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��� = �� −!4~   9�T   0�-7 = � 4~  w�  
��� = � 4+�   9�T   -7 = �� −!4+�  ,  

��θ − π! , θ C"+����$� �"#$#��� ]�V��
�; c ����?�� �M<��� i�]'M� �D lc ����?�� �M<���

�����l�� ��B!
�� ,�−!le  �� ,�!e _�

θ�/2− = �θ − π��/2 :d�];
θ�2 = �θ − π��2  

:¿ƒfÉb

θ4+�− = �θ − π!4+�
θ4� = �θ − π!4�

�4 oT E�6@ θ4~ 9R� 9� U�u    θ4~− = �θ − π!4~ '�4+�42�

�

ele��θ − π!4� ,�θ − π!4+�! �θ4� ,θ4+�!e

θ
θ − π

ôcòJ

 'T �4R6f� 'V6P 
�3�,4X�� �K@

XW

(1) á«ã∏ãªdG ∫GhódG ø«H äÉbÓ©dG

Relations Between Trigonometric Functions (1)
2-8

º∏©àJ ±ƒ°S

•   &�����  C"2  34�56�� 
 θ  �����$�  �"#$#���
 ,θ − π ,θ− :4�������

,  θ −  π/  ,  θ  +  π
π  / + θ , θ + π/  

•  �"#$#@ 3W,46@ D� 
•   ���a� 3��"a6P F"�aP 

�"#$#@ &��, H$I L+KP

 'f�46P D�I
-

-

-−

-−

θ �42�! �`2�! ����� >�- ,������ �	
�� ��-  �  -
���n� �$	�� �; �
�`��� �`'�m ���<�� �m��� �;   

�θ �2�N  t  
:�����  �4���  ���  c�L/��  w�  

��θ−��/2 ,�θ−��2 ,θ�/2 ,θ �2   
 i �42�! �`2�! ����� �!  -   �; ���ML�� �	f  /

��M���� �$	�� �; �
�`��� �`'�m
 �'?��� i�]'?�� �?`�! )f >/���"� ����?�� ������ S% >$ �%&'�� ��� �a�?L5 �m  0

��	v·�
�"B4BU� �"#$#��� ]�V�� �-�5� θ �`��% �/�� ����"�� ����?�� \7��� θ�| ,θ�/2 ,θ�2 �?75

U ≥ θ�/2 ≥ U−
U ≥ θ�2 ≥ U−

   θ�|

     d�$ � a?�-

�θ− ,θ C"+����$� �"#$#��� ]�V��
��− ,�!le   �� ,�!e _� ���7�� ��B! �; c ����?�� �M<��� i�]'M� �D le ����?�� �M<���

θ�/2 = �θ−��/2 d�]��
θ�2− = �θ−��2  

:¿ƒfÉb

θ4+� = �θ−!4+�
θ4�− = �θ−!4�

�Y E�6@ θ4~ 9R� 9� U�N2     θ4~− = �θ−!4~ '�4+�42�

ôcòJ
 'T �4R6f� 'V6P

�34V"��� �K@
�

θ

θ−

�θ4� ,θ4+�!e

��θ−!4� ,�θ−!4+�!le

(1) á«ã∏ãŸG ∫GhódG ÚH äÉbÓ©dG :2-8

Y���U�  -
 • ������� θ ����"�� ������ ������ #$ �%&'�� �2��

 ,_θ − πi, ^θ −h ����"�� >! )]� ������
�_π�� + θi , _θ + π�i , _θ − π�i , _θ + πi

 •�����! �(��'! �)�
 •�����! ���� *- .�/0 � ��12 ��34'5 F74�


����� F"�4S%�� 3�,�S%�  /
 ������ #$ ��%&'�� − ����! ���� − ����N ����! \7M

�����! ��34'5 F745 − ����! �(��'! − ������
D�4B��� 3��,U�  0

 − Q���� − �4��� ��� − ��<�! − ��2	; − �2��! �	M7!
��Data show� U�<�� ��`2

�"Q�+��  7
:t5M�� &sB�

 •?�D	M% klM ��I �!� ?������ �	
�� �D �!
 • ��¢� ���7�� ��¢ *- ����"� �/2 ,�2 ^	'5 kf

?����l��
 •?�! ��¢ [ �M<M i�]'M� �2�� kf
 •?�! �M<M [ �M<M i�]'M� �£ kf
 •?d�<$�M/! �q ����"�� �?
�% #���! dN ^	'5 kf
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 �0! &4#@
:94G ��	 ,�aB4K�� ���� e��A+B� 9��2

�π�
.  4~    ���sT    , /F + -− = π.  4~ t  �º/-� 4� ���sT   , -/ = º0� 4� �

:DK��
�-/ − = º0� 4�− = �º0� + º-.�!4� = º/-� 4� �

./F + -− = π. 4~ = cπ. + πm4~ = π�
.  4~ t

DKP 9� &�4�
�º//� 4+� ���sT ������  º7� 4+� 94G ��	 ,�aB4K�� ���� e��A+B� 9��2  0

:�p5A��

θ−
θ

�θ4� ,θ4+�!e
U
c

�
c

T
c

c ��θ − π��2 ,�θ − π��/2�
U
c

�θ4� ,θ4+�−!
U
c

��θ + π��2 ,�θ + π��/2�
�
c

�θ4�− ,θ4+�−!
�
c

��θ−��2 ,�θ−��/2�
T
c

�θ4�− ,θ4+�!
T
c

θ − π

θ + π

 �7! &4#@
:���� ,�aB4K�� ���� e��A+B� 9��2

�π/0  4~ w�  �º/7� 4+� t  �º-z� 4� �
:DK��

�-/ = º0� 4� = �º0� − º-.�!4� = º-z� 4� �
�-/ − = º�� 4+�− = �º�� + º-.�!4+� = º/7� 4+� t

.0F − = π0 4~ − = cπ0 − πm4~ = π/0  4~ w�

DKP 9� &�4�
�º/0� 4� ���� �aB4K�� ���� e��A+B� 9��2 ���./�  ºz� 4� 94G ��	  7

XE

 �/! &4#@
�aB4K�� ���� e��A+B� 9��2

:94G ��	:Ió«Øe áeƒ∏©e

 ����h  '�  α  �������  �f4G  ��	
:9�T θ �����$� ,4VB)�

|θ4�| = α4�
|θ4+�| = α4+�

|θ4~| = α4~
 ,4VB	 ����h °�� �������  : o5#�T

�°-/� �����$�
|°-/� 4+�| = °��4+�

 �º-/� 4+� ���� , -/ = º�� 4+� �
� π07  4� ���� , /F/  = π7  4� t
��θ − π!4~ ���� , 0z = θ4~ w�

:DK��
� -/ − = º�� 4+� − = �º�� − º-.�!4+� = º-/� 4+� �

�/F
/  = π7  4� = c π7  − πm4� = π 07  4� t

� 0z − = θ4~ − = �θ − π!4~ w�
DKP 9� &�4�

:94G ��	 ��aB4K�� ���� e��A+B� 9��2  /
�º-z� 4� ���sT , -/ = º0�4�  �  

��� − π!4+� ���sT , 7z = �4+�  t  
�π--

-/  4~ ���sT ,0F − / = π
-/ 4~  w�  

��θ + π! ,θ C"+����$� �"#$#��� ]�V��

 ��θ + π!4� ,�θ + π!4+�! le

 �θ4� ,θ4+�!e

θ + π θ
 �)Cn� �M<M �; c �M<��� i�]'M� �D lc �M<���

��− ,�−!le 'T �4R6f�
DpU� �M;f  �� ,�!e _�
θ�/2− = �θ + π��/2 :d�];
θ�2− = �θ + π��2  

:¿ƒfÉb

θ4+�− = �θ + π!4+�
θ4�− = �θ + π!4�

�4 oT E�6@ θ4~ 9R� 9� U�u          θ4~ = �θ + π!4~ '�4+�42�

r���+��  z
 ������ \7��� *- ¸$�7�� i���� [ \��M�� ^	'5 dN �'$

 Z;��'! d¥� � ���� ^�� ���θ�| ,θ�/2 ,θ�2 ����n�
 ������ �	
�� *- ����! ���� ��� ������ \7��� >-

 ����"� ����� ���θ�| ,θ�/2 ,θ�2 #$ ��%&'�� � ����
 � a��	! θ  ����"�� θ− �'?~� i�]'�� >! � a¹�$ �K�/�
 �5�M ����� r� a(�C� ��?]�� ����"��� �??/�� ����"��$

���π �N π�  �`�$ Y	K��
 ,������ �	
�� �&v >! ��%&'�� c�`K! Q&M�� �m�
 ��s�� S`!�!N ���� )f S�� *- SD"�K� ����(� ������

��a49 �`hK� >! a(�$ �%&- )f
 F745 *- � a3�f SD�-�7� ^�� ��� dN SD1vN

 ���� >?@/5 �/�� ��34'/��
��R� ����� [ jf ����!

 )� [ S`'! � ���5
 )� [ ¹�4�� )4% ��(��'��

 J	-� ������ �(��'��
 �	
�� >- �aI�pM S`!�!N

 ��2� �	]; ��?`K� ������
��3�f ����
:d�� &4#@

�VºW = U� = θ�2 :����'�� )� ������ �	
�� *- �2�N
 S��� VºW �M<��� >! S� ,������ �	
�� S�� S`�� \�I�

 �	
���� �M<� _� ����l�� ��¢ *- .��?- S</7!
 ��� �VºW = θ�2 jz d�/���� �2�� ��/��$� Uc ,c #/M<�$

 Uc >!� ,�`��� c >! �	
���� *- ��!�f ����� ��m�;�
 _� θ ����"�� �D��/! ( ���� ���D d�]� �`���

�/2 ��� 	v� U�pM S��<5 � a@�N >]?�� �VºW = θ�2
���θ

 ���� >?@/5 ����'! ���� [ ZMN �	]; *- Q&M�� � ���
 ��/��$� ,����� ���� >! ����'�� �;	I d�]� dN \s ����!
���� ¸<B/� ������ ������ #$ ��%&'�� c��L/�� >]?�

cUc

�
U

U

U−

U−

VºWV
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Trigonometric Functions on   H$I ���������! �"#$#��� &�����
:)�! �	/K�� IeD >! �
"2 �-�?�! ��- �N �π� ,V¡ �	/K�� ��- �����?��� ��	
���� ������ S% d¥� �/� ���N�

k�	'/�� ���! ��- ����� ���� )?]� ���<�� �`'m� �; �`2�?�� ����"�� �
�`��� ��@�� dN i��N ��- ��� ,cπ ,π�m �N cπ� ,V@
��π� ,V¡ Z θ �!��- .N

?���� >! 	�fN d������$ θ ����"�� �
�`��� ��@�� ��B?� ��� 8�B� ���! >]��

 �&f �`2�! ����� �`<;�	5 ^�� �� ,i� ����?�� �`/M<M _� ���% �m� �; �`2�! ����� i�% θ HM�f ��� ZMN ��� >4/�
 �� ,i� ����?�� �M<��� �`�� �BC ��- � _� �π �� + θ� �`5���%� � a@�N ���% �m� �; �`�!

ª�»;�]/! �����« S�� �`�- ¸�MM�
�'B4BU� �4";�� H��� �jT4R+��� 4����$� ]�4B �"| �4"� �8p��

 ºTGV × � − ºTV ,ºTGV − ºTV ,ºTGV × T + ºTV ,ºTGV × � + ºTV ,ºTGV × U + ºTV , ºTV : a&�?;

ºGXV−  ºTTV−  ,ºUUUV  ,ºEWV  ,ºTXV  ,ºTV  
�ºTV ����n� �`��% �/�� ����"�� �! �»;�]/! ����"� ����% �D

e
-

-

-−

-−

le

θ
θ +π/

  ����"�� �! �»;�]/! ����"� ����% �D , πUU−T  , πW−T  , πUTT  , πET  , πT :dN �?f
�πT ����n� �`��% �/��

:��� �! ��/�/�� >]?� �e]D�

:9�T 4 oK"Kp � o,�I   94G ��	
θ4� = �π  / + θ!4�

θ4+� = �π  / + θ!4+�
Y E�6@ θ4~ b"�     θ4~ = �π   + θ!4~

XX

�
-
�

/
�

-
�

/
�

θ

le

e
θ− π /

 

cθ − π/m ,θ C"+����$� �"#$#��� ]�V��
?���?�       lc ��� Δ  c Ui�Δ

:��4�� �	|��/?�� O&mn� ¸$�M5 c�L/��
θ�2 = cθ − π

� m�/2
θ�/2 = cθ − π

� m�2
��	vn� c�?5 \2 .��7� �?D���� \2 d�; ,>/!�//! >/���� .n :m4+V+B�

:¿ƒfÉb

θ4+� = cθ − π/m4�
θ4� = cθ − π/m4+�

�4 oT E�6@ θ4+~ 9R� 9� U�u  θ4+~ = cθ − π/m4~

cθ + π/m ,θ C"+����$� �"#$#��� ]�V��

θ�

le
e

/
�

-
�

-
� /

�
θ + π/ 

 ?���?� �d�<$�M/! lc �� �  c Ui� d����?��
?lc ,c >! ¼)f ������� �D �!

?cθ + π�m�2     ,cθ + π�m�/2 >! ¼)f ����� �!
�θ�/2 = cθ + π�m�2      ,θ�2− = cθ + π�m�/2 :H4�N

:¿ƒfÉb

θ4+� = cθ + π/m4�
θ4�− = cθ + π/m4+�

�4 oT E�6@ θ4+~ 9R� 9� U�u  θ4+~− = cθ + π/m4~

F2���  �
:����'?�� ���� �-�?x �2�N
jθ + π�j�2− = jθ� − πT j�/2

jθ� − πTj�/2 = jθ − π� −j�2 :\/]M
jθ� + πT − π�j�2 = jθ − π�−j�2  

jθ� + πGj�2 = jθ − π�− j�2  
π�� + θ �+ πG = θ − π� − : a(�N

 ∈ � ,π�� + π�T  = θT−  
 ∈ � ,π� �T + π�−X  = θ  

π�� + θ �− πG − π = θ − π�− :�aM��
 ∈ � ,π�� + πRT  = θ  

4Q+�46@� �6�+@ �4M<�  �
 )]p$ ������ ������ #$ ��%&'�� Q&M�� c�L/7� (

 ������ �	
�� S�� ���� )f [ S`�� \�I� ��BC
��%&'�� ��s� S� ,���� )f ���0�

F"";+��  .
 >! �f�//� ª)0 dN ����« ��	<; [ Q&M�� )?- �$�5
�� a3�f �K�� >� ��%&'�� ½K� dn ,i���� �ez S`?`;
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Solving Trigonometric Equations  á«ã∏ãe ä’OÉ©e πM

��$�	�� �$	�� �; �<5 θ− ����"�� d�; ��n� �$	�� �; �<5 θ ����"�� HM�f ���
��θ−��/2 = θ�/2 dN i���� �eD �; H?�'5

�>��B�� ��?/-� ��- ?θ− �N θ .��75 ����"�� HM�f d� c"��� ��]?� )`; ,����"�� ���� c�?/�� \2 H;	- ��� >]��

θ4+� = � 4+� :��,46��� D�
�    !  π  / + θ− = � �� π  / + θ = �   �  
�[2���� �� &�U� [2��� 'T ������� [;P 4@�VI 4oa�@ 9R� ������� e4�P ]"� 9� ��W

��! &4#@
:C"+�,46��� C@ l5G D�

� = 0F − � 4+�/ t  -/ = � 4+� �
:DK��

-/ = � 4+� �
�]�4B �"| �4"� �8p� H$I 
,4I ��+6f!  π0 4+� = � 4+�  

� < � 4+�  
[2���� [2��� 'T �� &�U� [2��� 'T [;P �  

U� UU−

U−

�

U

 �    !  π  / + π0 − = �  ��  π  / + π0 = �  
� = 0F − � 4+�/ t

0F/  = � 4+�  
π� 4+� = � 4+�  

� < � 4+�  
[2���� [2��� 'T �� &�U� [2��� 'T [;P �  

�    !  π  / + π� −  = �  ��  π  / + π� = �  
DKP 9� &�4�

�- = � 4+� /F : ��,46��� D�  �

UV�

:d�];  �D ���?�� ��4/-�$ ��	
���� ������ k�	'5 ���-� ���]?� ¸$�7�� J	'�� >!
:∞jô©J

:9�T θ 4QB4"� 'B4";�� [\�� 'T �Q�@ ������ �"#$#��� �M;V�� '� �� ,�! �f4G ��	
  θ   � = θ4�  -
  θ   � = θ4+�  /

  θ b"�  � ≠ � , ��  = θ4~  0
  θ b"�  � ≠ � , -� = θ4�  7
  θ b"�  � ≠ � , -� = θ4+�  z
  θ b"�  � ≠ � , �� = θ4+~  �

�z! &4#@
:
�p F�2U ¡4+�� ¢a6+�� F�2

��� − º��!4� + �� + º-.�!4� + �� + º��!4� + � 4�
:DK��

�� − º��!4� + �� + º-.�!4� + �� + º��!4� + � 4�
� 4+� + � 4� − � 4+� + � 4� =  

� 4+�/ =  
DKP 9� &�4�

:
�p F�2U �"�4+�� 3��"a6+�� C@ l5G F E�2  z
�π� + θ!4+� �
cθ − π/  −m4+� t

UVU

:θ �`��% ����� .n � a@�N �BBC �D �<$�7�� >M��<�� dN I�M�N d&]p�� >4�

e
�

]�4��� �4OPW42 9���,  

e
�

]���� �4OPW42 9���,
�-! ]���P

:�`��% �/�� ����"�� Z; �<5 .e�� �$	�� ���� S���
πUE

T  t  ºREW �

 
�

 

�

ºFXV− ,  πUG−
T  w�

 
�

 

�

�/! ]���P
:)?fN ,�4��B�� ��¥� c��L/�� d��$

���������������������� = ���������������� = �ºTGV + ºTV��2 = ºTXV�2
������������������������ = ���������������� = ���������������� = ºEGW�/2
���������������� = ���������������� = �������������������| = _πUU−T i�|

[�� �4a+<�
:���/�� �(��'�� >! �&f )�  -  

 jπR + ij�2 = jπG + i �j�2  
 ∈   π   /0 + π�0�  = � �� π   / + π-/ = �

jπT + ij�/2 = i T �/2 /  
 ∈    π /  + π−-/  = � �� π   + π�  = �

jπR + i�j�2 = i R �/2  0  
 ∈     π   − π.  − = �  ��  π   -0 − π/7 = �

&$�� 3424�	  �
���46P D�I�

�t5M�� D�I C@ i;�   0  , /  , -
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π  / + π� = �7  ��  π  / + π/ − = �/  
π   -/ + π/7 = �  ��  π   + π7 − = �  

cπ7 + �m4� =  �/ 4�  t
�    !  π  / + cπ7 + �m − π =   �/   ��  π  / + π7 + � =  �/  

π  / + π7 − π =   � + �/   ��  π  / + π7 = � − �/  
π  / + π07  =  �0    ��  π  / + π7 = �  
π   /0 + π7 =  �   ��  π  / + π7 = �  

DKP 9� &�4�
:C"+�,46��� C@ l5G D�  �

� 4� = cπz + ��m4� t    cπ0 + �m4+� = cπ7 − �Tm4+� �  

UVW

�_����� �$	�� �; �<5 �π + θ� ����"�� d�; ��n� �$	�� �; �<5 θ ����"�� HM�f ���
�Z7KM )h�� �?`� π + θ ,θ d�/���"��

�π + θ��| = θ�|
�    !  ,π   + θ = �   �   θ4~ = � 4~ ��,46��� D�

�b�4#�� �� &�U� [2��� 'T ������� [;P 4@�VI 4oa�@ 9R� ������� D~ 9� ��W

�.! &4#@
�  = � 4~ :��,46��� D�

:DK��
 = � 4~

�
π0π + π0  � < � 4~ b"��      π0 4~ = � 4~

�b�4#�� [2��� �� &�U� [2��� 'T [;P �  

�    ! π  / + mπ0 + πm = � �� π  / + π0 = �  
π  / + π70  = �  

DKP 9� &�4�
�- = � 4~  :��,46��� D�  .

��! &4#@
:C"+�,46��� C@ l5G D�

cπ0 − �m4+� = cπ� + �0m4+� �
cπ7 + �m4� = �/ 4� t

:DK��
cπ0 − �m4+� = cπ� + �0m4+� �

�    !  π  / + cπ0 − �m − = π� + �0  ��  π  / + π0 − � = π� + �0  
π  / + π� − π0 = �7  ��  π  / + π� − π0 − = �/  
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��M���� �$	�� �; �<5 �θ − π� ����"�� d�; ��n� �$	�� �; �<5 θ ����"�� HM�f ���
��θ − π��2 = θ�2 dN � a@�N H?�'5

�   ��  π �� + �θ − π� = i �N  π �� + θ = i : �d�; θ�2 = i �2 HM�f ��� ,���/��$�
θ4� = � 4� ��,46��� D�

�    !  ,  π  / + �θ − π! = � �� π  / + θ = � �  
�'f4#�� �� &�U� [2��� 'T ������� [;P 4@�VI 4oa�@ 9R� ������� ]"� 9� ��W

��! &4#@
:C"+�,46��� C@ l5G D�

� U

U

U−

U−

º��
º-/�

 /F = � 4�/ t  0F/  = � 4� �
:DK��

0F/  = � 4� �
π0 4� = � 4�  

� < �4�  
�'f4#�� [2��� �� &�U� [2��� 'T [;P �  

�    ! π  / + mπ0 − πm = � �� π  / + π0 = �  
   π  / + π/0  = �  

/F = � 4�/ t
/F
/  = � 4�  

UU−

U−

�

U

π7  π7 4� = � 4�  
� < � 4�  

�'f4#�� [2��� �� &�U� [2��� 'T [;P �  

�    !  π  / + mπ7 − πm = � �� π  / + π7 = �  
    π  / + π07  = �  

DKP 9� &�4�
�� = - − � 4�/ :��,46��� D�  �

�D� 9� &�4��
��0− = �e−!4� � � !  -

��0. = �&−!4+� �t!  
0�-7 − = ��−!4~ �w�!  

-7 = �4+� � , !  
 �º0� − º-.�!4� = �º-z�!4� � � !  /

-/ = º0�4� =  
7z − = �4+�− = �� − π!4+� �t!  
jπ-/ − π j4~ = jπ---/ j4~ �w�!  

0F + /− = jπ-/j4~− =   
º7�4+�− = �º7� + º-.�!4+� = º//�4+�  0

����� − 
ºz�4�− = �ºz� + º-.�!4� = º/0�4�  7

��./� −  
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Relations Between Trigonometric Functions (1)

 �"B4B� C��4�  �I�O%�
�θ ����"�� ����n� ������ \7��� ���� ��(�$ ���/�� ������ \7��� \/f�  �-!

 �θ + ��2  � � !  
 �θ − ��/2  �t!  

 dθ + � n�2  �w�!  
 dθ − � n�/2  � , !  

�i ����"�� ����n� ������ \7��� ���� ��(�$ ������ \7��� \/f�  �/!
 �i − ºUFV��|  � � !  

 �i + ºUFV��/2  �t!  
 �i −��2  �w�!  

�θ ����"�� ����n� ������ \7��� ���� ��(�$ ���/�� ������ \7��� �$�/]� Z/?�'5 �! c�L/��  �0!
 �θ + ��/|  � � !  

 dθ + � n�/%  �t!  

 dθ + � n�/|  �w�!  

 �θ−��%  � , !  

¬d 	§
�−F

θ4+�− = �π + π. + θ!4+� � � !  z
θ4�− = jθ + π/j4+� �t!  

 π7  4+� = � 4+� , /F/  = � 4+� �
π   / + π7  = �  

 �  ∈  !  π   / + π7  − = � ��  
π
� 4� = �4� ; -/ = �4�  �

 ��  π   / + π�  = �  
�  ∈  ! b"� , π  / + πz

�  = �  
π
� 4~ = θ4~ , 0F0  = θ4~  .

�  ∈  ! b"� ,π    + π�  = θ     
π  / + π0  + � = π7  − �0 � � !  �

�  ∈  ! b"� ,π   + π�
/7  = �          

π  / + π0  − �− = π7  − �0 ��
�  ∈  ! b"� ,π   -/ + π

7. − = �     
; π  / + � = πz  + �/ �t!  

 �  ∈  ! b"� ,π  / + πz  − = �     
π  / + �− π = πz  + �/ ��

�  ∈  ! b"� ,π   /0 + π7
-z  = �  

�0

��4��t� ��¥� c��L/�� d��$ ���/�� ������ \7��� �?% �2�N  �7!
 ºUWV�2  � � !  

 �º��W−��|  �t!  
 �ºUTW−��/2  �w�!  

��4��t� ��¥� c��L/�� d��$ ���/�� ������ \7��� �?% �2�N  �z!
 EG  �/2  � � !  

 e �T  −o�2  �t!  
 UUG  �|  �w�!  

��4��t� ��¥� c��L/�� d��$ ���/�� ������ \7��� �?% �2�N  ��!
 ºTXV�2  � � !  
 ºRWV�/%  �t!  
 UER  �%  �w�!  

� �jI4< �f4G ��	 t  �� �K"Kp 
�4a6�� �f4G ��	 �  D$~ ,�-�−�! C���+�� �
t   �     Vº� = �θ + ��2 d�;  Vº� = θ�2 HM�f ���  ��!
t   �      T� = θ�% d�;   �T = θ�/2 HM�f ���  �.!
t   �     T =�θ + ��/| d�;   T = θ�| HM�f ���  ��!
t   �     W− = �θ + ��/% d�;  UW = θ�2 HM�f ���  �-�!

:���C F7$n ���/�� ��34'/�� F �7$  �--!
�eθ − � o�/2 + �θ + ��2 + �θ −��/2 − �θ − ��/2  � � !  

   
�e�  + θo�2 + �  − θ��/2 + e�  + θo�/2 − �θ + ��2  �t!  
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��-! ]���P�
�4#�� [2���  � � !

[2���� [2���  �t!
�4#�� [2���  �w�!

b�4#�� [2���  � , !
��/! ]���P�

 -/ = º0� 4� = �º0�� + º0�!4� = �º0��!  4�
 /F/  = º7z 4+� = �º0�� × / + º7z!4+� = �º��z!  4+�

0F = π
0  4~ = jπ-/0  − π

0 j4~ = jπ--0  −j  4~

�7

:���/�� �(��'�� �)�  �-/!
 �    !   / + /0  − = � ��   / + /0  = � U� + = i �/2  � � !  

 �    !     + �  = � TF = i �/|  �t!  
 �    !   / + 7  − = � ��   / + z7  = � �F+ = i �2 �  �w�!  
 �    !    -/  + �  = � ��    -/  + -/ = � TF

�  = �iR��2  � , !  
� E����6P C��4� t �I�O%�

��»I�v HM�f ��� Q  �N �BBC ���4'�� HM�f ��� N  )�|  �-!
t   �     T� − = �ºXGV−��/2� + ºU�TV�2T − º��W�|  
t   �    � = e UEG o�/2 − e FT  −o�2 + UTG  �%� − UXG  �/%  
t   �   U = e RWG o�2� − e �RT o�/2 + e UUG  −o�|T − UXR  �/|  
t   �     �F = ºFWW�/2� − ºWFW�/%� + �ºTUW−��%  

��»I�v HM�f ��� Q  �N �BBC ���4'�� HM�f ��� N  )�|  �/!
t   �      = )t� �-�?x d�;  TF = i �2 d�f ���  
t   �      T  = i d�;   U� = i �/2 d�f ���  
t   �      U� = i �2 d�;   G  = i HM�f ���  
t   �        �D VºT = i �% )� �-�?x  
t   �         	KC = � UW� �|  

:�K"KX�� �24�)� �<� ,�z−0! C���+�� �
� � ! :�D U� �`/?% �/�� ¶� �! [ ������ �47���  �0!

ºEGW�| � , !  �ºUWVV−��/| �w�!  �º�RV−��/2 �t!  �ºTTV−��2 � � !   
� � ! : TF

�  − �`/?% �/�� ¶� �! [ ������ �47���  �7!
UTT  �% � , !  UEG  �| �w�!  e TWT  −n�2 �t!  TUG  �/2 � � !   

�t! :�D θ�2 + dθ + � n�/2 + dθ + � n�/% − �θ − ���% ���<�� �?% d�  �z!
U � , !  U� �w�!  	KC �t!  U− � � !  



X�

UVF

q�|4#"T ���}f  ��¦2 Q� = ��Q � + ��¦2 �  ��- .��75 ��Q �
 �	gl�� ��'$	?��

 �$	?�� �; ���2�?��
 ��ef Q  Z'�m .e��
�¦2 Q ,¦2  ��� �47���$

¦2

Q

 U = ��¦2 Q�
��¦2 Q� = θ ��/2 + θ ��2 :��- )lBM �U� �; A��'/��$�

q�|4#"T �;24M+@ H��P - = θ /4+� + θ /4�

�-! &4#@
�π/ > θ > �  ,  ��7 = θ4+� 94G ��	 ,�aB4K�� ���� e��A+B� 9��2

�θ4� ����  �
�θ4~ �+V+B�  t

:DK��
:q�|4#"T �;24M+@ e��A+B42  �

- = θ /4+� + θ /4�  
- = /���7! + θ /4�  

��.7 = /���7! − - = θ /4�  
�π/ > θ > � 9U £T�@ ���-� −  θ4�  ��  ���-�  θ4�  

�/�/�  ���-�
��7    θ4�

 θ4+� = θ4~  t

DKP 9� &�4�
�θ4~ ,θ4+� ���sT π/ > θ > �  ,   0z = θ4� 94G ��	 ,�aB4K�� ���� e��A+B� 9��2  -

Relation Between tan θ, sec θ  θÉb ,θÉX ø«H ábÓ©dG

:��- )lBM θ /�/2 ��- 8��9��; �<$�M/! �;	I ��?7% ���
V ≠ θ �/2 _�   -

 θ /4+� =  θ /4�
 θ /4+� +  θ /4+�

 θ /4+�
θ /4� = θ /4~ + -

θ /4� = θ /4~ + -  

UVE

3-8(2) á«ã∏ãªdG ∫GhódG ø«H äÉbÓ©dG

Relations Between Trigonometric Functions (2)

º∏©àJ ±ƒ°S

•  q�|4#"T 34;24M+@
•  �"#$#@ 34�5I
•   C�k+P 3��4aI F"�aP 

�"#$#@ �&��,
•  y62 �Kp �V��2 

�"#$#��� 34;24M+���

 'f�46P D�I
�  ����"�� S
�% ¦2 Q  �a���! S���  �  -

w�

t  ���<�! � a!�L/7! �¦2�  ,�Q�  �2�N  t  
�Q ��/2 + Q ��2 ,Q �/2 ,Q �2 :����� �4��� ��� c�L/��  w�  

�¦2 ��/2 + ¦2 ��2 ,¦2 �/2 ,¦2 �2   
�  ����"�� S
�% ¦2 Q  	v� _��! �! ¦2 ,Q ,N ���ML�� �	f  /

�Z�- H�l� �! >�4� � a�?L5 �m  0
��'$� H7� ����� θ ,Z��f i���� �eD �;

�����n� ����?�� ��<$�M/?�� ��4�� ,  ����"�� S
�% ¦2 Q  _��?�� c��L/�� >]?�
]���P
:)?fN

w�

tθ

 ���
	5��� = θ�/2  , ���

	5��� = θ�2

 ���
���  = 

���
	5���
���

	5���
 = θ�2

���  = θ�|

Basic Trigonometric Identities  á«°SÉ°SC’G á«ã∏ãªdG äÉ≤HÉ£àªdG

 ≠ c�<?�� _�  U
θ�| = θ�/| , θ�/2

θ�2 = θ�/| , θ�2
θ�/2 = θ�|w�

th
 U
θ�2 = θ�/% , U

θ�/2 = θ�%
Pythagorian Identities  çQƒZÉã«a äÉ≤HÉ£àe

:  ����"�� S
�% ¦2 Q  )$�<?�� )]p�� �;w�

th θ

 ¦2Q  = θ�| , Q
¦2 Q = θ�/2 , ¦2

¦2 Q = θ�2
��Q

��¦2 Q  + ��¦2
��¦2 Q  = /c Q

¦2 Qm + /c ¦2
¦2 Qm = θ ��/2 + θ ��2

�-!  ��Q  + ��¦2
��¦2 Q  =  

 �; ����"�� S
�% ¦2 Q  

(2) á«ã∏ãŸG ∫GhódG ÚH äÉbÓ©dG :3-8

Y���U�  -
 •�8��9��; ��<$�M/! �2��
 •�����N ����! ��%&- �2��
 •�����! ���� >?@/5 ����4- F74�
 •�����N ����! ��<$�M/! �BC >D1�


����� F"�4S%�� 3�,�S%�  /
 ��<$�M/! − ����N ����! ��%&- − 8��9��; ��<$�M/!

�����!
D�4B��� 3��,U�  0

 − Q���� − �4��� ��� − ��<�! − ��2	; − �2��! �	M7!
��Data show� U�<�� ��`2

�"Q�+��  7
:c��6P t5M�� &sB�

 •?c�L/75 >�N� ?8��9��; ��	hM �D �!
 •?��W = FU + �i :����'�� ���� �-�?x �!
 • *- θ�2 ,θ�/2 ,θ�| ��(�$ θ�/% ,θ�% ,θ�/| S% �!

?\5���
 •?V = T + iE − �iR :����'�� ���� �-�?x �!
 •?V = U − i��2R :����'�� ���� �-�?x �!

r���+��  z
 _� ,������ ������ #$ ����N ��%&- i���� �eD 	�;��

 ��� ������ ������ �;�f ��s� �`!��L/��$ Q&M�� >]?�
 Q&M�� S`K� dN a(�N \s �e� �F<; �`�! ����� �?% H;	-

 dN *- "f��� �! �`!��L/�� �Kf� 8��9��; �<$�M/!
 ,������ �	
�� *- ����"�� ��� �<<t� ��'�� ��M� �$���

 �qN >?]5 ��D� �θ�2� θ��2 #$ � a34f � a%	; ���D dN .N
��π� ,V� ∈ θ >! �?% .n ��l5 �D� ,�<$�M/�� IeD

��<$�M/�� IeD ±��� ���'/! ���!N F-N
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�0! &4#@
,�aB4K�� ���� e��A+B� 9��2

�θ4+� ,θ4� ���sT � < θ4� , -/z  = θ4~ 94G ��	
:DK��

θ4+� 
�4u	 ���K+2 ��af :H��� �;��I
 θ4�
 θ4+� = θ4~

� < θ4~ ,� < θ4� 9U � <  θ4�
 θ4~ = θ4+� 

θ /4� = θ /4~ + -  
θ /4� = /c-/z m + -  

-��
/z  = -77 + /z

/z  = -77
/z  + - = θ /4�

�\T�@  -0z  − = θ 4�    -0z  = θ4�
z-0  = -

θ4� = θ4+�
  θ4�
 θ4+� = θ4~

θ4+� × θ4~ = θ4�
z-0  = θ4+�  ,-/-0  = θ4�  c z-0 m × -/z  = θ4�

�&�U� [2��� 'T [;P θ ������� 9U! � -/ = w�  , z = t  b"�  ������� F�4� w� t Δ FB�f :�"f4( �;��I
q�|4#"T ���}f  /�w� ! + ��t ! = /�w� t!  

� -�� =  � -77 + � /z  = /� -/! + �� z! = /w� t  
 -0 = w� t  

w�

t  z

 -/

θ

  , -/-0 =  -/ -0 = θ4�  
z-0 =  z -0 = θ4+�  

DKP 9� &�4�
,�aB4K�� ���� e��A+B� 9��2  0

�θ4+� ,θ4� ���sT � < θ4+� , /7�  = θ4~ 94G ��	

UVX

 �/! &4#@:á q«°VÉjQ áeƒ∏©e

� < θ 4~ 94G ��	
 4�Q�  θ4+�  ,θ4�  

�4Q�Sf 
�4u)�

 ,�aB4K�� ���� e��A+B� 9��2
�θ4+� ,θ4� ���sT � > θ4+� ,/F/ = θ4~ 94G ��	

:DK��
:H��� �;��I

/F/ = θ4~
/F/ =  θ4�

 θ4+�
�-!  θ4+� /F/ = θ4� 

- = θ /4+� + θ /4� 
q�|4#"T �;24M+@  - = θ/4+� + /�θ4+� /F/! 

θ4+� /F/ w2 θ4� CI £ EI  - = θ /4+� + θ /4+�.  
- = θ /4+��  

-�  = θ /4+� 
 -0  − = θ4+� �� �� > θ4+� 9U �\T�@ ��"�!  -0  = θ4+� 

c-0 −m × /F/ = θ4� :H$I DXKf �-! C@
/F/−

0  = θ4�  
:�"f4( �;��I

θ /4~ + - = θ /4�
/�/F/! + - = θ /4�

� = θ /4�
0− = θ4� �� 0 = θ4� 

0− =  -
 θ4+� �� 0 =  -

 θ4+� 
 -0  − = θ4+� �� �� > θ4+� 9U �\T�@ ��"� '��! -0  = θ4+� 

/F/−
0  = θ4� L� /F/ × -−0  = θ4� _V@� /F/ =  θ4�

 θ4+� 

DKP 9� &�4�
�θ4+� ,θ4� ���sT � > θ 4� , 07 = θ4~ 94G ��	 ,�aB4K�� ���� e��A+B� 9��2  /

 )!�'/��  )`7��  >!  �4l�  ��<$�M/��  �<$  r�  ��</M(�$�
 ,θ�| #$ F$	5 �/�� ��<$�M/�� S`7KM�$ d��s S`-� ��`'!
 S`; *- )$ ½Kt� *- d��?/'� S`-�5 ( �θ�/% ,θ�/| ,θ�%

��<$�M/! )f ��s� �Kf
 	���<�� F745 ����/5 �/�� ���!n� Q�`��$ S`'! �%�M

 ��� dN SD1vN ���<$�M/�� c��L/�� �Kf ��;	'/� ������
��<�( ���Mv [ ������ �(��'�� )� *- � a3�f �-�7�

F2���  �
:���/�� 	���<�� F �7$

= ºWW��2 + ºTW��2  � � !
= �º0z − º��!/4� + º0z/4�  

�q�|4#"T �;24M+@! - = º0z/4+� + º0z/4�  
= �ºRE���/2 + �ºRT���/2 �t!

= �º70 − º��!/4+� + º70/4+�  
�q�|4#"T �;24M+@! - = º70/4� + º70/4+�  

 �<�	I ��/v� ��- ��4/-(�$ evn� \s T ���! [  �w�!
 ��n� �$	�� [ �'%���� ����"�� ����"�� S
�<�� _���� S��

�����"�� i��n� i�<�� �?/'/�
4Q+�46@� �6�+@ �4M<�  �

 �����n� ��<$�M/�� c��L/�� [ Q&M�� ¨M© �%
��`2�/�/�� �Kf� �<$�M/! )f �$�/f ���-� *- S`' ���

F"";+��  .
 d�]/� ª)0 dN ����« ��	<; �! Q&M�� )?- ����'$ �$�5

�i���� �eD S`?`; ��! >- �Bm�� �	];
[�� �4a+<�

 ,WF R = θ�| d�f ��� �4��t� ��¥� c��L/�� d��$   -
�θ�/2 ,θ�2 �2��; V > θ�2

-
.- = -

/�WF 7! + - = -
θ/4~ + - = θ/4+�

� WF 7
�  − = θ 4� , -

� − = θ 4+�
= º�F��2 + ºG���2 :���<�� F7$   /

- = º�//4+� + º�//4� = �º�/ − º��!/4� + º�//4�



XR

UUT

 »FGôKEG  ��! &4#@
� ≠ θ4� 9RP 9� U�u  ��π/ ,�!  θ b"� ,θ4+~ = θ 04+�

θ4�  :��,46��� ED�
:DK��

θ4+~ = θ 04+�
θ4�

θ4+�
θ4�  = θ 04+�

θ4�
� ≠ θ4� 

    θ4+� = θ 04+� 
� = θ4+� − θ 04+�

� = �- − θ /4+�! θ4+�
q�|4#"T �;24M+@     � = �θ /4� −! θ4+�

� = θ/4� �� � = θ4+�
�\T�@ � = θ4� �� � = θ4+�

�π0/  = θ �� π/ = θ '� � = θ4+� i;KP '+�� �π/ ,�! 
�+S�� H$I θ F"�
DKP 9� &�4�

�π/ ,�¤  � b"� � = � 4+� − � 4+� � 4�/ :��,46��� ED�  �

UU�

�z! &4#@
��4� = �/4+� × �4� + �04� :�"�4+�� �;24M+��� �Kp �a(�

:DK��
��/4+� + �/4�! � 4� = �/4+� × �4� + �04�

- = � /4+� + � /4�    - × � 4� =  
��4� =  

DKP 9� &�4�
��/4+� = �/4+� × �/4� + �74+� :�;24M+��� �Kp �a(�  z

��! &4#@
  e4;��� b"�  �θ /4� = �- − θ4�!�- + θ4�!

 θ /4�  :�"�4+�� �;24M+��� �Kp �a(�
:DK��

/t − /  = �t − !�t + !  - − θ /4�
 θ /4�  = �- − θ4�!�- + θ4�!

 θ /4�
 θ /4� = θ /4~ + -  θ /4~

θ /4�  =  
θ4�
θ4+� = θ 4~  -

θ /4� × θ /4�
θ /4+� =  

 -
θ /4+� =  

θ /4� =  
DKP 9� &�4�

�/ = �θ /4+~ + θ /4~! − �θ /4+� + θ /4�! :�;24M+��� �Kp �a(�  �

UUU

Relation Between cot θ, csc θ  θÉàb ,θÉàX ø«H ábÓ©dG

 θ ��/2
 θ ��2  + U = θ ��/| + U

 θ ��/2
 θ ��2  +  θ ��2

 θ ��2 = θ ��/| + U

 �+N��� e4;���   θ ��/2 + θ ��2
 θ ��2  = θ ��/| + U

- = θ /4+� + θ /4�   θ ��/% = U
 θ ��2 = θ ��/| + U

θ/4+� = θ /4+~ + -    

�7! &4#@
�θ4~ ,θ4+~ ���sT � < θ4+� , 0� = θ4� 94G ��	 ,�aB4K�� ���� e��A+B� 9��2

:DK��
-

 θ /4� = θ /4+~ + -
7�
�  = -

 �
7�

 = -
/c 0

� m
 = θ /4+~ + -

7�
�  = - − 7�

�  = θ /4+~
7�F

0  − = θ4+~  ��  7�F
0  = θ4+~

��a�@! 4Q�Sf 
�4u)� 4�Q� θ4+� ,θ4�  
7�F

0  = θ4+~ '�4+�42� � < θ4+~  
���7�7  0

7�F = -
7�F0

 = -
θ 4+~ = θ4~

�- = θ /4+� + θ /4� :q�|4#"T �;24M+@ e��A+B42 7  &4#��� D� CR�� :�}�5@
�d�� &�4� �q�|4#"T ���}f e��A+B�� ������� F�4� b$#@ FB� ��

DKP 9� &�4�
,�aB4K�� ���� e��A+B� 9��2  7

�θ4� ���sT � < θ4+� ,z. = θ4+~ 94G ��	

&$�� 3424�	  �
���46P D�I�

�t5M�� 3424�	 C@ i;�
�D� 9� &�4��

, 7z = θ4+� 4QV@� - =θ/4+� + θ/4�  -
07 = θ4~  

4QV@� θ/4� = θ/4~ + -  /
7−z  = θ4+� , z−7  = θ4�  

0z − = θ4�  
/7/z = θ4� , �/z = θ4+�  0

θ/4� = θ/4~ + - ��56�� e��A+B� CR��
.�F.

.�  = .
.�F  = θ4�  7

�/4+� = ��/4� + �/4+�! �/4+�  z

 /7 /z

 �
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��

�E����6P C��4� t �I�O%�
��jI4< �f4G ��	 t  �� �K"Kp 
�4a6�� �f4G ��	 �  D$~ ,��−-! C���+�� �

t   �        V = θ�/| − θ�/2 × θ�/%  �-!
t   �        U− = θ ��/% − �θ−� ��/|  �/!
t   �       U = �θ�| − θ�%��θ�| + θ�%�  �0!
t   �       V = θ ��2 − θ ��/2 − θ�/% θ�2  �7!
t   �        U− = θ�/2 − θ ��2

θ�/2 − U  �z!
t   �       V = θ�/% θ�% − θ�/| + θ�|  ��!

:�K"KX�� �24�)� �<� ,�.−�! 1V���+�� �
 = θ �2 d�; �_����� �$	�� [ �<5 θ ,  WE  − = θ�/2 HM�f ���  ��!

GF�
E  �t!    E−

GF� � � !   

E
GF� � , !    GF�−

E  �w�!   
 = θ  �| d�; ��$�	��  �$	�� [ �<5 θ , T�  = θ�% HM�f ���  �.!

�
WF �t!    WF

�  � � !   

WF−
�  � , !    �−

WF �w�!   
:�"�4+�� 34;24M+%� �Kp �a(� ,�-�−�! 1V���+�� �

θ�% = �θ�| + θ�/|� θ�2  ��!

� U
θ�/| − U  = θ�2

θ�/2 − θ�2  �-�!

 

��

:¥� 4¦ EDG ��"� ���� ,��−7! C���+�� �
�θ�/2 θ�2� − ��θ�/2 + θ�2�  �7!

 
�θ ��/2�U + θ ��|�  �z!

 
�θ ��% − �θ−� ��| + U  ��!

 
R

θ ��/2  − θ ��|W − θ ��%X  ��!
 

:�"�4+�� 34;24M+%� �Kp �a(� ,�--−.! C���+�� �
�θ ��/% = �θ−� ��/| + U  �.!

 
�θ ��| + θ R�| = θ ��% − θ R�%  ��!

 
�U = �θ ��/| + U��θ ��/2 − U�  �-�!

 
�θ ��/2 + T = θ ��/2R + θ ��2T  �--!

 

�z

 ����������������������������������������������������������  : ®.�&�� ±̄���/��  ���������������������������������������������������� : ®.	�z� ±̄���/��¬d 	§
T−F

�/! �"#$#%� &����� 12 34�56��
Relations Between Trigonometric Functions (2)

 �"B4B� C��4�  �I�O%�
� � > θ > V , UW = θ�2 HM�f ���  �-!

�θ ����"�� �	vn� ������ \7��� �?% �2��;  
 
 
 
 

V > θ�/2 , FF = θ�| HM�f ���  �/!
�θ�/2 ,θ�2 �2�N  

 
 
 
 

V > θ�2 , UT = θ�/2 HM�f ���  �0!
�θ�/| ,θ�2 �2�N  

 
 
 
 

= θ/4+�
θ/4� − θ/4�

θ/4+� − -
θ/4� + -

θ/4+�  �

/ = - + - = θ/4+� − -
θ/4�  + θ/4� − -

θ/4+�
 -/ = �4� �� � = �4+� ; � = �- − �4�/!�4+�  �

�π/,�]  ∈ π/ = � 9�T   � = �4+�  
�π/,�]  ∈ π0

/  = � ��  
 �π/,�]  ∈ π� = � 9�T   -

/ = �4�  
�π/,�]  ∈ πz

�  = π� − π = � ��  
�]���P�

��4O%� [$k��
�P��  = θ4+� , D24;%� [$k��

�P��  = θ4�

 D24;%� [$k��
��4O%� [$k�� = 

D24;%� [$k��
�P��

��4O%� [$k��
�P��

 = θ4+� , θ4�
θ4+� = θ4~
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UUG

¢üî∏e

�ª������ �	
��« �?75 ���� ���� �D	M% klM ��I� )Cn� �M<M �D"f	! �/�� �	
���� −
�ª����?�� �M<���« �?75 ������ �	
�� �! ���<�� �m��� �; �`2�! ����"� �
�`��� ��@�� �I�<5 �M<M −

 ����"�� �
�`��� ��@�� �`'�l� �/�� α ���B�� ����"�� �D ���% �m� �; �/�� �¦2� ,Q�� �`2�?�� ����"�� ������ �����  −
��ºXV >  α > ºV� ����7�� ��B! �! �`2�?��

V ≠ c�<?��   θ�/2
θ�2  = θ�/| ; θ�2

θ�/2 = θ�| ; U
θ�2 = θ�/% ; U

θ�/2 = θ�%  

� = θ�2 _� θ�2 = �θ�� :\��� ���� −
i = θ�/2 _� θ�/2 = �θ�� :c�?/�� \2 ���� −

V ≠ i ; �i = θ�| _� θ�| = �θ�� :)h�� ���� −

V ≠ i ; Ui = θ�% _� θ�% = �θ�� :�I�<�� ���� −
V ≠ � ; U� = θ�/% _� θ�/% = �θ�� :c�?/�� �I�% ���� −

V ≠ � ; i� = θ�/| _� θ�/| = �θ�� :c�?/�� )| ���� −
��42�! ����?�� ������ �?2 ��n� �$	�� �; −

��4��� ������ �<$� d�/42�! θ�/% ,θ�2 �M���� �$	�� �; −
��4��� ������ �<$� d�/42�! θ�/| ,θ�| _����� �$	�� �; −

��4��� ������ �<$� d�/42�! θ�% ,θ�/2 �$�	�� �$	�� �; −
��`7KM ��Cn� ����?�� ������ ����� �D ����! ���� Q��<! ����� −

UUW

áæeÉãdG IóMƒ∏d »ª«¶æJ §£îe

34;24M+@

3��4aI F"�aP

 34�56��
 �"#$#��� &����� C"2

�/!

 34�56��
 �"#$#��� &����� C"2

�-!

 t4��
�/! 34#$#���

 
���,
 'T 
����

 '(���)� *+����  &��,
�"#$#@

 3��4u	
�"#$#��� &����� D�

�"#$#@ 3W,46@

 3��4u	
 ���, t$;@

�"#$#@

 F"�aP
���a� 3��"a6P

 ����h
,4VB)�

UUR

e -�/

 �������� d�M�� \f� ,�D&?�� ����! �;
�	v� �a4f�� )</� HK%�5� �-�7�� Q��<- d���� I��5� �]- ������� ����

?J�n� >- d�M�� O�K5�� �! :�?B! �¹�75
?��K@ �RT c"G

��aMML! S��� ^�� ,����$

w�
h , �+@ 

-�
/

�
t

θ
 �������� k%�5 ��- d�M�� �%�!  �M<��� )�?5

�J�n� >- O�K5�(�� 	/! Uº� = � ¦2
θ − π� = d������ �����

� Q = �  ��  �'M<�� ��I ����� ���-
Q ����"�� S
�% � Q  _��?��  �����?�� \7��� >- ������ �; Z/?�'5 �! c�L/���

 Q�
�  = �θ − π���/2  

Q� = θ�/2  
θ4+� ×  = t�  
� ¦2 + ¦2 Q = � Q  ��?</7?�� �M<�� ���v c�L/���

Q� − ¦2� = ¦2 Q >]��  
� ¦2 + Q� − ¦2� = � Q  

, w� + θ4+� ×  −  = , t  
Uº� + �θ�/2 − U�  = � Q  

�J�n� >- d�M�� O�K5�� ����� d������ ������ ������� 	M% klM ��I �;	'! ���- :��K@ m4+V+B�
i"aMP

 �`'�l� �/�� ����"�� i�%� ��/!N W ������� 	M% klM ��I d�f ��� J�n� >- d�M�� O�K5�� �2�N ,I&-N ���7?�� �;  
�ºTV ������� ��N	�� ��B?�� �! d�M�� �'<!

�"T4\	 ��s�@
 S��� �'<! �`'�l� �/�� ����"�� �2�N �J�n� >- 	/! UºW �`5�-�% �K5	5� ��/!N G �D	M% klM ��I ����� S��� \f�  

�� a	/! UUºE O�K5�� ��- S��� d�f ��� ������� ��N	�� ��B?�� �!

πFÉ°ùªdG πëd ó°TôªdG

�i"aMP� �24�	
 D�6$� D�R@ ��OG eB�%� DRN�� ��+6f

-�/ + �º0�4+� − -!z = , t
-�.�  , t

�4oa��;P £�U� §MB CI �@ -�.� 94M$B [SP�� L�
��"T4\	 ��s�@� �24�	

-�z + �θ4+� − -!� = --��
º7�  θ

º-07 = º7� − º-.�  θ ��

D�4�%� D� �u�%�
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�.

�V@4#�� 
���� �6���@

:���/�� �(�t� [ θ ¦� �
�`��� ��@�� �<� ��¢ �.N *- �N �$� �.N [  �-!
 �UT = θ�2  � � !  
 �U− = θ�%  �t!  

 �T− = θ�|  �w�!  
 �EF − = θ�/2  � , !  

:�2��; R = θ�| d�f ���  �/!
 �θ��%  � � !  
 �θ�/|  �t!  

 �dθ − � n�/|  �w�!  
 �θ ��/%  � , !  

:>! )f �?% �2�N �u�4! �<�	M$ �4��t� ��¥� c��L/�� d��$ ,VºG�  ºTF �2 d�f ���  �0!
 �ºTF�/2  � � !  

 ��ºW�−��2  �t!  
 ��ºTF−��/| + �º�UF��/2 − �ºUR���|  �w�!  

:¶� �¿ )f �?% �2�N  �7!
 ��ºTV��/% + �º�UV��/| − �ºGV��| + �ºGV−��%  � � !  

 �e E�  −o�2 + � F −��/2 + �  −��2� + e T� o�/2  �t!  

UUE

:����?�� ������ >$ ����n� ��%&'�� −
θ�|− = �θ−��| ;θ�/2 = �θ−��/2 ;θ�2− = �θ−��2  

θ�|− = �θ − π��| ;θ�/2− = �θ − π��/2 ;θ�2 = �θ − π��2  
θ�| = �θ + π��| ; θ�/2− = �θ + π��/2 ;θ�2− = �θ + π��2  

θ�2 = cθ − π�m�/2 ;θ�/2 = cθ − π�m�2  
θ�2− = cθ + π�m�/2 ;θ�/2 = cθ + π�m�2  

�BC ��- � _� θ�/2 = �π �� + θ��/2 ;θ�2 = �π �� + θ��2  
8��9��; �<$�M/! �?75 U = θ ��/2 + θ ��2  

V ≠ c�<?�� _�  U
θ ��/2 = θ ��| + U = θ ��%  

V ≠ c�<?�� _�  U
θ ��2 = θ ��/| + U = θ ��/%  

��

�"���(	 C��4�

 ,��<�� �m��� [ ����� θ dN J�;� :��4f ¢RSP  �-!
� TF

�  − = θ �2 , U−�  = θ �/2 _�  

?ºU�V− = θ �N ºGV = θ d�]5 dN >]?�� >! )D  

:¶� �¿ )f �?% �2�N  �/!

�ºTTV�2T + �º��W −��|� − º��W�/2 + ºUTW�2  � � !  

��ºTTV −��/|T + º�UV�|T − ºU�V�|� + ºTV�/|  �t!  

�e �WT  −o�/2T + e UWG  −o�2 + UET  �/2  �w�!  

� UXR  �/% + e WR  −o�% + UER  �/| + XR  �|  � , !  

:�?% �2�N  �0!

�ºTWX�2 + ºTWF�2 + … + ºT�2 + º��2 + ºU�2  � � !  

�ºTWX�/2 + ºTWF�/2 + … + ºT�/2 + º��/2 + ºU�/2  �t!  

��

:¶� �! � �BC H4�N  �z!
 � = U

�θ−� ��/2  + θ ��|� − θ ��%  � � !  

U = θ ��2
θ�/2 + U  + θ�/2  �t!  

:���/�� ��<$�M/�� � �BC H4�N  ��!
θ ��2 − θ ��/2 = θ R�2 − θ R�/2  � � !  

  

θ�/% = �θ�/| + θ�|� θ�/2  �t!  

  

:���/�� ������ �(��'�� )� �-�?x �2�N  ��!
�F
� = i �/2  � � !  

V = TF − i �2�  �t!  
  

U = i �|  �w�!  



XF

�/

:� ≠ e4;%� b"� � / ,�!  θ b"� �"�4+�� 3W,46%� D� ,�-z−--! C���+�� �

θ�| = θ T�2
θ�/2  �--!

θ�| = θ�% × θ ��2
θ�/2  �-/!

θ�/% − = θ�%
θ�/|  �-0!

V < θ�/2 _� V = U − θ�/2 + θ ��/2�  �-7!
U = θ ��/|  �-z!*

*

*

*

*

�-

:���/�� �(��'�� �)�  �7!

e TR  − io�/2 = eR + i�o�/2  � � !  

e �T  − i�o�2 = ei − Go�2  �t!  

U = ei + Fo�/2  �w�!  

�i���/| = �i� + T��|  � , !  

:���/�� �<$�M/�� �BC H4�N  �z!

θ�%� = θ�/2
θ�2 − U  + θ�2 − U

θ�/2  

�� � ,V¡  θ _� ,������ �	
�� *- �`���! �S� ,���/�� ������ ����'�� )� �-�?x �2�N  ��!
 �θ�2E − R = θ ��2�  

:�"�4+�� 34;24M+%� �Kp �a(� ,�.−�! 1V���+�� �

θ�/% θ�% = θ�/2 + θ�2
θ�2  − θ�/2 + θ�2

θ�/2  ��!

θ ��/2 = θ ��2 − θ ��/2
θ ��| − U  �.!

:�"�4+�� �"#$#%� 3W,46%� D� ,�-�−�! 1V���+�� �
V = i �/| + i ��/|  ��!

� − i �%T = i ��%  �-�!
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