /�I�

$«I=I|� 
J1� `9{ U� b#��D*

��¡�T� 8� N
3
S:
�
�M D�: 8M=�� �Uo .A/C� ��Y :�G1�� �3
S: ^

6�& + �� × � = § :�G1�� �3
S: �



٧٥

��S�'� 
[ = n�vz−o + �vz   :5�
4

^ = } × v
}  

^ = �¨� ÷ v�
}  

 hA���  ���  0V  89M��  aO���B  ?�	  X���� ��O ➤
$ f�*�7��� ���{

��f���� −^
�(1��� 

�A
L��
$f�*�7��� Q�- 
�V����� 
O���
 89M�� &HJ�7B

'��Jp� ���=���
 a>V �' /��M�� _4 ª9^�� ���M��� U� f�M{ 5
 0V � OC�#

$
'�, b�� 5���# �'* � ��O�g ����
� �'1H� 
f��� +fG� +��� N
�/�@���

 U���J�� ��)�g�� ����1�	� �� p,�A `�¥	 
V�"L a>��L /�I�
?¿���7I ����

	��
J��� D�� £-
C0

9-2pIGhÉ°ùªdG t¢UGƒN
Equality Properties

 �
 OB[X�  �+,�����*  �)��-@�  p�  ���O������  �
C,�	  �h*A)  �  �« ­�O��#  �X���� #��O
▶ $�f�*�7�� ����{ �aO���# ?�	 _j�* , ��()����*

e� �(1���#	��
J���
 e���# �P7��� �
 O�J�� $ �_�m���� 0� O�
 �_R��# ���- �f�*�7��� U- Q�*@� �fA���� 0V �P!1��I

$Q����� �
 O�J�� 0V ���"���� �_R��� �&�" e*�7�B �U���� �_R* Q�-
n�o  nvo

 5� ,nvo �_�m���� 0� O�
 0V �>��L �A�H��� �_�R*@� U� �
�,A4 �
 O�
 !5
 Q�L �� ­�"4 ��   ^
?�f�*�7��� Q�- �½�V���I

?�f�*�7��� Q�- �½�V���I 5� , �_�m���� 0� O�
 0V U�#)�g���� U��O� O�J�� �� ­�-�" ��  �
?�f�*�7��� Q�- �½�V���I 5� ,nvo ��D�* �_R* �
�I�^�� �fA���� U� �I ­�{4 ��  �

�	��
J��� I¥�/"  e�i���
: m���HJ0 m����5 `S ,w ,  K.1�

  = 8 O_¾V 8 =  �_�
 ��L
�g =  O_¾V �g = 8 ,8 =  �_�
 ��L

����] �¦J���*  �g + 8 = �g +  O_¾V ,8 =  �_�
 ��L
$�>�VPI U� 5̄
 Q�L �/��	 *4 �/ �g�� 0̄17I �)�- �
V�"¾, �
���] ®5�# �f�*�7��� O_4 e4

� ≠ �g ����- ����] �¦J���* �g × 8 = �g ×  O_¾V 8 =  �_�
 ��L
$ �/��	 *4 �/ �g�� 0̄17I �)�- !e4 0V ���VPI �8 �P �" ��L �
���] �f�*�7��� ®5�#

 nvn�o

#� ����� {/�
$�f�*�7��� ����{

�N
������Q� 8�
 �� O9����  *PB��  �����7B
  �f�*�7���  ����{  �
 OBA�6���
 0���  ���O� O�J��  O_4  U� �� OC����

$ ���-)��7��� U� ­«�1 �� �	

79

d−�
X���� �gG�

X���� {��*5
:_4 ;- � �A)�' /��M�� _�JB hA��� 
B�¤ �

 •$f�*�7�� ���{ ����7B



٧٦

��

  : ®e)9��� �́ BA����   : ®eP6k� �́ BA����­_ �Pµ
�−� �	��
Jp� I¥�/"

Equality properties
 

:�f�*�7�� ����{ � �����7� ­5 ��
4 e5�3�  �^�
 ^ � = 

v
z  ^ h O_¾V � = h �_�
 ��L � 5 �

 + 
v
�  − = �  + _ O_¾V v

�  − = _ �_�
 ��L � w �
} − z =   - � O_¾V z = � �_�
 ��L � `S �

 ^ n�¨�−o = z− ^ � O_¾V �¨�− = � �_�
 ��L � � �

: �
������ �5E�7�� !5D �f�M{ � �
� ����7�� �
O� O]�S� �P
�� ���

 � = ~ − h �w�    } = � + h � 5 �
vz = h  v = h  

 v~ = h�− � � �    � = hz �`S�
�− = h  z = h  

: �
������ �5E�7�� U� 5̄
 !5D Æ�M{ � i�� ����7�� i�O� O]�S� �P
�� ���

 �� = � − h�− �w�    v� = z + hz � 5 �
 z~ = h�−   v} = hz  
�− = h  } = h  

}�(1���~ N
3
S:
��0 ^
��0 �
al �

������� −�
���� 

���-
v: ��;�5
:�����Jp� ��� �O
�� 'l��

���3�� ��� �O
"  ��z + �}~ = �}~ + ��z ^
$��@��� ��� �O
"  nn� + o�−oo + v� = � + nn�−o + v�o �

 c �
vv× �

�m  + c �
vv  × z

�m  = �
vv × c�

� + z
�m   �

$A�/��� ��� �O
"  
> �� +��t� �A
Cp� /* '2���   zv�

v}  = � + zv�
v}   Z

> �� ÄÆ�� �A
Cp� /* ^   zv�
z�  − = v × zv�

z� − �

^
� `� +��t� X/1�p� /* ^

� −  � = cv
z −m  + v

z  �

^�
�  `� ÄÆ�� X/1�p� /* �

^�  v = }
v�  × v�

}   \

}.C� >5 ��
�~ N
3
S:
 ^
\ �`S�  d ^

� �w�  ̂ ²\ �5�  ^



٧٧

���=���� ?A����� −�
E�f- 8� j=� 

}E�f- 8� j�=C�~ N
3
S:
 ����T� 8� ��hUS ��/�@� +* ���1��  ����T� >T ,��0  ^

6��HJG��
6
J20 ?HJ�� ,��0  �

[ j `S  , `̂S +- w'%�� +* `S D�� ��J=�� ,�C�CO  �

$A® �
H�"�
 z} �� Ó �� h�J���* 0��X� h�J��� F-4 ^

�
� , �

� −  
 �
� ÷ v�

�  :
��' )�ÎL ���M{ �"* �
 ÄÆ�� X/1�p� � w� ª: ��J=�� .A/�

6
��� </J=���

�a;�-
 X = �� 4>
l ��:  ^

�� = X �>F-
 �Z = �� 4>
l� �� = ^�̂ 4>
l ��:  �

�Z = ^�̂ �>F-
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:¹A �z� # Ks�#A 
 RAsS � �qH�� e?�l�
  � �)���� �&�" ���   ~ �A��C�, h U- ��BmB �Z�

 � �A��C�, � �)���� U� ®5'4 �\�    � �)���� �&�I ���
 � �A��C�, �D �&�" U- ��BmB �d�   � � � �)���� �8� �¿#�I ���
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 $ ���A�O�	 �p,A4 Q�- &̄] ®5
 e���B °�D , ���A�O�7�� ������	�, �fA���� 0V �� �"���� �a������ �p�] : #����@�� #>/G2��   ^
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$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$  
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 ��L $ �����	

:�� Z~ ,_  UB)���� ����l �̀ �^�4 �
�9�\ !0����� �+1���� ������� ®e[X� �+1����  ��
H�"a� #q%C���  ����

 n~ + _oz �5�
 _~ + z �w�
 ~ + _z �`S�

_ + ~ ���



٨٢

} × � = } + }
h × � = h + h
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��' �)�6BL 0��B Y�� O_¾V
$ �
���] �fA�1- �
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m��;�5
6^� = � − X� 4���
���� i. #�  ^
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���� +-'I D�: ��� K+��@�� �X/1���� #�-
v:  ��� + ^� = ��� + � − X� : I.C��
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�f #�/�@� I+��@�� 
 #�/1��� #�����  ̂ \ = [ + X�  

K+��@�� ���A
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"  ̂ \ = X�  
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���� +-'M3 c�̂m X �.�
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 #�/1��� #�����  ̂ \�  = X × ^  
K+3'%�� ���A
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"  ̂ \�  = X  

: eji=C�
^� = � − X�  

^� = � − ^\�  × �  
m�C�CO m	�
H� ^� = � − ^\  

 ^� /* �w
 �l'�� �	'h
I �§
GS 4�/I �>5 4� e��� ��: 6 7�����'k 7	'h
I �§
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GS 4�/I e?J�
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X /* ������'(�� �	'h
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GS 4�/I �>5 #�'20
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M�� �§
GS 4�/I �>5 B5
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cẐm K+3'%�� �'�gG�� +- #w'%��  �� × Ẑ = XZ × Ẑ^^ = X
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