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 �������	
���O��� 3"������ )"*��� �RB��
 ����
 ����I f ������� @-��B� 3���

07* 1� :!��
 )"*�* �5	 3��� 4��� �RB����� ����M�� 2�� iS ��,��( �Z[[ l�� ���� 4( U�M. c 4( �!-���� 1� 3"���>B� 3���  b

?�RB����� U�M��� 4( 3"���>��
�Wv = v × v × v × v :��!�>�
 �5BS 0
����� 1��* �
��� @�K�� 0]�� �	���� �"�E� $-�N�� ����>*

�b 2����	 45��* �"����
 a��P�
e �7"7] � =2���� 0
����� 1��* �
��� @�K�� 0]�� �	���� ����>"( @!�K��� �
�
 �b × Z × v × W 4���! !W 0�, AB� W @!�K
 )���

)P�
 X"7] 2�� 1 ¬"��b × Z × ���� aZ−1e ab−1e 1 = !1
b = ![            b 8!�>� �RN�� @!�K


aZe :��

?�B�&�� 4B
�� )"*�* 3��� �RB��
 �'��I i�	 �������� ��� �"���!E� �B�&�� 0�7� ���,� c �"�.�

:07��
:�5	 i5�"9�* 3��� 4��� �RB����� ����M�� �P!�! ,���,� c ��.�

W[ vZ[ = b × Z × v × W × d × f × | × c = ! c
��B�&�� 4B
�� )"*��� �RB��
 �'��I W[ vZ[ �����

�B�����
A�!E�

 �B�����
�"#����

�B�����
������� 

4B�

3>�

����

:!E�4#����¬�����
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Fh&����G ?�	�P6
�� $���! �'��M	  b

���'��M	 � =_6 �� @ ,@ �  Z
 ;� @ lP ,@ � lP ,� lP @ ,lP � @ ,@ lP � ,lP @ �   v

8� � =�
 �RM]6 ����M� ����I 2�� ?��
 v ;f
�����I f = Z × v

 !�  :!E� 2 lP @ � ,lP 2 @ � ,lP @ 2 � ,lP @ � 2   W
 ZW ,$�
 0S hN�� z J	���� !� ¬����� !� µ����
 v l� �¶ 3��� 4��� ����M�� 2�� ?��
 W ,�'��I

��'��I ZW = f × W 8� � =�
 ��RMN� 1� @OI
��'��I bZ[ = ZW × d  d

i"B���� −Z
iB�* 

 8`� BC�� ������� -J��� 5� ®	� ,81JC��� ���-J ��+
 5� 9C	�?�) 3	iE r -	�x� af�?I J�+ G;`� ,Kr = !r

!L
 U+ 8��0 [2�) , !r

!L  = !r
!br − rc [� 3	iE r �+��A

!h = !L #1?�� �O�1 Kr �/	����
�B��	 �B�
�

 ?9�E R�) �ZX ,�'C4�� �4P�� U�Mx ª �T�1   b
 52�1 �V1?I �2CP ,w ,r ,m U�M«� � y'C� m

?U�M«� [$. � 51?x�� y'C� �4�«� R�)
 A'��� ,�
 F. z JM! �_6 ,�>��� ��E �M!� d �P��  

 U�M. v A'���! ,�/���6 z ·���� JM�� U�M. W
 1��� ���� ����	! ����<�/! ,�/���6 z ¬����� JM��

�bZ[ = b × Z × v × W × d �/ ?�-�"�.;� ��¸
 4��	 z ������ ����� d l�� JM�� �'��I bZ[ �P��  

 �U�M��
 ��C�?1 6E :;M�� 8¹� ,s-�� tE- I;M��� �   Z

! �?��� -�.I %�x�� �	V	��� �?P �
?�?
�� =	�?� 52�1 �V1?I �2. a�e  

|Z[ = b × Z × v × W × d × f = !f  
���R�� )"*s� �RB�� �'��I |Z[ �P��  



١٨٣

 ��
. ��41 t?� J�+ J��+� )E 5/9�� �C� [P %�T ��;� %)E 3��E -	�x� ,5\	�� =	�?�. 3	iE -	�x� ��X  G0	'E Y���
� =O���* -�"�.;� A��� -���* 1!2 � =�5
 +�",E� )"*�* 1��� �
��� !�u
����

 ���2�� J�+ �P?�� �J�-E !�$M. ��+ ?' 8� "6��C4��" ���� ?'E *O+ �C��
 ���� !"6��C4��" ���2� �0�2��� ��C4�� 5� FVP ?'E r ������. 9�.�� 52����

!�4$E r ��X 9��4$) �$-) ��xE
 5�   GP?'  �-�x�  ��  !�  52	�)  ,��)S�  �0���  [P  ����))  ¨  5�   GP?'  �-�x�

!E 52	�) ,�	0`�� �0��� �	VC���� � ?'S�
!: 52	�) ,�`�`�� �0��� 9��  GP?' �-�x� !�$M. w *O+ R� [V.

!���2�� ������ ��2� !6 52	�) ,�	$C�� �0��� r 5�  GP?' �-�x� � G?	xE
 [0`��  ?���  ��2��  ��-	�x�  �  ¶��  !?'E  ¨  5	.  5�  %)S�  ?���  -	�x�  ��

 7�`�� ?��� ��2�� ��-	�x� w ¶�� ���� 5	P?' %)S ��-	�x� � # ¨ tE
!� G-	�x� ªrL = r # w # � # ¨ tE R.�?�� ?��� ��-	�x� r)

!¨!br − ¨c  = !¨!m = h # K # m # r # w # � # ¨h # K # m  *-���� ��+ 9�.�� 52�1)
 )"*�*  ¬"�  ,  �5�
  �N��  8�  -���*  1!2  3
!  a1   �e  hB��
  �N��  1  3"	  3
  �N��  �  -�"�.�  AM��  �
��  $-�N	!

!1!a� − 1e  = � : 1  :1�#�'��	 i5
 �]�����
!¨!br − ¨c  = r % ¨ :=�20 G;`�P 

ave :��

 �N����  ��
�  i5K�	  +�-!  -!��B�  i5�"*�*!  �B�&��  4B
��  3
  v  -�"�.�  3���  �RB��
  �'��I  i�	  ,aZe  :�����  3
  

?�"�����
:07��

 �0���* -�"�.;� � =_6 �3"*�
 i/��� ��� ;! i5
 �B�&�� 4B
�� )"*�* �i5�
 v -�"�.� ��"B� ,�B�&�� 4B
�� 3
 c ���/
  !1

!a� − 1e = � : 1 1�#�'�� ����># ����M�� 2�� 2�%�t

:1� ¹�;
f × | × c = v : c

 vvf = !c!av − ce  = v : c

07* 1� :!��
 !W )>�� a�e   Z

! av − |e )>�� a@e    
 ���7*  3"���>���  AB�!  ,0K(E�  $�&���  +���&��  �"�>*  i��  ����,  0K(�  �'	�>
  �"��_6  �M7
  8�%*  alPe     
 -�"�.� 3"���>��� ��E 3��� �RB��
 �'��I i�	 �X	��� 3
 ������"� 0K(E� �>���� +���&B� X"7N�� )"*����

?�5�"*�*! $�&��� +���&�� iK* 4��� ����'�� 3
 +���, d

E

E

E

�

�

�

�

:

:6
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?� N�� 5� y�$?P =	�?� 52�1 �V1?I �2. a@e  
 x6 ~��7# O( ,f 3
 Z )"*�*! -�"�.� F'( ���# 
 )"*�* ����I 2�� r� i>'# ,�"����� W l�� )"*�*

���	-E�
b × Z × v × W × d × f

b × Z × v × W  = !f
!W = Z:f 

v[ = d × f =
�����( )"*s� �'��I v[ �P��

 �V.4� � GJ������ ,y.-��� �'E R� yC+( M :-��1   v
 =1-�� -	�x� :-���� 52�1 �V1?I �2. ,�1J?P

:=	�?�)
?yC+( m a�e  

:���; f �s� v -�"�.�	  
d[W = ! f ÷ ! \ = v:\  

�i5�"*�*! ���; v )�-�* -�"�.; ����I d[W �P��  
?yC+( r a@e  

:���; d �s� W -�"�.�	  
v [ZW = ! d ÷ ! \ = W:\  

 ���; W )�-�* -�"�.; �'��I v[ZW �P��  
�i5�"*�*!

?yC+( w alPe  
:���; W �s� d -�"�.�	  

bd bZ[ = ! W ÷ ! \ = d:\  
 ���; d )�-�* -�"�.; �'��I bdbZ[ �P��  

�i5�"*�*!
F0� 1� :!��G ?�	�P6

r� ����>�� )"*�* �¶ 3��� 4��� ����M�� 2��  b
��RB�� �'��I W[ vZ[ = !c 4/ U�M. c

ZW = !W a�e Z
 ZW = !W = !av − |e a@e

v[ ZW[ = !b[
!ad − b[e = d:b[ alPe

bcb WW[ = !\
!a| − \e = |:\ a�e v

cW[ = !|
!aW − |e = W:| a@e

bZ[ = !d
!aW − de = W:d ;f[ = !d

!av − de = v:d alPe
bZ[ = !d
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Permutations and Arrangements
 

 af�?M�� J�+ � ,��T) �¡) º� :5� �	C���� �	���	�� U+ 8n"� »1?�� a1?
�� 3�+E #�j�1  ���	�  abe
!��;`�� 3�+S� =	�?� �u�1 6E :-�� � 52�1 [����
�����

º�  �¡
  ��T

�¡  º�  − ��T

    º�  −  
!��2��� �C	�d�� �	���� a.4�� �	0	C�� *?/_�� FM¢ 8��E a�e

 ?��2��� �C	�d�� J�+ � a@e
 ?�C	�d�� ��� J�+ J�z �������� ��2�1 t��� :)l�� � alPe

  !J ,NT ,: ,h )?��� ��2��� �C	�d�� 8� =��� aZe
 
 
 

a0�� ?��M. � =7M�
e ��P!�

  !bw−hLc afe    !hL ade   b!mc b!Kc aWe      !� ave

 m%¨ ab[e    �%¨ a\e         b!wc � ace   w%hL a|e

 ��2�1 �V1?I �2. ,�	���� �	0;+z� *?V
�� 8C$ 9�+�Zz �	�>E ®¼ [f�> o�0?. R1�� -�x� :35q� abbe
 ?�	�>S� ��� �+�ZX =�I

£6 ¤?¥
K−hL

aWe :��

 ��5�"*�*! ������;� 4( �-�&�� 4��� ?�-�">�� ��	 ,?�-�"� b[ 3
 ����%
 3"	 3
 -�"�.� �"B� I#� ���R��

:?��.� �_6 IB"�&* ����� �=�"*�* iS
??�-�"� W a�e

??�-�"� d a@e
??�-�"� | alPe

:07��
�1�#�'�� ������� :A�!E� �'��M��

d [W[ = !b[!f  = !b[!aW − b[e  = W : b[ a�e
v[ ZW[ = !b[!d  = !b[!ad − b[e  = d : b[ a@e

f[ Wc[[ = !b[!v  = !b[!a| − b[e  = | : b[ alPe
�����7�� ��n� ������� :�"#���� �'��M��

� !  @!�K��� ¤��R
 �"�B��� ����7�� ?;n� $2�� 3�K�*
d [W[  = !  f  ÷  !  b[  :?�-�"� f -�"�.� i�� i� ,4�����	 ,?�-�"� W -�"�.� i* �_6 a�e

��5�"*�*! ?�-�"� W -�"�.; �'��I d [W[ �����
:?�-�"� d -�"�.� i�� i� ,4�����	 ?�-�"� d -�"�.� i* �_6 a@e

v[ ZW[  = !  
iiiiiiiii

d  ÷  !  b[  
��5�"*�*! ?�-�"� d -�"�.; �'��I v[ ZW[ �����

:?�-�"� v -�"�.� i�� i� ,4�����	 ,?�-�"� | -�"�.� i* �_6 alPe
f[W c[[  = !  v  ÷  !  b[  

��5�"*�*! ?�-�"� | -�"�.; �'��I f[W  c[[ �����
07* 1� :!��

?�M&#E� ���] AB� ���,�� i5�"*�*! @OI \ 3
 @OI | -�"�.; ������� �RB����� ����M�� 2�� �
  a�e  v
 �RB��
 �'��I i�	 ��RB��
 X"*�R
 | 3"	 3
 X"7N�� )"*����	 �RB��
 X"*�R
 W AB� VMkM �_6 @���� X�R�  a@e    

?��<	 ��"'�� �����
 4��� �RB����� ?��"*���� 2�� ��( ,0NR�� !�&�� @OI d 3"	 3
 i5�"*�*! @OI v -�"�.� �"B� 1�S �_6  alPe  

 ? �5B"�&* �����
?@OI d! ?@OI W -�"�.� �"B� 1�S �_6 ������� ?��"*���� 2�� �


�'7*��5( 3

!!w �	��� t��� � ��)  b

 =	�d� ��2���  af�?M��  J�+) ,�9C	�?�) rL  y. 5�  G��i KL  -	�x( ��2���  af�?M��  J�+ y. ;�x(� �T)E  �    Z
? G��i rL
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i""'���! )�-���� −v
��5( 3
 �'� 

 J��+j. 3�C�� �^ �	
�� 5� 6E :;M�� �� �$ bKc %�F4�� �
!ª 5� ·�iE r )E � 5� ·�iE m =	�?� 8`� ?]nE

F��5( 3
 �'�G ?�	�P6
 �b × Z × v × W × d = !d b

!W[ l	 �=#-�'
 !W[
!Z[ = Z[:W[ �/ ��R��  Z

0��	 i""'*
 %)'° 5+ :;M�� �.TX 5� aV¦ :<"�B��� +�2� hB


 ��� ,�9f�JE �
�� � ����1 �9��T� �� ,¯8¦ 6E
 �9P ,��2��� �C	�d�� 8� J´ :��9� �	�
� ,½� 51-&���

  G¹	i 6 5� G¹	i - -	�x� af�?I J�+ J�X ,:)l�� O�-
!N }�9� =	�d�� 6� �ZX � �1�¦) ,9C	�?�)

J�° -���.�
 ������. �
��¢ �$-E m ��Z J��+S� 8� =���  b

!M ,¨ ,r :�$-S�
\|W ,\W| ,|\W ,|W\ ,W\| ,W|\

vvf   !c!d  =4'� Z
 ,:;M�� J¦( y�i?� :;I M �T�1 6� �ZX  v

 ?��-	�x� 52�1 �V1?I �2CP ,�
��¢ =n�� r)
v [ZW
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(2-10) πFÉ°ùªdG qπëd ó°TôªdG
 ?1-V� �	�4�. 9�� �+��/� q;� ��V�� 5	��(� � G�> !�	�1?�� ��' [P �+��/� hL ��'E Z��S� ��+

?9C	�?�) �+��/��� ��� -	�x� ��'E Z��¾� 52�1 �
���� �V1?I �2. !9�1-_�
i5(�

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ?8�
�� [P �+��/� ��  b
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ?5	��(� ��1 ?1-V��� ��4�� �+��/� ��  Z
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!  ?�J/1X �	�X :��M��� �  v

FM.
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ?5	��(� ��1 ?1-V��� �\�4� 5� �+��/� ��  W
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

:=	�?� af�?I J�+ �.�2� :)?���� ������  d
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !9\�� �+��/��� a�e
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!*-����� ?	> �+��/��� a@e

 �+��/��� -	�x( ��'E 9����41 6E 52�1 [��� �
������ af�?M�� J�+ ���1 ?	C�� �.�2� :)?���� ������  f
!9C	�?�)

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!  

0�
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!  ?9C	�?�) �+��/��� -	�x� ��'E R	M�41 �
���� �V1?I �2.  |
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!  !�	f9��� �.Tz� [M�� ���T =���  c

�'7*
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !:)?���� 5� G(�. 8������ ������. � �$- %�F4�� [P ?	C���� �.�� �+E  \
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

C�.� ��Y>
 0�
 ?1-V� �	�4�. 9�� �+��/� r ��V�� �JV�� 5	��(� ��1 !�	�1?�� ��' [P �+��/� ¨ Cn *Z��S� ��+  b[

 ?9C	�?�) �+��/��� ��� -	�x� Cn *Z��¾� 52�1 �
���� �V1?I �2. !9�1-_�
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

º0�
»0��>���

�i5(�
�F¼M.

½0 ��
��½'7*
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c[

 �!��� 1��* 1� Us&� ; ,a$���! $�
 ��� 0S ����>�e ?y� �¥ ��BS 0S ���� )"*�* 3��� �'��I i�	
���BS

  ��	¿ abve   8	¿ abZe
  ������� abde   ������ abWe

 =	�d�. ,��4�� *�.O��) a	$���) =	���� 3[MC�� YO�. 8	�_	C�� ���n B�¦ 52�1 :45M�� abfe
  ?�
����� �C	�d�� J�+ �� ,�	����

 51?�C�� ,��-�z� ,6&+ ��M�� ,?M$ ,�1J��4�� *-1, �1�2�� ��)J 62� 5� ��) 8�� J�-E :�"(��k�� ab|e
?�Z� ,�C	�d�� ��f( �	u�� %)� ��) ,��-1O�� =	�?� � ��2_� �T�) ��2�

 ,d� hLL )�+ %)S� ��	�� � :decathlon t-_��� �V.4� � :��E hL �T�1 :�"�q!E� @���E� abce
 ,·?V�� [�- ,OT��' � hhL )�+ À`�� ��	�� � �� ,d� rLL )�+ , Á%+ =�) ,shot put �1�- ,81�I =�)

!d� hwLL )�+) ,��?�� [�- ,�0�O�. =�)
 ?:��E hL N�� =	�?� 52�1 �V1?I �2. a�e

 ?�'���� ��	�� :��E =	�?� 52�1 �V1?I �2. a@e

 5+ � G?1?V� �9�� �+��A q;� ��V� �� �]�� � ,���P � �	�;��� 5� �+��A ª �¡E Z��S� ��� ab\e
 ?�+��/�� =	�?�) -	�x� ��2�1 ,�
��¢ �V1?I �2. ,�. y
�2�� [`�C�� 8����

 6 9	P �+��A 5� � GÂ�+ - =	�?�) -	�x( ��2��� af�?M�� J�+ [M�� [��� �]	��� :-���.O� {K7��� aZ[e
 :[� � GÂ�+

6%- a@e   !6
!- a�e

!6
!b6 − -c  a2e  -%6 alPe

F0��>q� 0� �,�q�G ?�	�P6
�?����¸ b[ b

�?����¸ v Z
 -�"�.� �¡� _���£� 3��� 4��� �RB��q� ����M�� 2�� v

��5�"*�*! �5�
 ?����¸ �O�
�?����¸ | W

v fZc c[[ = !b[ a�e d
d [W[ = !| = !av − b[e a@e

!b[
!av − b[e  f

��'��I |Z[ |
 $o� 3
 ?����¸ �O� -�"�.; �RB��q� ����M�� 2��   c

��'��I |Z[ 8!�>� �5�"*�*!
�|Z[ = c × \ × b[ \

��'��I cW[ = !|
!aW − |e  = W:| b[
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Combinations and Groups

 ������ ! }�9� 9	P =	�?��� 6�21 [��� ��-	��� 5+ ����� 6E aC� �V�   �-��� �B]
▶ !*�+ �(' [P  }�9� 6�21 ( �$ a	P����� [P =	�?��� 6E �-��� ��� [P

iB�*?����%���! �"(�����
 ��x) 8�� :�� 5	�i?��� 6E) :;M�� J��( �.��0� t?/� ���-�� 6E �?�
��
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