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Factorising the Difference between Two Squares
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� ~B��� ¦$ 
§  BO M'�� "�9�

t�� − xN  lsm  x¤ − �t  lbm  � − x~  lrm
 

�¬x� − x�  l�m  �� − x|�  l�m  t�� − xQ  l�m
 

��� − x¤  l�m  ��� − x~x  l�m  x�� − x,  l�m
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blbm − bldsm = � − bd�

lb + dsmlb − dsm =  
¤ − u¤t�  b

lr − b�r�m� = � − s�r�
lblrm − bl��mm� =  
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x¤ t

t� − x~ t
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b� r
r� − bd r
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b� r�m − b bd rbm =
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bm b� r
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lrr + d�mlrr − d�m lAm
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bm bA r
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  /t� − x� t�  lbbm
  /�� − x~u  lbsm
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 :Q�-���  lb�m
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xs r t
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xs t~  l¢�m

r t
u + ~ t

xs r t
u − ~ t

xs t
x~  l,m

 

W[ 5%-����I3 @�
?x= +x h F��!'7�	
 �U��y� �����# �F�M��* ��  r

 ]�	
 �AM	
 �� /rtt − ~�srtt + ~�s {�B ���T, ,txt − x~� �����J ��!�T  b
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>b� − sd : WMY��

slsm − ud = b� − sd : VM-��
lbs + s × d + bdmls − dm =  

l� + ds + bdmls − dm =  
5M-� h" WT ��
�

>rb� − uh : WMY��  r
/u= + uh �Q
�D�	
 ������	 F�( !�M� �F�' �v7�	
 �0�V�% ��
���
 �F�M��*

/ur=−s − uh �hQ��	
 {�B u= + uh �Q
�D�	
 �I��M�*
 ur=−s − uh = u= + uh

rxr=−s + r=−sh + xhsrr=−s − hs =  
rx= + =h − xhsr= + hs =  

(bA + A  − b )(A + ) = sA + s   : &h?!
%��
 /��
! − 6��=� ��'� '�J�� &R'9#�ml /��!
\�� /�'� '�J�� + 6��=� &�'��J��m = @��'� '�O 2( '�J� &E?�L�

>l ���!
\�� ��'� '�J�� /R'9#� + @��'� '�J�� �A#8
lbm fT
\�

>�� + u� : WMY��
ul�m + s� = �� + u� : VM-��

lx� + � × � − x�ml� + �m =  
lr� + �� − x�ml� + �m =  

5M-� h" WT ��
�
>� + u.   l"s : WMY��  b

>r + uE   lAm  
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 PR �[��!�T   �d;��� &��^
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~  - �~  lbm   - u~  lrm
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uU − x�  l�m  u~x� − t  l�m
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ax2 + bx + c , a ≠ 0

 /|m + ~ = + x~ �hQ��	
 {�B G�!�6>6 ���!*+,�T �[��!�T , �£'�)	
 �~Q�	
 PR   �d;��� &��^
▶  |m + ~ = + x~h :�hQ��	
 {�B ���!*+,�T ��4���# O�� ,0�
,

Wj �FJ���¢� + d A + bdh :�	;?��� �� 4�'$,��� &M���
:P#A* � !�� ��: �=7" �°#�V �� �m,1  r
//// = ru + ~srt + ~xs l"m

//// = rt + ~�srx + ~us lAm
//// = rt + ~sru − ~xs l¢�m

? ���
��	
 PR ~ P����� �=7" �°#�V, x~ ������ �F�' ��%>�	
 ��  b
 �������	
 ��j��	
 PR F��'�o	
 F* !��	
, ��M �)(�	
 ��j��	
 PR �['�o	
 4��	
 �F�' ��%>�	
 ��  s

? ���
�B {	<
?|m + ~ = + x~h �hQ��	
 {�B ? ��M �)(�	
 ��j��	
 PR ~ ������ {�B ����# $�:  �

W�5���¢� + d A + bdh �	;?��� �� 4�'��B� 4�'$,��� &M���
 �»
,J1 ��'��M' G. !,1 �1�(V , ���
�B {	< |m + ~ = + x~h �hQ��	
 {�B ��!�6>6 �� !*+,�T ������	
 ],�)�* P�	
 @ ,N  �+
�BS
 �»
,J1 �L�� �=7D	�' �I�MV, ,h ],�)�* �L�'7" �°#�V   0 ,�   �+
�BS


/= �L �B��y� P�	
 ��DR
���	
 �+
�BS
 �»
,J1 �F�' F� �Q��V /|m �L�'7" �°#�V
:�hQ��	�' �	; ��4o��V,

@ N + ~r0 N + @ �s + x~ 0 � = r@ + ~ 0srN + ~ �s = |m + ~ = + x~h

r �['�o	
 ©��	
s  |m = @ × N      r~ ������s  = = 0 N + @ �      rx~ ������s h = 0 × �
d  .
d  h

K
T  

r �F�,S
 ©��	
s ~ = = N × ~ 0 + @ × ~ �

102

����#� 
:����=� 
I���?� ©7 ���
��� �9
���� M '��

l� − dmlb − dm  tx + ~� − x~  r
l� + dmls + dm  xt + ~t� + x~  b

 �*+,�-
 �����	 �L)�V �D*7M	
 e(�V  d;��� ��^ ➤

 ����� H< ��(�V.
 vQ�R e� |m + ~ = + x~ ��6>o	

/|m + ~ = + x~h �*+,�-
 � x~

��I���� −r
jFJ��� 

�$
_��
 |m + ~ = + x~ �*+,�-
 ���� =>M	
 ���)*

/|m + ~ = + x~h �*+,�-
 �����	
#��)�� ���%���

/5����	
 � ~ �>���� +�_< �	A)� � =>M	
 ¨��

� ~#J(� 
I��� 2I*� 2��� +
�?�L���

 ´7�1 £K
7I, �.�T O�gM��. G.�o� =>M	
 FB1
/��6>o	
 ��*+,�-
 �����	

:T
\�
 d  �

d  r
s−
r−

   u + ~� − x~�

lr − dm ls− d�m
��9
���

/5����	
 =�' 2l�'�m< F� £D��	
 =>M	
 pB

¤jFJ���¥ +
9
�7
s + d� + bdb l"m   r

b + drr + bdrb lAm
s − d − bdb l¢�m

>h
$�
)��  b
 @$��� A² ��
! ?1 �M)(�� �_���� � |9
\�� ���   s

>M��?� ©7 ���-�� �_���� � £�9
\��
 ���-�� �_���� � M��?��� ��" � d M�
�� A�!   �
 A�!� ,µ
\�� M�
��� @� |9
\�� ��� � M��?� ©7

 M�
��� � |9
\�� ��� � µ
\�� M�
��� � d M�
��
>A��� 2¶
! R�L!� ,T�=�

������� − b
���� 

 �����	 �L�S
 �D*7M	�' �R7�� pB =>M	
 01 F� £D�
 ����� ��
�B H< 7�	
 ¨B ��*+,�-
 F� U��	
 ���

/�*+,�-
 � ��'�o	
 ���D	
 ��
�B, ,x~

�−s
d;��� ��*�

d;��� D��1"  
:01 pB 
 GQ+�% I	�M	
 0�M* ~Q�	
 �*�¦ �

 •hQ��	
 pB ��6>o	
 �*+,�-
 � !��
/ |m + ~ = + x~h



��

lbm fT
\�
>rt + dr� − bd� : WMY��

 : VM-��
:6��=� &�%$#M��

lT + d hmlK + d .m = rt + dr� − bd� : &i�J!
T K + dlh K + T .m + bd h . =  

rt 
�I�9#8 &��
!  T ,K @$,�� @� &�-(!� � 
�I�9#8 &��
!  h ,. @$,����  @� &�-(! ,� ~]7
r�− = h K + T . /h?J$ h" 6��

>b− = T ,�− = K ,s = h ,b = . : &�L*3
lb − dsml� − dbm = rt + dr� − xd� : &i�J! �M��-��
9�

: &��!
\�� &�%$#M��
rt = l &|9
\�� V�-��m  � = lbd &M�
��m

db
ds

�−
b−

 

/F��=� 5�-�� = dr�− = dr� − d�− = l�−m × ds + lb−m × db : 'h7 ���
lb − dsml� − dbm = rt + dr� − bd� : &h?J$ 2�
��
9�

5M-� h" WT ��
�
: WMY��

>� − d� + bds  r
>� − d� − bd�  b

>rb − dr� + bdrt  s
>� + drb − bd�  �

W[5%-����I3 @�
/ �7 4)R ?� ≠ h W�T ,|m + ~ = + x~h �P6>o	
 �Q
�D�	
 ��4���# $�:  r

,|m + ~ = + x~ :F��!�6>o	
 F�� !*+,��	
 F� ��: �����# ��D*7I �F�' �v7�	
 ��  b
?|m + ~ = + x~h

/F������� F��D*7M' � + ~� + x~x �� !*+,��	
 ��4�T  s
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 : ©]+>��
 �ª*Q�!�	
  : ©]7y3
 �ª*Q�!!�	
�0 �7«
�−u

t ≠  ,¢� + d A + bd  :	;?��� �� ���B� �$,��� M���
Factorising Trinomials of the Form: axx2 + bxx + c·a ≠ 0

W[Y(I� WA 5;��
:
  �
� ~B��� ¦$ 
§  BO M'�� "�9�

u + ,t� − x,tt  lsm  � + +�� + x+�  lbm  � + 0t� + x0x  lrm

x� + +t� − x+u  l�m  tt + ~x� + x~�  l�m  t� + ~t� − x~u  l�m

tu + ¤u� + x¤�  l�m  tt + =x� − x=t�  l�m  � + �x� + x�t�  l�m

� + ~t� + x~�  lrbm  x� + ~u� − x~�  lrrm  t� + ¤u� + x¤x  lrtm

xt − Ntt − xNx  lr�m  u − ¤t� − x¤�  lr�m  u − ~ − x~x  lrsm

x� − + − x+tx  lr�m  � − ,tt + x,t�  lr�m  � − Nx − xN�  lr�m

�� + O�� − xOxt  lbrm  � + �ux − x�x�  lbtm  t� − 0xu + x0t�  lr�m

>
I��� �� ,¦$ 
§ �$,��� MO M��-�9 o�)� ��< s ���"
t� − |m … + x|mu�  lb�m  x� − � … + x�t�  lbsm  t� + ~ … + x~�  lbbm

lrm fT
\�
>� − d� + xd� : WMY��

 : VM-��
:6��=� &�%$#M��

¢� + d A + bdh : &�'��B\�� &� '$,��-��
: 'h" &�L! ��!;
%��
9� lT + d hmlK + d .m : &i/�J&�

� = h × K + T × .   ,�− = T × K   ;� = h × .

T ,K @$,�� @� &�-(!� � 
�I�9#8 &��
! &h?J$ h ,. @$,�� @� &�-(!
� = h × K + T × . : /h?J$ h" 6�� �− 
�I�9#8 &��
!

s− = T ,� = h ,b = K ,r = . &�L*3
 ls − d�m lb + drm :Q�
)&� �M��-��
9 &� '$,��-�� &h?J� ,2�
��
9�

 ls − d�mlb + dm �"
: &��!
\�� &�%$#M��

�− = l &|9
\�� V�-��m  � = lbd &M�
��m

d r
d �

b
s−

 

: 'h7 ���
drt + d s− = b × d� + ls−m × dr

/F��=� 5�-��    =    d� =  
ls − d�mlb + dm = � − d� + bd�   : &h?J$ 2�
��
9�

blh + dm = lh + dmlh + dm

YM-�   f	#J3
�MH
)���  f	��N�
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:����=� M��?��� ©7 M'��

x + ~� + x~u  r
bds = ds × d

b = b × r
>lb + dmlr + dsm = M��-��� � ~]7

� − ~� − x~�  b
d� × db = bd�

s × s− = �−
>ls + d�mls − dbm = M��-��� � ~]7

¤M� h" T�
�¥ +
9
�7
ls + dmlb − dsm  r

lb + dsmls − dbm  b
l� + dbmls − d�m  s

bls − dbm �" ls − dbmls − dbm  �

d  r
d  s

b
r

d  b
d  �

s−
s+



��

:���
��� �9
���� @�  BO M'�� :Q�-���
  ~� + x~�u + u~��  lb�m

  xNu� − N =�u + x=��  lb�m
 |� �� + |� |m t�x − |�x|mt��  lb�m

  ],�)# . t�� − 0ux + x0tx �*+,��	
  lb�m
r� − 0us rx� + 0�s  lAs  r� − 0us r� + 0s�  l"m

r� − 0txs r� + 0s  l,s  rt� − 0�s rt� + 0xs  l¢�m

 :],�)* ��M�)�	
 
�� F��� 0¹R /x� + ~xx + x~u ��T�)� ��M�)� lb�m
x� + ~�  lAs  t� + ~�  l"m

�� + ~�  l,s  x� + ~�  l¢�m

 :P� tt + = … + x=� 7�(��	
 �����' ��)# P�	
 ���D	
 �;
(�ZB� &�k-���   lstm
��  lAs  x�  l"m

�x  l,s  ��  l¢�m

rtt

��

l m �\�
\�� 	��?�� ����#�
>
  �
�  ~B��� ¦$ 
§  BO MY�� lrmt

x� − x0 t
� l,m  Qt�� − uQ� l¢�m  x�� − xN� lAm  tx − x�u l"m

 

>��9
�7 @� [%� >¦$ 
§  BO MY�� lbm
�� − =u + x= l,m  u� − �tu − x� l¢�m  � − Nx − xN lAm  � − ~u + x~ l"m

/��!�T 26 ,��
�B H< ����� FM�* W��' ®��	
 i(��	
 ��M�	 2�% u �m,1 lsm
tx + ~ /// + x~

:
  �
� ~B��� ¦$ 
§  BO MY�� l�m
 � − =� + x=tu lAm  u − ~x� − x~� l"m

  
 t� − ~t� − x~x� l,m  x�� + ¤x� + x¤� l¢�m
  

  :��xt − ~ux + x~tu �*+,�-
 ��
�B �T1 l�m
� + ~tu lAm  u + ~tu l"m

� − ~tu l,m  xt + ~tu l¢�m

���%���� i$;���� − s
 ��I3 @� [ '%�

:5��6>o	
 5�*+,�-
 ���� O>��
, �'�g# H< =>M�	 Y1
/|m + ~ = + x~h ,|m + ~ = + x~

¤��I3 @� [%�¥ +
9
�7
 T ,K @$,����� >h w±² ��
! ��� h ,. @$,���� ��?!   r

 ,���=� ;
��! ,���=� G�1 £9 @�� >¢� w±² ��
! ���
>A Q�
)$ h T + K . �" h K + T . 
±² ��
! E?�� 2���

> h ���< ;
(��0� £�9 �Z=� i´  b
lr + dmls + dmb = ls + d� + bdmb  s

lr + dmls + dmb = ls + dmlb + dbm �"  
M$�9 ���%�

 ~Q�	
 
�� e� I���� $%�� �'��: pB =>M	
 e !yµ :� '�L��
/2l��
7: �

R$ª ;
(�Z�
:��	,S
 ���
�B H< i(�# �: �!�T

tx + ~xu − x~�  r
l� − dmls − d�m

� − ~u� − x~�  b
l� − dmlr + d�m



rtr

V2%M*��� &#�JN���� �MH
)��� VM�
: WM ��O"  r

r/// − ~srt + ~s = � − ~� − x~ l"m
(////////)r� − ~s = � + ~t� − x~x lAm
(////////)(////////) = � − =tu + x=� l¢�m

/ �����# ��: �� 4", /F* !�T F� �0 ��M� ��L�� ¶�: F����B {	< ������# �F�M��* W��' �]7(m �Q
�D� ��: �� ��M�# P�	
 ����D	
 �� �m,1  b
/// − ~ − x~x l"m

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

/// + =� − x=x lAm
////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

�MH
)�� YM� &+
'�L�����7
/ �F��	
 FB �W�'
 •

/ G��K�% �24V •
/ G.,�m �0 4�: •

/ �£ �D�#, �F 4�� •

/ ��!�)MB ��D*7M' ���B
 •
/ �PDM��	
 �7�M��	
  �� ����
 •

/��̄V��'  G>�o�# �2�Q
 •
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: ~B�
O ~B��� ¦$ 
§  BO MY�� l�m
u+ u|m + u�u lAm  xt� + u= u  l"m

u|m u  � + u= �x� l,m  u= x�
�� − u  �

tx� l¢�m

:¦$ 
§  BO ~B�
O ~B��� M'��
  0u@ − 0u� l�m

  u¤ � + u~  l�m
      x� − u=  l�m

  x= �� + u|mx=  lrtm
  ¤u=u  − ¤u~x� lrrm

  �=u�u + =u xt� lrbm
  x − u~x�� lrsm

  �� + u¤u~� lr�m
  u¤ ~ t ��� − �~ lr�m

¤2%M*�� �JN���� MH
)�� M�¥ +
9
�7
� l"m  r

lr − dbm lAm
l� + Abmlr − Asm l¢�m

>+
9
��� j��º �<  b
lr − dmlr + dbm = r − d − bdb l"m

lr − Aml� − Abm = � + A� − bAb lAm
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 ��T�)�, �W!�o�	
 ��T�)� F� >̄: �I�:
  s

:~� = x~ ��	+���	
 �£ 4D��# ~ �2�% F� ¶]1  �
? � = ~ ,� = ~ ,� = ~ ,u = ~  

bt

d

W�5���4#N^ � �A��� &�'� '̂ 
Z
 ,
 G7�a ],�)�* ���>: ,1 ��� ��T1 !0¹R ,
 G7�a ],�)�* rF����Bs F*+�B �=7" ��a�T �0�: 
;<

� = = ,1 � = h !0¹R ,
 G7�a = =h �0�: 
;< ,F�!�D�DT F*+�B = ,h 4�M	 !01 ]1
lrm fT
\�

> YM-�� �� '-^ @� W[5%-� '�� ,t = l� + dml� + dm : ���,
���� YM� /��?�L� W� ���"
: VM-��

t = l� + dml� + dm
4#N^ 23 �A#k�� /�'� '̂ 
Z W. ������   t = � + d  �"  t = � + d

d /��< W� ���"   �− = d  �"  �− = d
{�− ,�−} = YM-�� &��?�L�

d @� ~0�9 �− ¢9 Wp Y?�  d @� ~0�9 �− ¢9 Wp Y?� : W[5%-�
� ~#N^ = l� + �−ml� + �−m  � ~#N^ = l� + �−ml� + �−m  
f�-�-^ f	;
(� t = t × lr−m  l f�-�-^ f	;
(�m t = r × t  
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Solving Second Degree Equation in One Variable by 

Factorising
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5M-� h" WT ��
�
:2�$ 
 '�� 4��,
�� YMO YM� /��?�L� W� ���"  r

t = lb − �ml� − �sm lAm   t = l� − dml� + dm l"m

lbm fT
\�
:2�$ 
 '�� 4��,
�� YMO YM� /��?�L� W� ���"

r�� = blb + dm lAm   t = d� − bd l"m
: VM-��

t = d� − xd  l"m
WMY��  t = l� − dmd

4#N^ 23 �A#k�� /�'� '̂ 
Z W. ������  t = � − d  �"  t = d
d /��< W� ���"  � = d  �"  t = d

{� ,t} = YM-�� &��?�L�
: VM-��

t = r�� − blb + dm lAm
@��'9#� /@�9 &�#N��  t = lrb + b + dmlrb − b + dm

WF Y)9  t = lr� + dmlrt − dm
4#N^ 23 �A#k�� /�'� '̂ 
Z W. ������  t = r� + d  �"  t = rt − d

d /��< W� ���"  r�− = d  �"  rt = d  
{r�− ,rt} = YM-�� &��?�L�

5M-� h" WT ��
�
:2�$ 
 '�� 4��,
�� YMO YM� /��?�L� W� ���"  b

rb = bds lAm  t = drb − xd l"m
lsm fT
\�

>� + b�b = rs + �rb + b�� : ���,
���� YM� /��?�L� W� ���"
: VM-��

� + b�b = rs + �rb + b��
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�	
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 {	
�T � ���'�D�	
, �7(y	
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����#� 
:M'��

x~ − �  r
ld + bmld − bm

� + ~� − x~  b
ls − dmlb − dm

x� − u~u  s
l� + db + bdmlb − dms

 �- � GD'�� ��*+,�-
 ���� ����
  d;��� ��^ ➤

/����'7# �.+���
��I���� −r
jFJ��� 
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 �T
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:i(��	
 � 4�T ,��- I�a1 G.�o� 2LMB1t
u + ~ �

� − x~ t
x

cr − d c
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s − d  rb



�+ ,b�b @� YMO 6�7 52��L�� /d?J���� �j �8"  t = � − rs + �rb + b�b − b��
WF Y)9  t = � + �rb + b��

t = ls + �bm ls + �bm
blA + hm = bA + Ahb +bh  t = bls + �bm

t = h   t =bh      t = s + �b
s− = �b
sb − = �

{ sb −} = YM-�� &��?�L�
5M-� h" WT ��
�

�t − db� − xdrt = r − d�� + xds� : ���,
���� YM� /��?�L� W� ���"  s
l�m fT
\�

&��
)���  , �� '$?����  ��I��?��  @�  4U?�N�  4���*^  ��J(S  /F5M��  G
!,"  &��#��  &o Y8?&$
 ����*���  &E
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>a '?%��� ��;?�� ���?� �h
O;" @� 4@O; YMO @� ��r × ��r &RM< 5�� �<� ,��r
> ����*��� /,
�9" W� ���"

d

d

r

r

r

r
r

r
       : VM-��

f��'9#� f�%M*� ?1 &.?�#��� &MJF��
 b + d = r + r + d = 
I���8 &T?I

 �)N! 23 �R�k�� /T?I = ���'9#��� ��%M*��� &��
)�
lb + dmlb + dm = r��  

r�� = xlb + dm 'h" Q"
brb = r��  t = blrbm − xlb + dm

@��'9#� /@�9 &�#N��  t = lrb + b + dmlrb − b + dm
WF Y)9  t = lr� + dmlrt − dm

4#N^ 23 �A#k�� &�'� '̂ 
Z  t = r� + d  �"  t = rt − d
r�− = d  �"  rt = d
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 Ĝ (�

 O�� ,0�
, / ��!�6>o	
 ���!*+,��	
 �&�' �£'�)	
 �~Q�	
 PR �[��!�T   �d;��� &��^
▶  /�L�M�)(#, ��!�()�	
 ���!*+,��	
 �O !7��#

Wj ��FJ�����'�()*�� �+
'$,���� &F�)(�
 �	;, ,B  �� �7M% �$�V �@�I �h7: ��Mµ {�B G�a
 !�� �Q��(	
 PR 0���!Mj	
 ����)*

/ ���M���	
, �Q��(	
 ���
Q�	 �]Q�(��
 �����:
/xB � = ��a
 !�j�	 ���� !�M)	
 ��T�)�	
 �[�V�: 
;<

/uB  �
u = ��a
 !�j	
 �2yT

/ �2y�	
 {	< ��� !�M)	
 ��T�)�	
 ��()V �I�:
  r
/ ��'�m`
 �X7µ
 / �N �7�g�	
 �����	�' �7 ����
  b

W�5�����'�()*�� �+
'$,���� &F�)(�
: ���	��	
 �� !*7(y	
 �7*+�D�	
 F� ¶�: { !�)�# / G�!�()V 
 G+
�B1 {B��# , t

x , �
tx , �

� ��o� �Q�)M	


/r �� !*+,�T ���D�	
, �F)(	
 F� >̄: !0Ss G�!�()V ���!*+,�T � − x~
x� + ~t� − x~ , x + ~

u − ~ , t~
 /�h+ ���� �7�� �7�a {�B ���)D	
 !0S ,
 G7�a �0�M# 01 �F�M��* . ���D�	
 PR �� !*+,��	
 ����% ���:A�	�'
 , ��	�(D� �7�� �2�% P� ���D��	 �7�a ����% PM��# P�	
 ��
74�j��	
 �2�% !01 �7(��V �~Q�	
 
�� PR
 ��:, /� �7:�V 2	 �1 �	; �V �7:;1 ��
�� ��!�()V �� !*+,�T 4]S 
 G7�a ],�)�* . ���D�	
 !0¹R ���B,
 ,1 ��!�()�	
 �� !*+,��	
 �F�)(# �L �)�V ��D*7M	�', � G�*1 �e�M�)# , �� !*+���B.
 �Q�)M	
 �F�)(# PR
 ���D�	
, �F)(	
 PR F�� !*+,��	
 F� ��: ���)D' �	;, ,�hQ�a �F)'1 PR �L ��", ,1 �� �Q����


/��L	 rh /� /Us �7(:S
 �N �7�g�	
 � ����	
 {�B
/�hQ�a �F)'1 PR P� � + Q

Qt�  , G>o�R

É¡ o£«°ùÑJh oáq«Ñ°ùædG oäÉqjOhóëdG
Simplifying Rational Expressions

&�'��
�=� &+
-�M���
  ��!�()V ��!*+,�T

Rational Expression

f�»?-��
t ≠ W+ /� �� &� 
�*$" &+
�
%���

118

�−s
d;��� ��*�

d;��� D��1"  
:01 pB 
 GQ+�% I	�M	
 0�M* ~Q�	
 �*�¦ �

 •/��()�	
 ��*+,�-
 O7��*
 •/��()�	
 ��*+,�-
 F)(*

���
�=� +
-�M���  
 •/��()V �*+,�T

����#� 
:��
*�� ���"

 x~ − ~x +  x~
x   r

  bd
b  − ~x

¤ ≠ ~ W�T x¤ − x~
¤ − ~   b

� + d

 ��*+,�-
 ���� 5' ���	
 c%�V d;��� ��^ ➤

/��()�	
 ��*+,�-
 F�)(#, ��6>o	

��I���� −r
jFJ��� 

�$
_��
 ��D�
 ���� ��' ��()�	
 ��*+,�-
 =>M	
 F)(*

/��	,1 ��
�B H< F)(	
,
#��)�� ���%���

/�$gM��
� h7DR � =>M	
 �
+1 ¨��

� ~#J(� 
I��� 2I*� 2��� +
�?�L���

 ��()�	
 ��*+,�-
 F�)(# ��L�� =>M	
 ´�	 Q !�I
/7�8 @�o� ��MB¹'

��9
���
 ��� �T �D*7I F� 
�DD���	 2l�'�m< @+�(# =>M	
 pB

/h7D�	


¤jFJ���¥ +
9
�7
> 

x  π�
 u  π �

s  
  r

>��()! �$,��� 21� , s   b

������� − b
���� 

 ��*+,�-
 ���� 5V
�% F� 
��M��* 01 =>M	
 pB
/��()�	
 ��*+,�-
 F�)(�	

 /��*+,�T [)�	 |~| , 
 t
u  ~ , ~F 01 ÇT.



lrm fT
\�
rb + ��

b + �   /�'�()*�� /� '$,��-�� �F Y)9
: VM-��

�F)(�� &M��-�  lb + �m�
b + �  = rb + ��

b + �
b− ≠ � 'h" �U#F9 lb + �m �K /#�F��� �M�
��� 6�� W�)<�  lb + �m�

b + �  =  
� =  

5M-� h" WT ��
�
:2�$ 
 '�� 4�'�()! 4� '$,��� 5MO WF Y)9  r

b − .�
.b − r l¢�m  

bErb
� + Es  lAm  Ar�

bAb� l"m

/ ��!�()�	
 ���!*+,��	
 �F�)(�	 ��!�6>o	
 ���!*+,��	
 �����# {	< �»���# �%
lbm fT
\�

rb − db
� + d� − bd /�'�()*�� /� '$,��-�� �F Y)9

: VM-��
 ,� ≠ d 'h" �U#F9 W# ���Z�� /.
%���� /F)(�� �MY��  l� − dmb

lr − dml� − dm = rb − db
� + d� − bdr ≠ d b

r − d =  

lsm fT
\�
� − sd

� + d� − bd /�'�()*�� /� '$,��-�� �F Y)9
: VM-��

 'h" �U#F9 W# ���Z�� /.
%���� /F)(�� �MY��  l� + db + bdmlb − dm
ls − dmlb − dm  = � − sd

� + d� − bds ≠ d ,b ≠ d � + db + bd
s − d  =  

119

��$�9 ��\�"
:F 4)' r

 x= |m + x=
x= x|m − x=x  r1s

¢�− ≠ h ,t ≠ A , r
¢� − h

 
u¤ − u~

x¤x + ¤ ~x + x~x r=s

t ≠ � ,t ≠ d , � − d
b  

Å2: r¤s �BÈ @���' 2: r~s �R�)� IK; J��m
  b
 �BÈ @���' 2: r ~

� s J��m�R IVQA' £���	 UÈ1 26 �B��
 ���M	
 �R�)�
 � IK�	
 �BÈ @��� �� /�B��Å2: r¤�s

?��J��m
 P�	

�O l d�

� m =  d�  +d :iH��� 
1�
��� 2��� ���J�� �3
)��
 dbr
�bt  =  d

�bt +  d� :£���#�� � �#_�)�� @�q��
:£���#�� � iH��� ��ª T���

 �b�
br   =  �bt

dbr  ×  d�
�

�

r
 

¤M� h" T�
�¥ +
9
�7
 r
b ≠ . ,b− l¢�m   

xE�
b + E lAm  t ≠ A , s

A� l"m  r

s+ d lAm  �− ≠ d , s
� − d l"m  b

b− ≠ h , �
r + b l¢�m

>�%�<, �s r
s  s

rr�



rr�rr�rr�

l�m fT
\�
rb� + sdb�

rt − d − bds /�'�()*�� /� '$,��-�� �F Y)9
: VM-��

 'h"  �U#F9  /.
%����  /F)(��  �MY��  lb� + dr� − bd�ml� + dsm
lb − dml� + dsm  = rb� + sdb�

rt − d − bdsb ≠ d ,�s − ≠ d
b� + dr� − bd�

b − d  =  
5M-� h" WT ��
�

: ����¨� ��'�()*�� �+
'$,��-�� @�  BO WF Y)9  b
r� + h�

b + h� + bhb  l¢�m  b� + ud
� + ds − bd  lAm  rb + ds

bt − d − bd  l"m  

/ ��!����	
 �h���	
 ��K�)� �&�' ��m���	 ��!�()�	
 ���!*+,��	
 ��
���
 �F�M��*
l�m fT
\�

 &@��  &; 5�% &$  , ~B\�3  > �@�L���  ���M<  � MJS�  �d
�%9  /@�L���  /�BZ  &q(�!  Q���  &@�q��  &F(�#$
 , �[H
<��
9  &@�q��  :h  ���  E × B rb

E + B  =  h  ���,
���
9  �MJF��  ��'�!�?M�"  4@�L�  ���M<  �q(Z
 �q(�� /.�B�� /@�q�� �; Y�< >
 ~k$" �#����*)�
9 &E
N�;0� :E , �#����*)�
9 �#M%�� �j�! &T?I = B

>�� rb 
I &�
N�;�� ��rt 
I����
< #M< �j�! &T?I �MJF�� ��'�!�?M�" 4@�L� ���M<
�� ≈ r��t

bb  = lrbm × lrtm × rb
rb + rt  = E × B rb

E + B  = h
> ~�%�<, �� 
~($#%� ?1 �@�L��� ���M< �q(Z &@��

5M-� h" WT ��
�
 ��'�!�?M�" 4@�L� ���M< �q(�� /.�B�� /@�q�� �; Y�< ,lsm �T
\� 23 �	,;�?�� ���,
���� � .�����
9  s

>��� 
I &�
N�;�� ��rt 
I����
< �#M< �j�! &T?I �MJF��

W[5%-����I3 @�
/ �7 4)R ? G�!�()V G� !*+,�T �Á�	 P�* � !�� ¶]1  r

� + @uF
t + @  l¢�m  u

t + �  lAm  t� + ~x − x~
~  − l"m  

/ �@�o�' � �T7µ �2 4B+ / G�!�()V G� !*+,�T �F 4)(�# $�: �X7µ
  b

120

�r

 : ©]+>��
 �ª*Q�!�	
  : ©]7y3
 �ª*Q�!!�	
�0 �7«
�−u


IM�)(�� ��()*�� +
$,����
Simplifying Rational Expressions

W[Y(I� WA 5;��
:¦$ 
§ MO 	;?^ F)9" � R8  "�9�  

 
� + 1�

tx   lrm
  

u~�
�~x�

  lbm
 

     � − ~x
t� − ~�

  lsm
  

   ~x + x~x
~u + x~u   l�m

 

     =x − �
t� − x=   l�m

 
  

   � + �
�x − � − x�

  l�m
 

 

    
� + @� − x@
� − @ + x@   l�m  

   t� + =� + x=
� + =   l�m

 

���%���� i$;���� − s
 ��I3 @� [ '%�

 ,h W�T , = hQ�a pB P� ��()�	
 �*+,�-
 01 =>M	
 7:;
/+,�-
 �
io: =

¤��I3 @� [%�¥ +
9
�7
>,��� 	�\O ��� ?1� � + TsF 
IM)9 h= ,l¢�m  r

 F Y)9 �� >M��?� ©7 ��()*�� �$,���� .
%�� F)9 M'��   b
: ~B\� 	;?^ F)9" � ��()! �$,��� h Y?J�� K�F�� M�
���

r− ≠ d , d
r + d = lr + dmd

xlr + dm  = d + xd
xlr + dm

M$�9 ���%�
 pB @�o� ,1 Ã��T $%�� �'��: pB =>M	
 e !yµ :� '�L��

/��()�	
 ��*+,�-


R$ª ;
(�Z�
:F !)'

 ~ − u~
~ + x~x + u~  r

r− ≠ d ,t ≠ d ��� , r − d
r + d

 
x|m =u
|m x=�  b

t ≠ ¢� ,t ≠ A ��� , ¢�
Ab



¤2%M*�� �JN���� MH
)�� M�¥ +
9
�7
 lE + Tmb

E T  lAm   lA + Ebmb
A E  l"m  r

s− = d 
��*�  b
t ≠ A 
��*� 
~!
��" l"m  s

t ≠ A 
��*� 
~!
��" lAm
>�-�-^ ~wH�, l¢�m

� − ds
ls + dmxlb − dm   �

�b

    � + �
� − �x + x�

  l�m

   � − Q� + xQx
x� + Qt� + xQ

  lrtm
 

 
 � + ¤xu + x¤�

u − ¤x + x¤
  lrrm

 
   � − ~� + x~�

x − ~� + x~u
  lrbm

 
  

   
u|mu − x|m + |mt�

� − |m� − x|m�  F !)' :Q�-���  lrsm

     x0 − x�
x0t� + 0 �tt + x�   F !)' :Q�-��� lr�m

 :P� t− ],�)#, hQ�a F)'1 � P�	
 ��()�	
 �*+,�-
   ;
(�ZB� &�k-���   lr�m

= − �
= + �    l,m    x − 0

0 − x    l¢�m    u + Q
Q − u    lAm    t + ~

t − ~    l"m

 :P� hQ�a F)'1 � P�	
 ��()�	
 �*+,�-
 lr�m

� − Qu
Q� − �    l,m    � − ~

~ − �   l¢�m    t − 0x
� + x0    lAm    t + ¤

t − x¤   l"m

 

V2%M*��� &#�JN���� �MH
)��� VM�
 ��M� ��T�)� ��()V �0�M# 01 0����L�	
 �@ �,���* , ��*7(�	
 ����: F� �$����	 : &�
*(��  r
 ��M� ��T�)� ��4o��# P�	
 ��!�()�	
 �� !*+,��	
 �� �m,1 / �F�M��* �� �7ja1 � ��yT {	< �2 �)y�	


:P�* � !�� ��Mµ 4�: PR � ��yT {	< �2 �)y�	


A
A

E

T
E

l"mlAm

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

/u − ~ ],�)�# . � − x~
u + ~  {�� �X7µ
  b

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

 G����a ,1 � G�K
+ G����a P� P�* � !�� �hQ�(B ©�: �[�V�: 
;< �� �+ 4�T : V2%M*��� &#�JN���  s
/ �����a �7�� ,1 � GV��T1

///////////////////////////////////////////////////////////////////////////////////////////////////////////////// x = =x
=  l"m

////////////////////////////////////////////////////////////////////////////////////////////////////////// h
=  = u=h

�=  lAm

///////////////////////////////////////////////////////////////////////////////////////////////  � + N
�  = t� + Nx

tx  l¢�m

/ u
ru + ~srx − ~s �L�M�)(# ���' ���(��# G�!�()V G� !*+,�T �I�:
  �

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

�MH
)�� YM� &+
'�L�����7
/ �F��	
 FB �W�'
 •

/ G��K�% �24V •
/ G.,�m �0 4�: •

/ �£ �D�#, �F 4�� •

/ ��!�)MB ��D*7M' ���B
 •
/ �PDM��	
 �7�M��	
  �� ����
 •

/��̄V��'  G>�o�# �2�Q
 •
/ �F)'1 G�	A)� �� �T •

121

rr�



rr�

8-3

&� '���� D?�
 / ��!�()�	
 ���!*+,��	
 �e�m

�+
������0� @�
  �e�m 0�!�!��	
 ����)*

 PR ��!�()�	
 ���!*+,��	

 ��>T7	
 �[%, �7*�D#
 ,1 F���*�� �F�' �� !* !�y	


/F��	,+

páq«Ñ°ùædG päÉqjOhóëdG o™ªL
Adding Rational Expressions

 ���!*+,��	
 �e�y# O�� 0�
, /�L�M�)(#, ��!�()�	
 ���!*+,��	
 �[�R !7�#   �d;��� &��^
▶  / ��!�()�	


Wj �FJ�����'�()*�� �+
'$,���� &R³
 F�D'�)��	
 ��T1 {LV1 /2: t� �hQ,+ 4�: ��R�)� �¿�(# , ��
Q,+ PV��6 F� ���%�()	
 ��T1 �$!	A�*
 {LV1, ���B7� F� �+
J �DR ��
Q,�	
 ��!�D' PR � !�1 , ��D�%+ 0 �F�J �@>� ��
Q,+ �¼>6 �@ !,1

/{	,S
 �¼>o	
 ��
Q,�	
 PR ��: ��D�%+ 0 � �)�V �F�^	
 PR ��
Q,�	
 ���
 �¼>o	
 ��
Q,�	
 PR �F�^	
 ��	.�' �£'�)��	
 ��B7� �F 4���� ��4o��# G�!�()V G� !*+,�T �I�:
  r

/{	,S

 �Á�	
 ��
Q,�	
 PR �F�^	
 ��	.�' �£'�)��	
 ��B7� �F 4���� ��4o��# G�!�()V G� !*+,�T �I�:
  b

/ ���%�(	

/�hQ�a �F)'1 PR �F�^	
 ��	.�' �v�()	
 ���y� PR ���B7� �F 4���� �� �m,1  s

W�5�����'�()*�� �+
'$,���� &R³
>�	� 5�?�� �+
�
%�� �+�] ��'�()*�� �+
'$,���� &R³ : ~0 '�"

 �����D�	

 ��
; ��!�()�	
 �+
�BS
 �e�m ,�h� �T��	
 �����D�	
 ��
; ��!�()�	
 ���!*+,��	
 �e�m ���(g�*
= + h

|m  = =
|m  + h

|m !0¹R r� ≠ |ms ���!*+,�T ��4o��# |m ,= ,h �[�V�: 
;< /�h� �T��	

lrm fT
\�

�
s + d ,  b

s + d : WR���
�U?)(�� &R��   � + b

s + d  = �
s + d  + b

s + d  : VM-��
&F�)(���   �s + d  =  

5M-� h" WT ��
�
>4	;?^ �F)9" 23 2�$ 
 '�� PMO /��
! W� ���"  r

b
b + d  + s

b + d  l"m
 �s
� − � + �

� − � lAm
 �
r + h + h�

r + h l¢�m

W# 5O��
 0 ��'�()*�� �+
'$,��-�� &.
%�

/� �� &� 
�*$" � ~#N^ Q�
)&$

122

�−s
d;��� ��*�

d;��� D��1"  
:01 pB 
 GQ+�% I	�M	
 0�M* ~Q�	
 �*�¦ �

 •/��()�	
 ��*+,�-
 e�_

����#� 
:F ')9

t ≠ A ,t ≠ h , A
¢�    

x=x

|m =   r

b− ≠d , d
b − d    ~x + x~

� − x~   b

 ��*+,�-
 F�)(# ����B �V�B�)#  d;��� ��^ ➤

/hQ�a F)'1 � ��()�	
 ��*+,�-
 e§ �'��: � ��()�	

��I���� −r
jFJ��� 

�$
_��
 @>� F� ��()�	
 ��*+,�-
 e§ ����: =>M	
 NQ�*

/Ã��T $%��
#��)�� ���%���

 �*+,�-
 ����D� H< ��(�V.
 2L��B 01 =>M	
 7:;
 �����B �
7m< ��B ����É �1 �k�g�� [V�: 
;< ��()�	


/e��

� ~#J(� 
I��� 2I*� 2��� +
�?�L���

/�$gM��
� h7DR H< ��n�S
 &�' $"1
��9
���

 e� ��()�	
 ��*+,�-
 e�� 5	�o� �T H< =>M	
 U+

/����É, �k�g�� ����D�

¤jFJ���¥ +
9
�7
 st

h   r

�t
h   b

 �t
h   s

������� − b
���� 

 2�# Nqg�
 ��D�
 �
; ��()�	
 ��*+,�-
 e§ ����B 0<
/�L)�V Nqg�
 ��D�
 �
; ��()�	
 +
�BS
 e§ �D*7M'



> ��N������ �+
�
%�� �+�] ��'�()*�� �+
'$,���� &R³ :
~�!
�
 ��, , �7jaS
 �N �7�g�	
 ���D�	
 e� ���!*+,��	
 ��� ��'��M' �1�(# 01 ����M��* , �������	
 �����D�	
 ��
; ��!�()�	
 ���!*+,��	
 �e�y	

/F���D��	 �7jaS
 �N �7�g�	
 �$ �B���	

·r 4��	
 �h��T,s �+,��	
� /�/�  r ��!� !�M	
 �+
�BS
s /�/�

d    × x × b = ~�  x × x = �
~ ×    d    × u × b = x~�  u × b = �

x~tx = d × d × u × b × b = /�/�  tx = u × x × x = /�/�
> Y�-�� &	���� 
I&�
�
%� 4�'�()! 4+
'$,��� &R��

lbm fT
\�
r
� + b

ds 4	;?^ �F)9" 23 /��
*�� �� ���"
: VM-��

:r &	?M���
 � ,ds ¢� >.>. W� ���"

d ×   s  = ds
b ×    s  = �  

d� = d × b × s = >.>.
:b &	?M���

> WR��� '�� , >.>. 
 ~� ����)� ��'�()*�� �+
'$,��-�� /�9
�O W� ��"
h>.>. 
 ~� ����)� �+
'$,��-�� /�9
�O W� ��"   d × r

d × �  + b × b
ds × b  = r

�  + b
ds

WF Y)9   d
d� + �

d� =  
/U?)(�� �R���   d + �

d�  =  
5M-� h" WT ��
�

>4	;?^ �F)9" 23 2�$ 
 '�� PMO /��
! W� ���"  b
r�

bAs� + s
A rb lAm  b

b�s + s
��� l"m

123

rr�

��$�9 ��\�"
:F 4)'

/��V+1 �Mg	
 F�� �m,1  r

A + h
h

A − h
h

 c A + h
h

 + A − h
h

 b = F�-��
c

A + h + A − h
h

 b =  
l h bm

h
 b =  

t ≠ h h" Uy9 � =  

 t − ~u
t + ~  + � + ~x

t + ~   b

 s + d�
r + d  =

¤M� h" T�
�¥ +
9
�7
�

b + d l"m  r
r− ≠ h ,� l¢�m   ��

� − � lAm

 
x�r� + �

��br  l"m  b

 As + �
xArb  = lAs + �ms

xA × rb × s  = A� + r�
xAs�  lAm

 � + d�
lr − dml� + dm l"m   s

 b − Art + xAs
lb + Amlr − Abm lAm



rr�

/ �7o:1 ,1 F* !�T F� ���!*+,��	 /�/� �+�y*< � G�*1 ����M��*
lsm fT
\�

�
s − T + �

b + T 4	;?^ �F)9" 23 /��
*�� �� ���"
: VM-��

:r &	?M���
ls − Tm ,lb + Tm :¢� >.>. W� ���"

>ls − Tmlb + Tm ?1 >.>. 'h`3 f�O /#�F� &M��?� &� /�?� 0 '!" 
�9
:b &	?M���

> WR��� '�� >.>. 
 ~� ����)� ��'�()*�� �+
'$,��-�� /�9
�O W� ��"
 lb+ Tm�
ls − Tmlb + Tm + ls − Tm�

ls − Tmlb + Tm = �
s − T + �

b + T
h>.>. 
 ~� ����)� �+
'$,��-�� /�9
�O W� ��"  

rb + T�
ls − Tmlb + Tm + r� − T�

ls − Tmlb + Tm =  
/U?)(�� �R���  rb + T� + r� − T�

ls − Tmlb + Tm  =  

��� , WF Y)9  s − Trr
ls − Tmlb + Tm  =  

s # T , b− # T  
5M-� h" WT ��
�

>4	;?^ �F)9" 23 2�$ 
 '�� PMO /��
! W� ���"  s
s

r − d + �
� + d l"m  

As
r − Ab + b

b + A lAm  

W[5%-����I3 @�
�

x + ~  + x
� + ~u : �°#�V �� �m,1  r

?��L	 G�: �7�g� ���
�B . F�� !*+,��	 �7jaS
 �N7��g�	
 �$ �B���	
 ��  b

124

�s

 : ©]+>��
 �ª*Q�!�	
  : ©]7y3
 �ª*Q�!!�	
�0 �7«
�−u

�'�()*�� +
$,���� R³
Adding Rational Expressions

 W[Y(I� WA 5;��
>	;?^ F)9" � ��
*�� ���" "�9�

 x − x~
x + x~�

 + u + x~
x + x~�  lsm   u

t − ~�  + �
t − ~�  lbm  �

�x  + �
�x   lrm

   
  

  t
x�tx  + u

u��  l�m   �
�~u  + �

�~�  l�m   x
�  + �

1u   l�m

  
  

 �
t − 1x  + u

t + 1x   l�m  �
t + ~  + �

x~   l�m   �
u + ~  + ~

� + ~  l�m

  
  

    u
u + ¤  + � − ¤

t�−¤u−x¤  lrtm
     
  

  :],�)# x
� + ~x  + ~

x + ~   ;
(�ZB� &�k-���   lrrm
t

� + ~x   l,m   t + ~
x + ~   l¢�m  ~x

r� + ~xs rx + ~s   lAm  x + ~
� + ~u   l"m

���%���� i$;���� − s
 ��I3 @� [ '%�

 ��()�	
 ��*+,�-
 e§ �D*7M	 =>M	
 2LR F� �:A#
/����É ����D�'

¤��I3 @� [%�¥ +
9
�7
 b� + dbt
lb + dml� + dsm  r

>w±² ��
!  b

M$�9 ���%�
 �T1 I�M* /5�6
 F� ��B��f pB =>M	
 UJ,

 H< I�M*, 5��()V 5�*+,�T �B��f �: � =>M	

/Q
,+S
 .+�(�* 26 �L�§ ����J

R$ª ;
(�Z�
:F 4)'

 s + A
s + ¢�    = − �

u + |m  + x − =x
u + |m  r1s

 rr − "s
lr − "smlr + "bm    �−

t − 1u + �
t + 1x r=s



rbt

(8-3) pπFÉ°ùªdG uπëd oó°TôªdG

 {	< 0 F� �0
7�M	
 ���B %t� ���V �h7K�M	
 ��B7� ��*^# /2: � ��� {	
�T @ ���*��	
, 0 ���*��	
 �F�' ��R�)�	
 �¿�(#
 ��B7� ��4o��# U �[�V�: 
;< /����	
 4�y	
 ���D(I PR �]�% �PK
�� �Q�!�# �+�m, �I()' ,0 {	< @ F� �0
7�M	
 ���B �L�B @

/F���*��	
 �F�' �=�*`
, �=����	 ��J>	
 �F�^	
 �F4�(��	 �FM�1 
;< �L�M 4)', G�!�()V G� !*+,�T �I�:�R ,0 ���*��	
 {	< @ ���*��	
 F� �h7K�M	

W�I3�

///////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  ? ��	A)�	
 �����M�� ��  r
////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////
/////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////// ?� �+�y*< ��	< �=��M�	
 ��  b
////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////

WFYMZ
?@ ���*�� {	< 0 ���*�� F� ��B7)	
 ���(��# 2MR ,0 ���*�� {	< @ ���*�� F� U ��B7)	
 �[�V�: 
;<  s

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
? �F�^	
, ��B7)	
, ��R�)�	
 �F�' ��%>�	
 ��  �

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
? ��R�)�	
, ��B7)	
 ��	.�' �F�^	
 PM��* ]�	
 �7)M	
 ��  �

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

5M &�
/0 ���*�� {	< @ ���*�� F� �0
7�M�	 ��J>	
 �F�^	
 �F4�( �# P�	
 ��!�()�	
 �� !*+,��	
 �I�:
  �

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
?@ ���*�� {	< 0 ���*�� F� �0
7�M�	 ��J>	
 �F�^	
  � ���

Ut¬t�   ��!�()�	
 �� !*+,��	
 ��4o��# 
;��	  �
////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

/ ��'�m`
 �F 4)', � ,� PR F��!�()�	
 F�� !*+,��	
 �e�m
  �
////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

W[ 5%-�
?� �°#�V ],�)�* � ,� Py#�V �U��y� �� /� ,� ,� F� ��: PR ��� |' U FB �� 4�B  �

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

a#Z" ~��g)� 5M &�
/h  {	< = F� �L�B = {	< h  F� �0
7�M	
 ���B %tx �h7K�M	
 ��B7� ��*^# /2: x ��� = ,h  F���*��	
 �F�' ��R�)�	
 �¿�(#  rt

/F���*��	
 �F�' �=�*`
, �=����	 ��J>	
 �F�^	
 �F4�(��	 �L�M 4)', G�!�()V G� !*+,�T �I�:

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

VM�
�MH
)���

W�I3�
WFYMZ

5M &�
W[5%-�

125

V2%M*��� &#�JN���� �MH
)��� VM�

?P��� ��(M#Q
 ]�	
 �AM	
 �� / �
� + ~x = u

t + ~ + x
u + ~ :P��� �I�:  r

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

/F�� !*+,��	
 �e�m
 !26 h/�/� �� �m,1 / ������� �����D� P#
,; F��!�()V F�� !*+,�T �I�:
  b
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

/ �7 4)R ?h/�/� �[�����
 
;< �hQ�a �F)'1 PR ��'�m`
 �0�M# �� ,F��!�()V F�� !*+,�T �e�m ���B : &�9
�J��  s
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

�MH
)�� YM� &+
'�L�����7

/ �F��	
 FB �W�'
 •
/ G��K�% �24V •

/ G.,�m �0 4�: •

/ �£ �D�#, �F 4�� •

/ ��!�)MB ��D*7M' ���B
 •
/ �PDM��	
 �7�M��	
  �� ����
 •

/��̄V��'  G>�o�# �2�Q
 •
/ �F)'1 G�	A)� �� �T •

 

126

¤MH
)�� M� �S#��¥ +
9
�7
 	#H
M�� ��ª �$q� ,�O � ttt £�*$�� £9 �3
)��   r

>T ©7 h @� %r�
>
~9
$7� 
~9
1] .�B�� @�q�� ��()! �$,���  b

Er·r�  s
 �3
)���

@�q��  = ��Ä��  �

 �3
)���
��#)��  = @�q��  �

 � ttt
E  = h − T�  �

 %r� �$q� ��Ä�� h= � ttt
Er·r�  = �3
)���

@�q��  = T − h�  �
>2H�?1 ;
�� ,?�� i()9

 � �tt
Er·r�   �

 +
�
� � ≈ ,�%�<, br� +
�
� � ≈ ,+
�
� �   �
>��! >�%�<, br�

� b�t
Er·rb  rt

¤2%M*�� �JN���� MH
)�� M�¥ +
9
�7

 >gMZ ��1� ��()*�� +
$,���� +
�
%� R³   rrr + d�
lr + dm ls + dm  :21 �-�-����9
���

 
:�*J§ �9
�7 b

� + Ab + r + A
lr + Aml� + Am  = b

r + A + r
� + A 

 � + As
lr + Aml� + Am  =

0  s



rbr

9-3

&� '���� D?�
  ��!�()�	
 ���!*+,��	
 �X7I

/ ��*,�)��	
 �����D�	
 ��
;
  ��!�()�	
 ���!*+,��	
 �X7I

/ �������	
 �����D�	
 ��
;
�+
������0� @�

  PR 0�D'�)��	
 ����)*
 �X7I , �$*�y�	
 ���*Q�(�

 ��R7��	 ��!�()�	
 ���!*+,��	

 {�B �Q�!��	
 ���,�D� �7�6A#

/ �=Q
�D	
 �=��)V


 O�� 0�
, ,�L ���m, ��!�()�	
 ���!*+,��	
 �£'�)	
 �~Q�	
 PR �[�R !7�#   �d;��� &��^
▶  / ��!�()�	
 ���!*+,��	
 �X7M#

Wj �FJ�����'�()*�� �+
'$,���� &U#I
��:7g	
  ���  ���B  ���'�o	
  �$*Q���	
  �¿�(#  / ��*�B��	  ���D ����	
  �2����'  ��:7µ  ���D#

/� G)�R  x��  �£ ���� 4�: FB ��!�	 !,S
  4+
��	
  ����M#, ,�*̄7Lµ �Q��*+  ��  ���
? ��T
�	
 �£ ����	
 ����M# P� ��R , �£ ���� ~ �� �@ !,S
 �7Lg	
 PR �»��V`
 �0�: 
;<  r

 �£ ����	
 ����M# P� ��R , �@ !,S
 �7Lg	
 �$�" PV�o	
 �7Lg	
 PR �»��V`
 ��(a1 
;<  b
? ��T
�	


 �F�' ��T
�	
 �£ �����	 �»��V`
 ����M# PR �v7�	
 ��|4o��#  P�	
 ��!�()�	
 �� !*+,��	
 �I�:
  s
/PV�o	
 �7Lg	
, �@ !,S
 �7Lg	


W� 5�����'�()*�� �+
'$,���� &U#I
>�	� 5�?�� �+
�
%�� �+�] ��'�()*�� �+
'$,���� &U#I : ~0 '�"

 �����D�	
 ��
; ��!�()�	
 �+
�BS
 �X7I ���6���* �	� 5�?��� �����D�	
 ��
; ��!�()�	
 ���!*+,��	
 �X7I
/ �	� 5�?���

,r �7�a ≠ |ms ���!*+,�T ��4o��# |m ,= ,h �[�V�: 
;< G>o�R
/ = − 

|m  = =
|m − |m !0¹R

lrm fT
\�
 b + �
r − � − r + �b

r − �  :4	;?^ �F)9" 23 /��
*�� �� ���"
: VM-��

fK /#�F� &.
%���   lb + �m − lr + �bm
r − �  = b + �

r − � − r + �b
r − �

WU#I�   b − � − r + �b
r − �  =  

r ≠ � 'h" /U#S WF Y)9     r − �
r − � =  

r =  

páq«Ñ°ùædG päÉqjOhóëdG oìôW
Subtracting Rational Expressions

127

�−s
d;��� ��*�

d;��� D��1"  
:01 pB 
 GQ+�% I	�M	
 0�M* ~Q�	
 �*�¦ �

 • �*,�)��
 ����D�
 �
; ��()�	
 ��*+,�-
 X7M*
/�����
 ����D�
 �
;,

����#� 
:��
*�� ���"

r   t
u + x

u  r

 ds
�   ~

�  + ~
x   b

 �
d    �

~ + �
~  s

 ��*+,�-
 e§ pB [R7�# �:  d;��� ��^ ➤

/hQ�a F)'A' �L�'��:, �LT7I pB O7��# O�� ��()�	

��I���� −r
jFJ��� 

�$
_��
/�L�'��: F�)(#, ��()�	
 ��*+,�-
 X7I =>M	
 O7��*

#��)�� ���%���
 ����D�
 e� 2L��B �%+ F� �:A#, =>M	
 ��B F� £D�
 Nqg� ��D� +�_¹' 2�7:; 26 �����
 ����D�
, �*,�)��


/����É ����D�
 [V�: 
;< X7M	
 ����B ��«< �m1 F�
� ~#J(� 
I��� 2I*� 2��� +
�?�L���

 � h+�m��
 i'����	 �'�g� i(�# �'��: 2L�	< I�I

 F� ��B��f � ��'�m`
, ��n�S
 @+�(#, Ë�o	
 @
�)	


/5(	�I

��9
���
 FB 2l�'�m< 0�"7�* =>M	
 F� 5B�M��
 &�' U+

 X7M	 �D*7I ����a pB =>M	
 eyµ 26 ,u 2%Q h�MC

/����É ����D�
 W�T ��()�	
 ��*+,�-


¤jFJ���¥ +
9
�7
 :T�=� #IF�� � Q�
)� ���?�� [���� �N�J�  r

 �� ttt
d  + t·b�t

:µ
\�� #IF�� � Q�
)� ���?�� [���� �N�J�  b
b� ttt

d  + t·b�t

 µ
\��� T '�=� #IF�� £9 �
�!�� �N�J� £9 �#N��  s
> b� ttt

d  = b� ttt
d  − �� ttt

d  Q�
)�



rbb

5M-� h" WT ��
�
:4	;?^ �F)9" 23 /��
*�� �� ���"  r

 � − ds
b + d� − r + db

b + d� lAm   � + A
� + As − b − A�

� + As l"m  

> ��N������ �+
�
%�� �+�] ��'�()*�� �+
'$,���� &U#I :
~�!
�
 ���!*+,��	
 ��� ��'��: �h+�B< G. !,1 ����M��* , ������� �����D� ��
; ��!�()V ���!*+,�T �X7M	
 ��!�()�	
 ���!*+,��	
 �e�m �e �m
Qs / �����D��	 h/�/� �7jaS
 �N �7�g�	
 �$ �B���	
 ��
����'

/r �������	
 �����D�	
 ��
;
lbm fT
\�

> �
s − d @� �

b + d : WU#I�
: VM-��

:r &	?M���
>ls − dm ,lb + dm ¢� h>.>. W� ���"

>ls − dmlb + dm ?1 h>.>. &h?J�3 , fK /#�F� fM�
� &� /�?$ 0 '!" 
�9
:b &	?M���

> WU#I� '�� ,h>.>. 
 ~� ����)� @�� '$,��-�� /�9
�O W� ��"
@�� '$,��-�� /�9
�O W� ��"  ls − dm�

lb + dmls − dm − lb + dm�
lb + dmls − dm = �

b + d − �
s − d

r� − d�
lb + dmls − dm − rb + d�

lb + dmls − dm =  

WU#I�   lr� − d�m − lrb + d�m
lb + dmls − dm  =  

/�'��$�?��� /�'� '̂ 
��� �. ������   r� + d� − rb + d�
lb + dmls − dm  =  

'h" /U#S , WF Y)9   b� + d
lb + dmls − dm =  

b- # d , s # d  
5M-� h" WT ��
�

:4	;?^ �F)9" 23 /��
*�� �� ���"  b
 �
�s − �

s�� lAm    b
b + "  − "s

r − "b l"m  

128

������� − b
���� 

/�L�§ �6�* ��()�	
 ��*+,�-
 X7I

��$�9 ��\�"� + ~�
u + ~� + x~x F� � + ~x

u + ~� + x~x :X7I
  r

 � + db
s + d� + xdb − � + d�

s + d� + xdb 
l�$�
)�� +
�
%��m

£M)(�� U#I�   l� + dbm − l� + d�m
s + d� + xdb  =

���$�?��� �'� '̂ 
�� .�����   � − db − � + d�
s + d� + xdb  =

F Y)9   r + db
s + d� + xdb =

r + db
ls + dmlr + dbm =

,r + db K�F�� M�
��� �� �)<� ,.
%�� M '��r
b − ≠ d h" UÅr

s + d =
�

� − ~ F� �
u + ~ :X7I
  b

 ��?$ 0 !" w9 l� − dm ,ls + dm >h>.>. ���"
ls + dml� − dm ?1 h>.>. h?J�3 K�F� M�
�

�
s + d − �

� − d
 l� − dm�
ls + dml� − dm − ls + dm�

ls + dml� − dm =
:£�$,���� �9
�O 	,
�7

 bt − d�
ls + dml� − dm − r� + d�

ls + dml� − dm =

F Y)9

U#I�   lbt − d�m − lr� + d�m
ls + dml� − dm  =

 �'� '̂ 
�� .�����   bt + d� − r� + d�
ls + dml� − dm  =

���$�?���

F Y)9   s� + db
ls + dml� − dm =



rbs

��

 : ©]+>��
 �ª*Q�!�	
  : ©]7y3
 �ª*Q�!!�	


�'�()*�� +
$,���� U#I
Subtracting Rational Expressions

W[Y(I� WA 5;��
>	;?^ F)9" � ��
*�� ���" "�9�

�
= − x  − t

= − x  lrm

           

 �
t + x~  − �

t + x~ lbm

       

 � − 0
� + 0  − x + 0u

� + 0   lsm

 x + ¤
t − ¤  − t + ¤x

t − ¤     l �m �
x0� − x�

u0     l�m �
x − ~  − �

u + ~   l�m

 

 u
� + ~x  − �

� + ~u  l�m

 

 �
x − ~  − �

x + ~u − x~   l�m x1
|m =  − x|m

= 1   l�m

 ~
� + ~� + x~ − ~

� − x~  lrtm t + N
� − N

 + u
u + N

 − x� − N
t� − Nu − xN

 lrrm

  

 /�����	
 �'�m`
 q�
 ;
(�ZB� &�k-���   lrbm

 :�� �
~x − x~  − �

~u − x~  °#�V 0< 

x
~� − x~  lAm   x

~−  l"m

x� − ~x
rx−~s ru−~s~  l,m   x

rx−~sru−~s  l¢�m

�0 �7«
�−u

lsm fT
\�
> s + h

� − bh − r − hb
s − h� + bhb :4	;?^ �F)9" 23 /��
*�� �� ���"

s + h
� − bh − r − hb

s − h� + bhb : VM-��
: 'h" /U#S @��
%��� @�  BO WMY��  s + h

ls + hmls − hm − r − hb
ls + hmlr − hbm =  

s ≠ h ,s− ≠ h , rb ≠ h
�K /#�F��� �M�
��� 6�� W�)<�  r

s − h − r
s + h =  

@��
%��� /#_^=� /K /#�F��� /j /�
k��� �. ������  s + h
ls + hmls − hm − s − h

ls − hmls + hm =  
WU#I�  ls + hm − ls − hm

ls − hmls + hm  =  
/�'��$�?��� /�'� '̂ 
��� �. ������  s − h − s − h

ls − hmls + hm =  
s ≠ h ,s− ≠ h 'h" /U#S , WF Y)9  �−

ls − hmls + hm =  
5M-� h" WT ��
�

� − d−
bt − d − bd + rt + db

bt − d + bd :4	;?^ �F)9" 23 /��
*�� �� ���"  s

W[5%-����I3 @�

/ tt − ¤�
x + ¤  − � − ¤�

x + ¤  : �°#�V �� �m,1  r
?0����* �2', ?�L ���m, ��!�()�	
 ���!*+,��	
 �X7I ��'�g�* $�:  b

129

¤M� h" T�
�¥ +
9
�7
� + d−
b + d� lAm    s − Ab

b + A  l"m  r

 x��� − r�
u�br  lAm   b + "b + x"s

lb + "mlr − "bm l"m  b

 � − d
bt + d� − xd   s

���%���� i$;���� − s
 ��I3 @� [ '%�

 ����D��	 /�/� +�_< 0��)� =>M	
 01 F� �:A#
/������	
 I�#7# �	�:, �����


¤��I3 @� [%�¥ +
9
�7
�

b + �  r

 >
I)N! M�� +�?MZ wx 
I�#I� +
$,���� R³   b
>	;
S�� DB�Z
9 h
N��Æ

M$�9 ���%�
 01 pB 5�6
 F� ��B��f � ���	
 =>M	
 H< I�I

 pB �L"7�*, X7I �K�)�' �B��y�
 � +7R �: ��D*

/Q
,+S
 0.+�(�* 26 �L�- ����J
 �Mg' �T,7M�
 �K�)�
 0��� =>M	
 01 F� �:A#

/���a



V2%M*��� &#�JN���� �MH
)��� VM�
/ +

x − + − �
� + + − x − +�

� − +x + x+  : /� '$,��-�� �F Y)9  r
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

:4, Y���� @� &;
��Z0�
/////////////////////////////////////////////////////////////////////////////////////////////////// :�� x−

t − ~  , ~
t − x~ :F�� !*+,��	
 P��D�	 h/�/�  b

rt + ~srt − x~s l,m  t − x~ l¢�m  t − ~ lAm  t + ~ l"m

/////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  :�� ~�
x − ~u  F�  ~x

x − ~u �X7I �°#�V  s

 ~u
x − ~u l,m   ~�

x − ~u l¢�m   ~u−
x − ~u lAm  x− l"m

 ��*7	
 ���y!#
 �0�: ,�h+��	
 �@>� /2: t� ��	�I �£*7I {�B �G'�*<, � G'��; ���m
 !Q�	
 ]+�V ����B1 �= !Q��* : V2%M*��� &#�JN���  �
/r�G'�*< 2: t� {�Bs ��B��Å2: � �@ ����' 2L��B7� ���+
+J�R ,2� �7�� 4F� e�

/ �=�*`
, �=���	
 �F�' �F�^	
 �v7R �F4�( �# G�!�()V G� !*+,�T �I�:
 / ��B7)	
 �@ ����: U �� ����
 l"m
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

  /////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////// 

 ///////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////

? �I*Q��	
 � �%7j��
 ]�	
 �F�^	
 ��R ,� G'��; ~Å2:x� 2L��B7� �@ ���� �0�: 
;< lAm
 ////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////

 ////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////

�MH
)�� YM� &+
'�L�����7

/ �F��	
 FB �W�'
 •
/ G��K�% �24V •

/ G.,�m �0 4�: •

/ �£ �D�#, �F 4�� •

/ ��!�)MB ��D*7M' ���B
 •
/ �PDM��	
 �7�M��	
  �� ����
 •

/��̄V��'  G>�o�# �2�Q
 •
/ �F)'1 G�	A)� �� �T •

130

rb�

R$ª ;
(�Z�
:U#I�t

x + ~  − t
x − ~   r

 �
� − xd

~x
x + ~u − ~�

x + ~u  b

 db
b + ds

¤2%M*�� �JN���� MH
)�� M�¥ +
9
�7
ls + ,mlb − ,m−
l� + ,mlb − ,m  = � + , − x,−

� − ,b + x,   r

b ≠ , ��� s − ,−
� + ,  =

l¢�m  b
l,m  s��

l� + Em E  = r�
� + E  − r�

E  l"m  �
>�%�<, br� ��
� r lAm



rb�

10-3
&� '���� D?�

 / ��!�()�	
 ���!*+,��	
 �=7"
 / ��!�()�	
 ���!*+,��	
 ���)%

�+
������0� @�
  �OQ���	
 ���¢�� ����)*

 ���!*+,��	
 ���)%, �=7"
 4�: ����% ��*���	 ��!�()�	

 �¿�(�	
 ��*�)# ���B ���R+

/ �O7��	
 F� �� �7�D�	


 
�� PR /�L �T7I, ��!�()�	
 ���!*+,��	
 �e�m �[�R !7�# ��D'�)	
 �~,Q�	
 PR   �d;��� &��^
▶  /�L���)%, ��!�()�	
 ���!*+,��	
 �=7" �2!���# O�� �~Q�	


Wj �FJ���
I&��)<� ��'�()*�� �+
'$,���� &A²
/ �� !*7)M	
 �+
�BS
 ���)%, �=7", �F�)(# ���m
7�	 ��%�RQ e� ���B


/t�
u�  ,t�

x� −  , �
x  : WF Y)9 l"m  r

/ �Q�)M	
 �F�)(�	 r1 − rs �h7D�	
 PR �L�� �����
 P�	
 ��
�M	
 �I�:
 lAm  
/�hQ�a �F)'1 PR P�* � !�� >̄: �I�:
 l"m  b

/rx−s × u
�   , x

�  × u
�  , �

�  × �
xt −  

/r1 − xs �h7D�	
 PR �L�� �����
 P�	
 ��
�M	
 �I�:
 lAm  
/�hQ�a �F)'1 PR P�* � !�� >̄: �I�:
 l"m  s

/x ÷ u
�  ,c�−

� m ÷ x
u   , u

�  ÷ �  
/r1 − us �h7D�	
 PR �L�� �����
 P�	
 ��
�M	
 �I�:
 lAm  

W� 5���
I &��)<� ��'�()*�� �+
'$,���� &A²
>��'�()*�� �+
'$,���� &A² : ~0 '�"

 ���!*+,�T ��4o��# + ,|m ,= ,  �[�V�: 
;< / ��!�()�	
 �+
�BS
 �=7" ���(g�* ��!�()�	
 ���!*+,��	
 �=7"
/ |m 

+ = = |m+  × = : !0¹R ,r� ≠ + ,� ≠ =s
lrm fT
\�

d�
r − bd� × r + db

s  :4	;?^ �F)9" 23 /��
*�� �� ���"
¢�
, A = ¢�,  × A   d� lr + dbm

lr − bd�ms  = d�
r − bd� × r + db

s  : VM-��

/.
%��� �MY��  d� lr + dbm
lr + dbmlr − dbms =  

lr + dbm ,s @���
��� 6�� W�)<�  d  � lr + dbm
lr + dbmlr − dbmsr

b
 =  WF Y)9�  

r
b ≠ d 'h" /U#S  db

r − db =  

É¡oàª°ùbh páq«Ñ°ùædG päÉqjOhóëdG oÜô°V
Multiplying and Dividing Rational Expressions

131

rt−s
d;��� ��*�

d;��� D��1"  
:01 pB 
 GQ+�% I	�M	
 0�M* ~Q�	
 �*�¦ �

 •/�L�)D*, ��()�	
 ��*+,�-
 =�*

����#� 
:��
*�� ���"

 rb
s�   u

� × �
�  r

 b
s   �

tx × �
u  b

 s
r�   x�

u  ÷ tu
�   s

 ��()�	
 ��*+,�-
 e§ pB [R7�# �:  d;��� ��^ ➤

 ��()�	
 ��*+,�-
 =± pB O7��# O�� ,�LT7I,
/�L��)%,

��I���� −r
jFJ��� 

�$
_��
/�¦��)D*, �¦�'�* 26 ,�*¡M	
 +
�BS
 =>M	
 F)(*

#��)�� ���%���
 � �'��a +�m, @�T � 2��µQ1, ,=>M	
 ��B F� £D�

 ����B P� ��)D	
 0A' 2�7:;, ,=�	
 ,1 F�)(�	
 ����B
/²�	
 ~�M���' FM	, =±

� ~#J(� 
I��� 2I*� 2��� +
�?�L���
 @+�(#, �*¡: +
�B1 �6>6 =± ����B �
7m< 2L�	< I�I


/5(	�I F� ��	�� ��B��f � 2L��' ��'�m`

��9
���

 FB 2l�'�m< �7�	 =>M	
 F� 5B�M��
 &�' U+

/r= − us, r= − xs �
�MC


¤jFJ���¥ +
9
�7
 s
� ; �

� − ;� l"m  r
 �� ,� �" s �" b �� .
%��� F)(�� |�)<  lAm

>�9
�J�� |M)9
 s
b −  , �

s�  , b
s − l"m  b

 U?)(�� |9² �� b ¢9 �" � ¢9 �" � ¢9 |�q�Z�  lAm
>+
�
%���

 s
� ; �

� − ;r� l"m  s
 �� ,A��� �����9 ��)%�� ����� |��(���  lAm

>b ¢9 �" s ¢9 |�q�Z�



5M-� h" WT ��
�
> r� − d�−

� − bd  × b − d
d�  :4	;?^ �F)9" 23 /��
*�� �� ���"  r

/ ��!������	
 �hQ��	�' �°#��	
 {M��* / �� !*+,�T PR ��!�()V �� !*+,�T �=7" � G�*1 �F�M��*
lbm fT
\�

>l� + �� + b�m × b + �s
� + �b :4	;?^ �F)9" 23 /��
*�� �� ���"
l� + �� + b�m × b + �s

� + �b  : VM-��
/M��?� 6�7 WMY��   ls + �mlb + �m

r  × b + �s
lb + �mb =  

lb  +  �m  �M�
���  6��  W�)<�   ls + �m lb + �m
r  × b + �s

lb + r �mb =  
b− ≠ � 'h" /U#S

ls + �m lb + �sm
b  =  

5M-� h" WT ��
�
:4	;?^ �F)9" 23 2�g$ 
 '�� PMO 23 /��
*�� �� ���"  b

l� − s�m s� l"m
lr� − Db − bDm Db

s + D lAm
l� + .�m

r − b. lr − .m l¢�m

��'�()*�� �+
'$,���� &��)< :
~�!
�
 4P'7�	
 �~�M��	
 PR ��!�()�	
 �� !*+,��	
 �=7�V , �� !*+,�T {�B ��!�()V �� !*+,�T ���)% ���B

/ �� !*+,���	

W# 5O��
 h �� '$,��-�� V29#k�� &d?J����

t ≠ h , r
h

 ?1

r

132

W# 5O��
, ,

¢�  × A  = ¢�
,  ÷ A

>t ≠ , ,t ≠ ¢� ,t ≠ A ���

lsm fT
\�
t ≠ d ,4	;?^ �F)9" 23 ld� + bd�m 6�� b + ds + bd

d�  ���)< /��
! W� ���"

ld� + bd�m ÷ b + ds + xd
d�  : VM-��

ld� + bd�m ¢� Y29#k�� �d?J���� 23 WA#8�  r
d� + bd� × b + ds + xd

d�  =  
WMY��    r

lr + dm × d� × lb + dmlr + dm
d�  =  

lr + dm �M�
��� 6�� W� �)<�    r
lr + dm × d� × lb + dmlr + dm

d�  =  
t ≠ d ,r− ≠ d 'h" /U#S

b + d
bdbt  =  
5M-� h" WT ��
�

>4	;?^ �F)9" 23 lb + �m 6�� s + �
b + �  ���)< /��
! W� ���"  s

 �~�M��	
 PR {	,S
 ��!�()�	
 �� !*+,��	
 �=7�' G. !,1 �1�'1 ,´7�1 {�B ��!�()V �� !*+,�T ���)% ���B
/ ���V�o	
 �!�()�	
 �� !*+,���	 4P'7�	


l�m fT
\�
 � + A
s� − bA ÷ rt + A� + bA

� − A  :4	;?^ �F)9" 23 /��
*�� �� ���"
 � + A

s� − xA ÷ rt + A� + xA
� − A  : VM-��

 Y29#k��  �d?J����  23  &A#k��  s� − xA
� + A  × rt + A� + xA

� − A  =  
� + A

s� − bA  �� '$,��-��
WMY��  l� + Aml� − Am

� + A  × lb + Aml� + Am
� − A  =  

l� − Am ,l� + Am �M��?��� R� WF Y)9  l� + Aml� − Am
l� + Am  × lb + Aml� + Am

l� − Am  =  
� ≠ A ,�− ≠ A 'h" /U#S  l� + Amlb + Am =  

 {�B ��!�()V �� !*+,�T ���)% ���B
 �0�M* P�	
 �2�D�	 ��(�V
 ,´7�1
 {!�T �O7�� �7�� �� ���B �°#��	


/ �U7g	
 �e", F� �F !M��#

YM-�   f	#J3
��MH
)���  f	��N�

r
rr

r

133

������� − b
���� 

 ��()�	
 +
�BS
 =± �(g* �L��)%, ��()�	
 ��*+,�-
 =±
/�L��)%,

��$�9 ��\�"�
� − x~�  × x + ~u

~�  :hQ�a F)'1 � °#��	
 �m,1  r

 � × lb + dsm
l� − xd�md�  = �

� − xd�  × b + ds
d�

.
%�� M '��   � × lb + dsm
lb + dsmlb − dsmd� =

 b
lb − dsmd =

>� ¢9 F Y)9� , b
s − ≠ d h" UÅ b + ds ¢9 F Y)9

:hQ�a F)'1 � °#��	
 �m,1  b
u − ¤

x� − x¤  ÷ tx + ¤� − x¤
� + ¤

s − �
b� − x� ÷ rb + �� − x�

� + �
b� − x�

s − �  × rb + �� − x�
� + �  =

s − �
b� − x� :�$,��-�� Ç��� d?J��
9 A���

M'��     l� + �ml� − �m
s − �  × l� − �mls − �m

� + �  =

l� − �ml� − �m =
 s ≠ � h" UÅ l� + �m ,ls − �m M��?��� R� F ')9

>�− ≠ ��

¤M� h" T�
�¥ +
9
�7
b ≠ d ,b− ≠ d , r−

d  = lb + dm−
lb + dmd = b − d−

lb + dmd  r

rb�



5M-� h" WT ��
�
> r� + .�

bt − .r� ÷ rt + .�
bt − .b :4	;?^ �F)9" 23 /��
*�� �� ���"  �

W[5%-����I3 @�
:�hQ�a �F)'1 PR �°#�V ��: �� �m,1  r

t� + ~� + x~
t + ~x  × u + ~�

� + ~  l"m
t + ¤

�� + ¤t� + x¤ ÷ � + ¤x
t� + ¤tt + x¤ lAm

/F��!�()V F�� !*+,�T �2)D# ,1 �=7�# $�: �X7µ
  b

134

t ≠ � h" UÅ  lr− �m lr+ �ms =lr − x�ms l"m  b
s− ≠ D h" UÅ  l� − DmDb lAm

r ≠ . h" UÅ   � + .�
r + .  l¢�m

s + �
xlb + �m  s

b− ≠ . h" UÅ   lrt − .�m�
lrt − .m�   �

���%���� i$;���� − s
 ��I3 @� [ '%�

 =± � �-
 �
�M� 
��LR �% =>M	
 01 F� �:A#
/�L��)%, ��()�	
 ��*+,�-


¤��I3 @� [%�¥ +
9
�7
 r
b − ≠ d ,�− ≠ d h" UÅ   ls + dms l"m  r

�− ≠ � ,b− ≠ � h" UÅ   l� + �mb
r + �  lAm

 >��()*�� ,���=� A² (F$ ��()*�� +
$,���� A²   b
 ©�=� ��()*�� �$,���� A² 21 £��()! £�$,��� ��)<�

>��!
\�� ��()*�� �$,��-�� Ç��� d?J��
9

M$�9 ���%�
 �: ��D* 01 pB 5�6
 F� ��B��f � ���	
 =>M	
 H< I�I


 ,����J pB �L"7B, =± �	A)� �'��M' �B��y�
 � I	�I
 26 ,����J pB � G�*1 �L"7B, ��)% �	A)� �'��M' 7��
 ��D*,

/��'�m`�' 0�g%���*

R$ª ;
(�Z�
:	;?^ F)9" � ��
! MO ���"

 � + ~
� + ~� − x~ × ~� − u~x

t� + ~x  r1s

 lb + dmd
s − d

b ≠ d ,�− ≠ d h" UÅ  

 ¤� − u¤
� − x¤  ÷ ¤x + x¤u − u¤

u + ¤  r=s

,b ≠ � h" UÅ   ls − �m lr − �m
lb + �m

t ≠ � ,s− ≠ �

rb�



(10-3) pπFÉ°ùªdG uπëd oó°TôªdG

�����	
 ���M�)�	
 ��T�)� ��()V �I�:
 /F���M�)� ���'�D�	
 ��Mg	
 �F4�( �*
r + d b + db

b + d�
ds 

 /�L�M 4)', ��!�()V �� !*+,�T �hQ�a PR �7(:S
 ���M�)�	
 ��T�)� {	<

W�I3�
?��+�y*< ��	< �=��M�	
 ��  r

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
? �7(:S
 ���M�)�	
 ��T�)� {	< �����	
 ���M�)�	
 ��T�)� ��()V :P��# 
;��  b

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
WFYMZ

/////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////// ? ���M�)�	
 ��T�)� �0�V�% ��  s
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
////////////////////////////////////////////////////////////////// ?rF���M�)�	
 P�T�)� 0>4o��# x� ,t�s �L' ��()�	
 �I�M�� P�	
 �hQ��	
 ��  �

 t�
x�  l¢�m  x� : t� lAm  x� {	< t� l"m  

5M &�
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////// ? �����	
 ���M�)�	
 ��T�)� ��  �
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  ? �7(:S
 ���M�)�	
 ��T�)� ��  �
///////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  / ��!�()V �� !*+,�T �hQ�a PR ��()�	
 �I�:
  �
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
///////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  /�L��B �[���T P�	
 �� !*+,��	
 �F 4)'  �
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

W[ 5%-�
?� �h7D�	
 ��'�m< ],�)�# � �h7D�	


� �h7D�	
  ��'�m< �� /� ,� ,� F� ��: PR t� |' ~ FB �� 4�B  �
/////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////

a#Z" ~��g)� 5M &�

r +
 d b +

 d
b

b + d�
ds

 ���M�)�	
 ��T�)� {	< �W!�o�	
 ��T�)� ��()V �I�:
  rt
 ///////////////////////////////////////////////////////// /�L�M 4)', ��!�()V �� !*+,�T �hQ�a PR
 /////////////////////////////////////////////////////////////////////////////////////////////////////////////

VM�
�MH
)���

W�I3�
WFYMZ

5M &�
W[5%-�

135

¤MH
)�� M� �S#��¥ +
9
�7
 M�M�)�� ��
)� ©7 M���� M�M�)�� ��
)� �()! �9
�O   r

>
IM�)(�� ��()! �$,��� 	;?^ � ÂO=�
 ��
)� �
%�� M���� M�M�)�� ��
)� M)9 ÄO �9
�O   b

>ÂO=� M�M�)��
T × E  s

l¢�m  �
lr + dmds  �

lb + d�mlb + dbm  �
lr + dmds

lb + d�mlb + dbm   �

r− ≠ d h" UÅ  ds
lr + dsm�  �

��! ; r�
�b = sst

r s�� ,r s�� ,sst  �

r− ≠ d h" UÅ  ds
lr + dsm�  rt

��

 : ©]+>��
 �ª*Q�!�	
  : ©]7y3
 �ª*Q�!!�	
�0 �7«
t�−u


I��)<� �'�()*�� +
$,���� A²
Multiplying and Dividing Rational Expressions

 W[Y(I� WA 5;��
>	;?^ F)9" � ��
*�� ���" "�9�  

�
t − �  # x − �

x + �  lrm t + N
t − N  # N�

x + Nx     lbm

        

 
�~u
~�  # 

u~�
x~     lsm

        

r� − ~ − x~s # � + ~�
u − ~     l�m  � − ¤u

x¤  # ¤u
x − ¤   l�m

      

x¤ + ¤ ~ −x~
u~ − u¤  # 

x¤ + ¤ ~ +x~
u¤ + u~   l�m

        
 t� − ~ − x~�

u~��  # ~x� − x~�
tx − ~� − x~x   l�m

       

rb�



V2%M*��� &#�JN���� �MH
)��� VM�
? ��R �7�� �7�� tx − ~u−

t� − x~  ÷ tx − ~� − x~x
~�  �� !*+,��	
 �0�M# ~ �74�j���	 �2�% 4]S  r

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
? �I	�M	
 ��R7�%
 ]�	
 �AM	
 �� , ���	��	
 ���)D	
 4�T PR :�gM��� &M��-�  b

x + ~
� − ~ ÷ ~u = 

xrx + ~s
� − ~  ÷ ~u

x + ~  
� − ~
x + ~ × ~u =  

 r� − ~s~u
x + ~  =  

//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  
//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

:F�� !*+,��	
 �=7" PR {	,S
 �h�M	
 �0�M* 01 �F�M��* . P�* � !�� ¶]1  s
///////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

� + ¤x
x + ¤x × u − ¤x − x¤

u + ¤  
/ � + ¤x

x + ¤x |	 4P'7�	
 �~�M��	
 �+�y*< lAm  /F�M)(	
 �=7" l"m
/F���D�	
 �=7" l,m  / ���
�B {	< �� !*+,�T 4�: �����# l¢�m

////////////////////////////////////////////////////////////////////////////////////////////////////////////////  :rx − xQxs ÷ t − xQ
Q  :|	 �,�)� P�* � !�� ¶]1  �

�MH
)�� YM� &+
'�L�����7
/ �F��	
 FB �W�'
 •

/ G��K�% �24V •
/ G.,�m �0 4�: •

/ �£ �D�#, �F 4�� •

/ ��!�)MB ��D*7M' ���B
 •
/ �PDM��	
 �7�M��	
  �� ����
 •

/��̄V��'  G>�o�# �2�Q
 •
/ �F)'1 G�	A)� �� �T •

 x
t − xQ × t − xQ

Q  lAm   rt − xQs t
x  × t − xQ

Q  l"m  
t

t − xQx × t − xQ
Q  l,m   c t

x − xQxm  × t − xQ
Q  l¢�m  

136

¤2%M*�� �JN���� MH
)�� M�¥ +
9
�7
>�− ;� ;#N^  r

 +
$,���� A�$ h
O ?� wO lb + dm M�
��� �� �)<   b
>��)%�� ����� ©7 (�*$ v� ��()*��

l¢�m  �  lAm  s

��

 u + ~
� + ~  ÷ t − ~

� + ~   l�m

      

 � + ¤
� + ¤x ÷ tx + ¤u

¤�   l�m

     

 � + 0�
� − 0x  ÷ u − 0� − x0x

� − 0tx − x0�   lrtm

       

rtt + Ns ÷ txt + Ntt
t� − N�   lrbm

         

ru + ~s ÷ � + ~u
~   lrrm

      

 
x~�

x¤ + ¤ ~ + x~  ÷ u~ �
u¤ − u~    lr�m

          
 u + ~� + x~x

� − ~� − x~�  ÷ t� − ~t� + x~�
x~ + ~� − �   lrsm

      

 :�� ��
x − �  � �u

t − �  °#�V 0< ;
(�ZB� &�k-���   lr�m
t − �

rx − �sx  l,m   x − �
rt − �sx  l¢�m  

x�t�
rx − �s rt − �s  lAm   x − �

rt − �s  l"m

rb�



/��̄�# G>���# P�* � !�� >̄: ��4�T r
xr� + ~�s − xr� + ~s l¢�m   ux − x~ t� lAm      x� − x~� l"m

/��̄�# G>���# P�* � !�� >̄: ��4�T b
ux − ~ t� − x~ l¢�m   x� − ¤ + x¤ lAm   t� + ~� + x~ l"m

/ ������� �L�#�T�)� �£I��� {	< �2 �)D� ���M�)� ��Mg	
 PR  s
d�s + d�

bdb�

 / ���
�B {	< ��T�)�	
 ��� ��4�T !26 , ���M�)��	 ��!� !�M	
 ��T�)�	
 �� �m,1
/��̄�# G>���# P�* � !�� >̄: ��4�T  �

� − Nx − xN� lAm   u − ¤t� − x¤� l"m
t� − ~t� − x~x� l¢�m

 F� �����	
 �7�� �2)D	
 ��T�)�, t� + ~t� + x~� :],�)�# �����	
 �7�j�	
 �e!'7�	
 ��T�)� ,F��!'7� �hQ��	
 �F4�( �#  �
/� + ~t� + x~� :],�)�# �7�(M	
 �e!'7�	

/0�( �m�� 0
+�B = ,  !01 � G��B ?= ,  �2�% ��  

/��̄�# G>���# P�* � !�� >̄: ��4�T  �

= +
 ~

= + ~

 � + u~ x� lAm  x� − u~� l"m
tx� − u~ x�� l¢�m

/¤� PV�o	
 �e��	
 �@�I �¿�(*, ~� �@ !,S
 �e��	
 �@�I �¿�(* 0�( !�M� ��*�	 l,m  
/¤� < ~� !01 � G��B ���
�B {	< ������	�' F�( !�M�	
 �2yT �F�' �v7�	
 �� �m,1  

:X PR P�* � !�� ��: 4�T ��B��y� �� �m,1  �
� = � + ~� − x~ l¢�m    � = xr� + ~s lAm    � = �� − x~ � l"m

� − x~u + ~t� = x� + x~� l�m   � = u� − ~u + x~� l¢1m   � = � − ~� + x~− l,m

páãdÉãdG pIóMnƒdG o QÉÑàNG

137

 ��!�V�#7: �h !+�� F� �v,���	
 
�� �e�� �a /2�u � �B��#Q
 �¿�(*, 2�� � �"7B FB � �	�I ��*^* /{�BS
 F� �X���� �v,��a ��*�	  �
/x2��t �L��T�)� ��Mg	
 ����M�)�

,2�u �L���" �@�I ��*,
J 4�: F� ��D'�M�� ���!'7� ��
^m1 �U�M�%
 ���'  
u

u

u

u

� + ~
~  ? �v,���	
 
�� �+��'1 ��  

/�+
�BS
 4F� {�B ���	
 ��4o�, ,X PR P�* � !�� ��: 4�T ��B��y� �� �m,1  �

u ≥ � − ~x lAm  � ≤ ~u l"m

� ≤ ~x + � l,m  � ≤ ~u − � l¢�m

t ≤ |� − ~x| l�m  � ≥  x− |u + ~| l¢1m

u <  t+ |~ −�| l¢�m  � > |t − ~x| l�m

:�hQ�a �F)'1 PR �e �"  rt

 �t + ¤u� − x¤�
�x − ¤x − x¤ � lAm     

u~�
x~t� − ~ tx l"m

:�hQ�a �F)'1 PR �°#��	
 �� �m,1  rr

 ¤�
� − ¤u − � + ¤�

t + ¤x  lAm  ~u
x + ~ + ~x

� − ~  l"m  

 � − �u
x + �  − t + ��

��  l,m  x + +�
u − +x + � − +�

+�  l¢�m  

�v,���	
 �U��#Q
, , 
u~

tx − ~ + x~  �L �"7B, , � − ~ − x~
x − ~ + x~  ��#�B�% �@�I !01 � G��B P	��	
 �v,���	
 �2yT �� �m,1  rb

/�hQ�a �F)'1 PR �°#��	
 �e �" !26 / � + ~x
~

/�hQ�a �F)'1 PR �°#��	
 �e �" !26 �2)%
  rs
u − ¤x − x¤
x + ¤u + x¤ ÷ � + ¤� + x¤

u − ¤  lAm  x + ~
u − ~  ÷ x + ~u + x~

u + ~� − x~ l"m

páãdÉãdG pIóMnƒdG o QÉÑàNG :™HÉJ

138

�\�
\�� 	��?�� ;
(�Z� +
9
�7
l� + dbml� − dbm l"m  r

l� + dsml� − dsmb lAm
lrr + d�mls − ds−m l¢�m

l� + dmls + dm l"m  b
l� + �ml� − �m lAm
lr� − dmlb + dm l¢�m

l� + dmls + dm  s
ls − �bmlr + ��m l"m  �

l� − K�mlr + Km lAm
ls + d�mlr − dm� l¢�m

� = A ,s = h  �
l� + d� + xd�mls − dbm l"m  �

l� + d� − xd�mlb + dsm lAm
lr� + dbt + xdb�ml� − d�mb l¢�m

lx�b� + � dbt + xdr�ml�� − d�m l,m
� ,r l¢�m   �− ,r− lAm    �

b − , �
b l"m  �

� ,� l�m    rb
�  ,s− l¢1m   � ,r l,m

s ,rs ,�  �
t  r  b  s

�
u    l∞ , �

s M�� ��?��  l"m  �

¬� ,∞−m M�� ��?�� lAm

 ¬ r
s −,∞−m M�� ��?�� l¢�m

 (∞ ,r M�� ��?�� l,m
[� ,rt− M�� ��?�� l¢1m

(∞ ,� ∪ [s ,∞−m M�� ��?��  l�m

 (�
b , s

b −m M�� ��?�� l�m

(∞ ,�m ∪ (s ,∞−m l¢�m

rst

t  r  b  s  �  �  �

t  r  b  s  �  �  �  �  �

�−    s−  b− s−
b  r−  t  r  b   �

b  s

t  r  b  s  �
r−
s

b−  r−  t

t  r  b

rt−  �−  �



&M��-���

fF�)(�  @� f��,
�����!
\�� ���;���
@� f�*$
(��

6��=� ���;���

&R�L��

&U#M��

&��)%��� &A#k��

f�'��B� f� '$,���

@�( '�J� /@�9 &�#N��@�( '�J� &E?�L�

 &+0,
����
&+
*$
(�����

&+0,
����� &M��-���
&+
*$
(�����

&�'�()*�� &+
'$,��-���

 &+
'$,��-��
&�'�()*��

 :( )  

>lA + mlA − m − bA − b  £�'9#� /£9 ��#N�� /M��� &i�
M�� &D '#��$ 
>¢� +d A + bd  �	;?^ �� 4�'��B� 4� '$,��� /M���� ¢� + d A + bd �	;?^ �� 4�'��B� 4� '$,��� /M��� &D '#��$ 

>wI ��?��� £('�J� /£9 /�#N�� 4�'�� '�" /M��?� ©7 &MY� &Ã 
rx= + =  + x sr= − s = ru= − u s
rx= + =  − x sr= + s = ru= + u s

  :(=)   

{A − , -} = YM�� &��?�� ,t − lA + dml  + dm �M��-��
9 4���� 4 Y�_�� � ���!
\�� ���;��� @� ~��,
�� VMÃ 
>l∞ ,  YM�� &��?��  ≤ d �" l  ,∞−m YM�� &��?��  > d : YM�� /��?�� &�´� , 4���� 4 Y�_�� � ©�=� ���;��� @� ~�*$
(�� VMÃ

  :( )  

>
I&M Y)( &$� /�'�()*�� �+
'$,���� &D '#��$ 
> /@J�" �]7 &F Y)( &$� 4� �N��È 4+
�
%�� 4�O /�F� 4+
�
%� @� 
I &�#M$� /�'�()*�� �+
'$,���� &R�´ 

> /@J�" �]7 &F Y)( &$� 4�N���È 4+
�
%�� 4�O /�F� 4+
�
%� �� 
I &�)%$� /�'�()*�� �+
'$,���� &A�$ 
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t ≠ d h" UÅ ; 
xd

ds − b l"m  rt

�
b ≠ � h" UÅ ; � − �b

� + �b lAm

 bt − �� − x�b
l� − �smlr + �bm lAm ; drr − xd�

lb + dml� − dm l"m  rr

 b + .b� + b.�−
lb + .m .�  l,m ; r� + ,rt − x,�t

ls − ,bm ,�  l¢�m

 ; lb + dm xdb
l� + dmlr − dm  rb

b− ≠ d ,s ≠ d ,t ≠ d h" UÅ
b− ≠ d ;s ≠ d h" UÅ ; r + d

r − d l"m rs

r− ≠ � h" UÅ ; ls + �mlb + �mlb + �m
ls − �mls − �m  lAm

rsr

��

�\�
\�� 	��?�� ����#�
:��̄�# G>��� Ì* �Í >̄: �4�T lrm

x¤u� − ¤ ~t� − x~ lAm  �� − =t� − x= l"m

� − Ot� − xOx� l,m  �� + =�� + x=tt l¢�m

: G>��: G>��� ��	��	
 7*+�D�
 F� >̄: �4�T lbm
�¤� − �~� lAm  u=t� − � x l"m

:��	��	
 �.+���
 F� >̄: !�T lsm
  x�� = r� + ~sr� + ~s lAm  � = rx − ~sr� − ~us l"m

:Ì* �Í �M	 +
�BS
 F� pB �L�!o�, !�-
 �B��f �m,1 l�m
          u < t + ~ l"m
  �  |x − ~| lAm

:ÃA* �Í ��()V �*+,�T �: F !)' l�m
x�u + �t� + t�

x� − �u − x�  lAm � − N� − xN�
xNx − N − t� l"m

/hQ�a F)'1 � °#��	
 �m,1 l�m
 ~
� + ~ − ~

tx − ~ + x~  lAm  � + 1
�  + 1

u + 1  l"m

>	;?^ F)9" � ��
*�� ���"
u − ~x − x~
x + ~u + x~  × � + ~� + x~

u − ~  l�m

� − x,
x − ,  

� 
u − ,
� − x,  l�m

��

l¢�m �\�
\�� 	��?�� ����#�
:¦$ 
§ MO 	;?^ F)9" � R8

¤ + x¤x
u¤  lsm Jtx + xJu

�J  lbm  u1ux
1� − x1t�  lrm

>	;?^ F)9" � ��
*�� ���"
u − ~
x + ~  + � l�m  �

� + 1 + 1
u + 1 l�m   �

� − � + �
x + �  l�m

J + �
J x¤ ~ − ~ − x

J x¤ ~ l�m t + Nx
u= + �  − � − Q

u= + �  l�m  u − x¤x
t + ¤u  −  t − ¤x + x¤

t + ¤u  l�m

x − ~
u + ~u  rt − x~s lrrm  ru� − x��s × t + �x

� − �u lrtm

x + �
u − � ÷ x + �u + x�

u + �� − x� lrsm   
tt − ~t� + x~
tt + ~tx + x~  lrbm
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