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� 3
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 !?  �4!
  !@ × !A  �5!
  !B × !C  �6!
  !B + !C  �7!
  !A − !=  �1!

E� F�G
>−B
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:��#� $��M& � '()��! * �+ ���,� �- ���. �/�� ,��5−8! ��2	
� 3
  >>H>I  �8!

  >JH>I  ��9!
  BH>I  ���!
  >H>I  ��"!

  @H= + CH=  ���!
  IH= − CH=  ��4!

   =H>I

 BH>I  ��5!
 �!"K&�  �LM*�N&�  -+O�  ���L  �N%�P  �QL�I  S��  /�6����  �T2�  UV  HOW��  ��)�X�  Y  Z"I  =  [\]�  ��6!

?_6�\&�� �*��`�
   

 �2�a �QL�I S�� /#���6b&� c�d�& #��e @� ,f	�2g B� ,��cI #��e C (� ��6�Xh� �g�b� ���L  ��7!
?#���6b&� c�d� ��e� f�2N&�� ��cM&� ��e ��6�X� j2��L

   
/0���� �O%� k�*�	 ��7 k�V�)�� �*��	 @ �LO%� �L�� /0l2� ,f�m� ,8�nm7 �LO%� �"+� C 1�%� o�&  ��1!

?�*���&� �LO%� ��2��L �N%�P �QL�I S��  � � !   
     

?8�nM&� �O%&� ����b� p �qr �*���&� �LO%� ��2��L �N%�P �QL�I S��  �;!   
     

:��#� $��M& � '()��! * �+ ���,� �- ���. �/�� ,�"5−�8! ��2	
� 3
  >>f>I  ��8!
  >Jf>I  �"9!

  Bf>I  �"�!
  >f>I  �""!

  >If>I  �"�!
  CfB + @fB  �"4!

  CfB

IfB  �"5!
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 j2��L �2�a �QL�I S�� /sW&� �g�t Y ��Q6%3�& j�"I H$V� �� �O�� @ ��6�X� �62N&� �6�\&� S'%3� �L�L  �"6!
    ?�u)&�I I@ sW&� Y ��� �qr ��6�Xh�

:�6&��&� #h	�3�� ��  �"7!
  IJ = IH�  � � !   

     
  >J = C �  �;!   

     
  >I = !�

!0I−�7  �</!   
     

 /��)�Xh� 	��Vw �Xx S%3� S! #�6.�L�&� k	�� Y 	�6)��`� �)%I _L���& S%3� ��6�X� 	��L (�%3� B (� ��  �"1!
/#���6�Xh� f�I 	�V ����

   
 Y [�\]"& �Xy� O%� � u���� Z"I z"! ��6�X� �6{�)&� �6�\&� S%3� ���L �QL�I S�� Z"I = (� ��  �"8!

/��Q&� k��� �%b&� k��� k�*�M&� k��
   

/l�%3&� M���%& Z�n|%& �u)&�I >I (� �� Z"I -��� ��6�X� ���L �QL�I S��  ��9!
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:��#� $��M& � '()��! * �+ ���,� �- ���. �/�� ,�1−�! ��2	
� 3
 !A ��!

 @ − !~ �4!
 !=

!B �5!
 !B − !~ �6!
 !>B

!C !>I �7!
!@ × @ �1!

 �&�X ��+ 56�&� �X�	 ��2&� ��	 �� /�X`� �O%&� �� #��� A ,��`� �O%&� �� #��� B 56� Y ��OL  �8!
/� u3� (��� _Tb�

 /� u3� (���&� _T� ���L �QL�I S��  � � !  
 /�L���� (��OTb�� (���&� �O�� �� ���L �QL�I S��  �;!  

:�6&��&� #h	�3�� �� �"� ��  ��9!
 I= = I �  � � !   

 @I = !0C+�7
!0>+�7  �;!   

 �= = IH�  �</!   
��#� $��M& R�)�> L�! * �+ ���,� �- ���. �/�� ,��6−��! ��2	
� 3

 @HA  ���!
 IHB + CHB  ��"!

  BH~

@H~  ���!
 Bf~  ��4!

 IfB + CfB  ��5!
  Bf~

@f~  ��6!
?����w� ���L �N%�P �QL�I S�� /�%��� B �� dMX − �� ��)�X� Y  ��7!

  
?U�Q2&� �|n �� C ��6�X�� ��2LO�� ����� �N%���� #�K%K�� 	�V �� /k�*�	 UV �N%�P U�Q{ >J �3.�  ��1!
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E� F�G
I−B ��#� $�S �ATU

The Binomial Theorem
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NV��M�� ���
�H W�AX
� Y�� ,��−�! ��2	
� 3

� + � ;  + I� ;A + � C;  + ; = @`� + ;j  ��!
� − � m  + � Im  − m = C`� − mj  �"!

� + @� ;  + � I;  + I� ;>J + � @;  + ; = B`� + ;j  ��!
:* �+ �- Z�BX� �/�� ,�8−4! ��2	
� 3

  @`; + >j  �4!
    
  @`; − >j  �5!
    
  B

`;I − >j  �6!
    
  C

`> − ;Ij  �7!
    
  C

`� − ;j  �1!
    
  @`;

I  − j  �8!
    

:���� B` C;I − >j [O�N� Y  ��9!
  /�&�K&� ���  � � !   

      
  /5���� ���  �;!   
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`; − >j [O�N� Y C; ���3� ����  ���!

   
   
   
   
   

  /B
`� + ;j [O�N� Y C; ���3� ����  ��"!

   
   
   
   
   

  /@; ���3� ���� A`I + ;j [O�N� Y  ���!
   
   
   
   
   

  /B; ���3� ���� =`>
I − ;j [O�N� Y  ��4!

   
   
   
   
   

  /@
_CF + Ii F 'b�  � � !  ��5!

   
  />?@ = @_CF − Ii + @_CF + Ii :�� �)!�  �;!   
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  �` �� + �j� + ` ��� + ��j = �` �� + �j :�� �	
�  ����
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 ��F��� = �`�F − �j − �`�F + �j :�� �	
�  ��/�
  
  
  

�  �!"# ���$% , �F  = �`�F − &Fi − �`�F + &Fi :��' ()*  ����
  
  
  
  

��� + &�� + ���� + ���� + ���� + ���� + �� + � = �`� + �i :�� �	
�  ��)�
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[2	\]�
Probability

������ ����  �������
NJ?,	^� _` F� J?,	^� C�a�#� C�- �Sb �� � E�\ ,��−�! ��2	
� 3

/�6{�! k�� ��6�X�� ��	�Vr S! ,56� �� k�� ��6�X�  ��!
  

/�6{�! k�� ��6�X� S! ��	�Vr ��	 56� �� k�� ��6�X�  �"!
  

/B UV �6{�K&� k��� Y HOW��� B UV ��`� k��� Y HOW�� ,(�6&���� (��� S��2� 	�{ ��� l�� �2V  ��!
  

N`; ∩ j[ �/�� NJ?,	^� ; ,  C�a�#� C�- �Sb ,�5−4! JMA�	
� 3
  J�C = `ZiH , J�@ = _  iH  �4!

  
  IB = `ZiH , >

I = _  iH  �5!
  

N`C ∪ Fj[ �/�� NJ���M	� C ,F C�a�#� C�- �Sb ,�7−6! JMA�	
� 3
  J�>@ = _�iH , J�C = _�iH  �6!

  
  J�I = _�iH , J�A = _�iH  �7!

  
:�6�  �263&� ���g Y (6g�2�� (!�� Z ,  ��� �qr  �1!

:���� ,J�CB = `ZiH , J�@ = _  iH  
  _  iH  � � !  

  `ZiH  �;!  
  `Z ∩ iH  �</!  
  `Z ∪ iH  � � !  
  `Z ∪ iH  �<c!  

E� F�G
C−B
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:�6�  �263&� ���g Y (!�� Z ,  ��� �qr  �8!
:���� ,J�IB = _Z ∩ iH , J�C = `ZiH , J�@ = `  iH  

  _Z ∩ iH  � � !  
  _Z ∪ iH  �;!  

   
  _Z ∪ iH  �</!  

:�L �a �"� ���dg , CB = _ � iH , >
I = _�iH �6�  �263&� ���g Y (%Q�b� (!�� � ,� ��� �qr  ��9!

  _�iH  � � !   
  _� ∩ �iH  �;!   

     
  _� ∪ �iH  �</!   

,J�C = _�iH , J�B = _�iH , J�~ = _� ∪ �iH �6�  �263&� ���g Y (!�� � ,� ��� �qr  ���!
  _� ∩ �iH :���dg   

   
:���dg , >B = _� ∪ �iH , >

@ = _�iH , >
C = _ � iH �6�  �263&� ���g Y (!�� � ,� ��� �qr  ��"!

  _� ∪ �iH  � � !   
  _� ∩ �iH  �;!   

,J = _� ∩ �iH , >B = _�iH , ~
>J = _� ∪ �iH ��� �qr  ���!

  0�7H :���dg   
:��6& /A �r > �� S+�� 	�{ ��� lQ&�  ��4!

/I 	�3&� UV HOW�� :  z���   
/�3��� 	��V� UV HOW�� : Z z���   
/l��m 	�V UV HOW�� : 
� z���   

:����   
  `Z ∪ iH  � � !   
  `
� ∪ iH  �;!   
  `Z ∩ iH  �</!   

  `
� ∪ ZiH  � � !   
, >C = ��)�Xh� 5N{ Y �3� ���{ H$���� , IB = ��)�Xh� Y �]�� ���{ H$��� ��� �qr  ��5!

?��)�Xh� 5N{ Y � u3� �T�2L �� H$��� $g   
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 Y (N�O�� 	�V ��� �qr /ZO����� �LM6%�{w� ��%&� Y (N�O�%& k��	 S6�2� S� #�b���� o��r Y  ��6!
:���&� H���� �g� (N�O�� UV #����&� |6N2� 'S�� s�O� IJJ �b����

;���#� ���                
�=�?�Ud� �e?
� f���  

g�U]

g�U@BCC
]~JBI   

:�6&��&� #h$��h� �� �"� ���dg ,��6*�O�V s�O� ��6�X� S� �qr   
/ZO���� k��	� �LM6%�{w� ��%&� k��	 |X� �+ s�O�� �O�L ��  � � !   

     
/ZO���� k��	 |XdL p� �LM6%�{w� ��%&� k��	 |X� �+ s�O�� �O�L ��  �;!   

     
/ZO���� k��	 |X� �� �LM6%�{w� ��%&� k��	 |X� �+ s�O�� �O�L ��  �</!   

     
/� 'O%�� �O�%b&�� F+��� �O�%b&� :[$�`� �� ��VO{ [�2n �O�%b&� ��� �6�\& �O� Y  ��7!

/�O�� Y [$�`� �|n -LmO� H���� '()L   
 h��	M^
�H [�M
�−>A−>=−IJ−II

C E�?�CIJCB>I
F.A�~>BIBC   

:�6&��&� z���`� #h$��� �� �"� ���� /�O�� �� ��6*�O�V ���� #|X�   
  /��{ 'O%� ����  =    

  /�S� IJ �� ���� �4OI  =  Z   
  /�S� IJ �+`� UV �4OI� �M+�� ����  =  </   

  /�S� II �+`� UV �4OI �� �M+�� ����  =  �   
  /�S� >= �+`� UV �4OI� �{O%� ����  =  <c   

  /�S� IJ �� ���� �4OI �O�L h�� �M+�� �O�� h�  =  �   
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�� �� ������ ���!"� ��# �$% �� & '!( ,)*−+- �.�/��0� 1

���� ��� �	
 �� � ����� � ������ ��� �	 ���� ��� �!"  )+-
���� # $%&' (#)��� ��� *+,#��� - ��.� �/0� 1�2& 1'  )*-

:23( `� ∩ �i4 !56� ,������ � ,� ���!"� ��# �$% ,)�−�- �.�/��0� 1
 345 = _1i� , �

3 = _7i�  )�-

 89:; = _1i� , 894: = _7i�  )�-

:23( `� ∪ �i4 !56� ��37�.�� � ,� ���!"� ��# �$% ,)8−9- �.�/��0� 1
 894< = _1i� , 894; = _7i�  )9-

 �48 = _1i� , �5 = _7i�  )8-

:?�� @ *����� �#%A - B�A#�C	 BD�� E ,  1#� �FG  );-
:�H�' �89:5 = _Ei� , 89� = _  i�  

 _ E i� )-   _  i� ) � -  
 _E ∪ i� ) & -   _E ∩ i� )<5-  

 _E ∩ i� )<=-  
:?�� @ *����� �#%A - BD�� E ,  1#� �FG  )>-

:�H�' �894I = _E ∩ i� , 89�: = _Ei� , 89;5 = _  i�  
 _Ei� ) � -  

 _E ∪ i� )-  
 _E ∪ i� )<5-  

�893 = `1 ∪ 7i� , 89;5 = _1i� , 89:5 = _7i� :?�� @ *����� �#%A - BD�� 7 ,1 1#� �FG  )?-
 ?KC�CLM �F#	 �`1 ∩ 7i� :�H�'  
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 ��|n �O�L �� ���L ��g ,J�@ = _�iH , J�~ = _�iH :�6�  �263&� ���g Y (!�� � ,� ��� �qr  ��9!
 ?(6g�2�� ��!���

 , J�>BI = _  iH , J�I@C = `Z ∪ iH :�6�  �263&� ���g Y (!�� Z ,  ��� �qr  ���!
/_ Z iH :���dg /J�>IB = `Z ∩ iH   

 z���`� �� �� H$��� ���� /��6*�O�V ��+ _T� ,>I �r > �� u$+�� �u£���� � u��+ >I �)%V 8O¤  ��"!
:�6&��&�

 /I 	�3&� UV HOW�� � � !   
 /8	�g 	�V UV HOW�� �;!   

 /��� 	�V UV HOW�� �</!   
 /@ 	�3&� #�NV��� �� 	�V UV HOW�� � � !   

:UV HOW�� H$��� $g ,A ,@ ,> ,C ,C ,C j��+�� 	�{ ��� lQ&�  ���!
 /l��m 	�V � � !   

 /C 	�3&� #�NV��� �� 	�V �;!   



45

�^��l� f�\�
� ���	&�
[�,�� �?m��

N E�\ ga , 'n��> F� �,���> EJ�> �
�#� oU�- �Sb �� � E�\ ,��−�! ��2	
� 3
?l�¥� ��V c�T�& u"Ka >> �� �N&�� �VO�¦ �� (%Ka B ��6�X� ���L �N%�P �QL�I S��  ��!

  
/_6�\&� k�V��� -� �u)&�I >B (� �� Z"I C ��6�X� ���L �QL�I S��  �"!

  
@
`;I − >i :[O�N� ����  ��!

  
/J�I@ = _�iH , J�C= = _�iH :�6�  �263&� ���g Y (%Q�b� (!�� � ,� ��� �qr  �4!

/`� ∩ �iH :���dg  
  

/J�IJ = _�iH , J�CC = _�iH :�6�  �263&� ���g Y (6g�2�� (!�� � ,� ��� �qr  �5!
/`� ∪ �iH :���dg  

  
/§�] > BJJ 
̈& ��&� �*�Wg ���Q�� H���� '()L  �6!O AB B A �?�pX
�      q�M
� 

B>J AJ ~B B>B V/��
>AB >B @B >>B V
��

 /�VO���� �|n �� ��6*�O�V §�] c�X�  
?A �%6WN&� �� j�	 �O�L �� H$��� ��  � � !  

   
?_�O� j�	 9O{ �O�L �� H$��� ��  �;!  
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����)��� ��M�
�
N�mI�& f����
� oU�- �Sb ;  ,�(�(s f����
� oU�- �Sb �  �E?t ,$����� ��"−�! ��M�
� 3

;  �
;  �
;  �
;  �
;  �
;  �
;  �
;  �
;  �
;  �
;  �

;  �

C AI= =JJ ln !>J ���Q����6+  ��!
CAJ ln !B × !@ ���Q����6+  �"!

CAJ ln IH= ���Q����6+  ��!
>B ln C × @fB ���Q����6+  �4!

IfB × I = IHB  �5!
> + 
�B + I
�>J + C
�>J + @
�B + B
� :On B_> + 
�i [O�N�  �6!

B ln � ��6+ �©g ,�
_	 + 
�i [O�N� 	��� ��� B	 @
� >IA ��� ��� �qr  �7!

A ln � ��6+ '�©g ~ On �_� + ;i [O�N� Y ¡�K&� ��� ���3� ��� �qr  �1!
=; B@ On ?_C + ;i �� ¡�K&� ���  �8!

/�"Q�b� ��!�� �ª 0��6*�O�V #���Iw� 9O{ ��6�X�� ��6*�O�V k��6b&� �O& ��6�X�7  ��9!
?>~ = `� ∩ �iH � uqr C= = _�iH , >I>~ = _�iH ,�"Q�b� � ,� (!��� �� ��N�  ���!

 	�V  ��  @  	�3&�  UV  HOW��  H$���  �©g  k����  k��  S��2�  	�{  ���  ��Q&r  ���«  Y  ��"!
>I 8��bL l��m

N�(�(p
� �H�/d� u� [� E�
� fAK��
� =�� �E?t ,�"4−��! ��2	
� 3
:ln !>J

!~ !C ���Q�� ��6+  ���!
> �  >IJ </  >

>IJ ;  >J
I> �   

:ln Af>J × @HA ���Q�� ��6+  ��4!
I>J �  I�B </  ~ BAJ ;  ~B AJJ �   

:ln If? × @f~

@f?  ���Q�� ��6+  ��5!
~CB �  >J </  B�>=@ ;  >= �   

 �L�N&� Y M����� _6��� ��� �qr �u)Vh >I (� �� �%b&� k�� �L�N& ()Vh B ��6�X� ���L �N%�P �QL�I S��  ��6!
? �$��

>> @J@ =JJ �  C?I </  @~B IJJ ;  ?B J@J �   
?�N%�P �"V� ~ �� �VO�¦ �� �"V� C ��6�X� ���L �N%�P �QL�I S��  ��7!

I@ �  =@J </  CB ;  I>J �   
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:On C`Z − i [O�N�  ��1!
CZ + IZ  C + ZI  C + C  ;  CZ + IZ  + ZI  + C  �   
CZ − IZ  C + ZI  C − C  �  CZ − IZ  + ZI  − C  </   

:On ~`Z − i  [O�N� Y �&�K&� ���  ��8!
Z B ~− ;  IZ B I>− �   

IZ B I> �  Z A ~ </   
:On B`Z@ − 
�Ii [O�N� Y @
� ���3�  �"9!

B >IJ �  CIJ− </  I BAJ− ;  > I=J �   
:8��b� `� ∩ �iH �©g , ?>J = 0�7H , >C = _�iH �6� ,(%Q�b� � ,� ��!��� ��� �qr  �"�!
>>
@= �  C

>J </  IB
@= ;  C

I@ �   
:8��b� `U ∪ 9 iH �©g ,>C = 0U7H , CB = _9 iH �6� (6g�2�� U ,9 ��!��� ��� �qr  �""!

�N� �  @
>B </  >@

>B ;  >B �   
:8��b� `U ∪ 9 iH �©g ,%AJ = 0U7H , >~ = _9 iH �6� (6g�2�� U ,9 ��!��� ��� �qr  �"�!

IA
CB �  >A

CB </  %@I ;  A
~J �   

:8��bL ��� 	�V �� l��m 	�V UV HOW�� H$��� �©g k���� k�� S��2� 	�{ ��� ��Q&r ���« Y  �"4!
> �  >I </  BA ;  IC �   
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��K�Aab ����

 O%� k���O&� #���&� _Tb� /jbN{ ;�6Q&� �4 ��36 ���6� k���� k��� ,��	O� #��� C 56� Y ��OL  ��!
/���6)&� k��&� UV HOW�� �2V _Tb&� s+O�L /k	�Vr ��	 o�X`�

?�K&�K&� k��� Y _Tb&� s+O�L �� H$��� $g  
  
  
  
  
  

/��+�� C �� 	�V j6%L �� �� �{M�� ��N& �L¥&� k�N6�&� � 'O���  �"!
?�2���� #��N6�&� 	�V $g /��LO�  ��%� ��� ��� On ���  � � !  

   
   

/����� S+� ��OL h ��& [ On ���  �;!  
   
   

/l��m 	�V On k�N6�&� 	�V� ��LO�  ��%� ��� ��� On ���  �</!  
   
   

_
>JC  + >@; + @;>Ii = A_ >; + ;i − A_ >; + ;i :�� �)!�  ��!
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